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VOLUME I 


Electromagnetic Theory 
and Relativity 


FOREWORD 


August Foppl’s Introduction to Maxwell’s Theory appeared in the year 
1894. A completely revised second edition followed ten years later, 
this being the first volume of Max Abraham’s Theory of Electricity. 
This, in turn, was followed a year later by a second volume on the 
electron theory. From the year 1930 onward, with the appearance of 
the eighth edition, Richard Becker took over the further editing of 
the work which, in succeeding years, underwent several basic 
changes. 


With the sixteenth edition of the first volume and the eighth edition 
of the second, a thorough-going revision of the work, combined with 
an expansion to three volumes was planned by Becker. His sudden 
death, however, took him from the midst of his labours on this new 
revision. 


In carrying on the work it was evident to me that Becker’s plan 
should be continued. In remodelling—particularly in the first volume 
—there were many places in the previous first volume (Maxwell 
theory) and in the previous second volume (relativity theory) which 
were taken over practically unchanged. On the one hand, so as not to 
allow the new first volume to become too bulky, it was necessary in 
places to condense further and to make changes—on the other hand, 
however, it appeared necessary to write certain sections anew or to 
put them into a new form. Examples here are the sections on dipoles 
and quadrupoles and their radiation fields, and also the section on the 
forces on dipoles and quadrupoles in external fields. The sections on 
the energy relations and force effects in static fields were basically 
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transformed, and with this in particular the Lorentz force, as an 
experimental formula, was placed at the forefront of the proceedings 
concerning force effects in the magnetic field. 


As previously, so in the remodelling, the Gaussian CGS system of 
units is used. In remarks appended to certain sections, however, the 
more important formulae have been transcribed to the Giorgi MKSA 
system. In this way I hope to have suited in some measure the wishes 
of both physicists and engineers. The reason for preferring the Gaus- 
sian system to the volt-ampere system (which is employed more in 
practice) is that in the use of the first-mentioned system the formulae 
of both relativity theory and quantum mechanics can be written appre- 
ciably more simply. Moreoever, if the Giorgi system had been em- 
ployed, the beautiful symmetry between the electric and magnetic- 
field quantities in the four-dimensional Minkowski formalism of 
special relativity would no longer be so evident. 


I have attempted to bring out clearly the mutual relationship of the 
two measure systems. The transition from the four basic units of the 
MKSA system—units which at first sight seem to appear naturally— 
to the three basic units of the Gaussian CGS system, requires that 
Coulomb’s law be not only considered as an experimental law, but 
that at the same time it be regarded as the defining equation for the 
unit of charge in the Gaussian system. This is because the resulting 
constant of proportionality, having the dimensions of force times 
length squared, divided by charge squared, is arbitrarily assumed to be 
dimensionless and equal to 1. This procedure, violently criticized by 
certain advocates of the MKSA system, corresponds exactly with 
today’s custom in high-energy physics of combining the length and 
time dimensions with one another through the arbitrary assumption 
that the velocity of light in a vacuum is dimensionless and equal 
to 1. 


Since, in the following, the equations of electrodynamics are on the 
one hand to be understood as quantity equations and not as relation- 
ships between the numerical values of physical quantities in special 
units, and since on the other hand these equations are “tearscribed 
part by part in different ways in the two unit systems ertployed here, 
only a few of all the symbols employed represent the saragephysical 
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quantity in both measure systems. Examples are the symbols of 
Kinematic and dynamic quantities, and of electric charge, electric 
polarization, and electric field strength. In opposition to this (though a 
fact often overlooked) the symbols of electric displacement as well as 
those of total magnetic-field quantities, have different meanings in the 
two systems. Table 6 gives a summary of the relationships between 
such quantities customarily described by the same symbol, and it also 
gives the conversion factors between them. I hope that by means of 
this table, and also through the presentation of the corresponding 
relationships in the text, my readers—and in particular those who are 
students—will be helped through the customarily troublesome process 
of going over from one unit system to the other. 


The translation is the work of Mr. A. W. Knudsen. 


F. SAUTER 
COLOGNE, 1964 
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CHAPTER AI 


Vectors 
§1. Definition of a vector 


The science of electric and magnetic phenomena prior to the appear- 
ance of Maxwell’s theory was based on the concept of action at a 
distance between bodies which are electrified, magnetized, or traversed 
by electric currents. Only the ideas of Faraday differed in this respect 
from those of other physicists in that he conceived all electric and 
magnetic actions of one“body upon another separated from it as the 
effect of an electric and/or magnetic field existing between the bodies. 
Although his manner of interpreting and describing the phenomena was 
basically a mathematical one, Faraday was nevertheless unable to give 
his interpretation sufficient completeness and freedom from contradic- 
tion to have it raised to the rank of a theory. In this, success was first 
achieved by Maxwell, who gave Faraday’s ideas rigorous mathematical 
form and thereby created a theoretical structure which, as a fie/d-action 
theory, is essentially different in conception from the action-at-a-distance 
theory. 

Maxwell himself formulated his equations in Cartesian coordinates 
and only incidentally made use of quaternion theory. A general overall 
view of the interconnection of all formulae is however considerably 
facilitated by the use of vector calculus. This method of calculating 
would appear as if created for the task of representing in the best way 
possible the ideas of Faraday. The labour expended in becoming 
familiar with the method is certainly outweighed by the advantages 
gained. At the beginning of this work, therefore, we give an account 
of the theory of vectors and vector fields, together with a short section 
on tensors which occasionally appear in Maxwell’s theory. 

The simplest physical quantities are those which are completely 
determined in known units by specifying a single measure-number. 
They will be called scalars. Examples are mass and temperature. In 
general we shall represent them by Latin or Greek letters. 


In addition there are physical quantities whose establishment 
3 
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requires the employment in a known way of three specifying numbers, 
as for example the displacement of a point from a given initial position. 
We could characterize this displacement by specifying the three Car- 
tesian coordinates of the end-position with respect to an origin placed 
at the initial point, from there on calculating with these scalar displace- 
ment components. If we did this, however, we should in the first place 
be neglecting the fact that, physically speaking, a displacement is a 
single idea; and secondly we should be bringing a foreign element into 
the question, namely the coordinate system, which has nothing to do 
with the displacement itself. For the description of displacements, 
therefore, we shall with advantage introduce quantities of a new type, 
definable without reference to a coordinate system, and we shall 
establish appropriate rules for their use. Only in the numerical evalua- 
tion of formulae will it be necessary to introduce a definite coordinate 
system. 

The rectilinear displacement of a point, as well as all other physical 
quantities which, like displacements, are uniquely established by 
specifying their direction in space and their magnitude, and which obey 
the same addition rule as displacements, we call vectors. In the follow- 
ing we shall always designate vectors by bold-face letters. Thus A stands 
for a vector, graphically representable as an arrow, and |A|= 4 its 
magnitude, designated by the length of the arrow. 


§2. Addition and subtraction of vectors 


For adding two displacements A and B we imagine a movable point 
which is initially at position | (figure 1). To this point is first assigned the 
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A 2 
Fig. 1.—Vector addition 
displacement A from | to 2; then the point is moved thrét@gh displace- 
ment B corresponding to the interval from 2 to 3. Now the reetilinear 
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displacement going directly from 1 to 3 is called the resultant or 
geometric sum C of the two displacements A and B: 


C=A+B (2.1) 


By first taking the displacement corresponding to vector B, and then 
that belonging to vector A, the movable point describes (figure 2) the 


Fig. 2.—Addition and subtraction of vectors 


path 143, which, with path 123 forms a parallelogram. Thus the result- 
ant B+ A, and also A+B, represents the diagonal of this parallelogram. 
Vector addition therefore obeys the’commutative law 


A+B=B+A (2.2) 
Similarly (figure 3) the validity of the associative law for the sum of 
three or more vectors is demonstrated: 
(A+B)+C = A+(B+C) (CA) 


A*BtC 
Fig. 3.—The associative law in vector addition 


What meaning shall be assigned to the difference of two vectors A 
and B? We define the vector —B so that, just as for a scalar, the 
relationship 

B-B=0 (2.4) 


holds. The vector —B should therefore correspond to a displacement 
which annuls displacement B, bringing the movable point back to its 
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initial position. Thus vector —B has the same magnitude as B, but the 
opposite direction. 
As the difference of the vectors A and B we now define the sum A 
and —B thus: 
A—B=A+(-—B) (2.5) 


In the parallelogram of figure 2 the diagonal 13 represents the sum 
A+B, and the diagonal 42 the difference A—B. 

Obedience to the foregoing laws characterizes those directed quanti- 
ties which, according to our ideas, are vectors. Here, for example, 
belong forces applied to a material point; for, as statics teaches, these 
forces obey the parallelogram law of addition. There are however other 
quantities to which magnitude and direction can be ascribed, but which 
nevertheless are not designated as vectors because their composition 
follows another law. Thus, as indeed is known from kinematics, 
infinitesimally small rotations of a rigid system about a fixed point can 
be represented by vectors because the addition of two such rotations 
obeys the parallelogram law; not, however, finite rotations because 
they add in a much more complicated way. 


§3. Unit vectors, base vectors, components 
By the product A of a scalar « and a vector a 
A=aa (3.1) 


we understand a vector whose magnitude A is equal to product of the 
magnitudes of the scalar and vector, and whose direction is the same 
as that of a, or opposite, according as « is positive or negative. 
In accordance with its definition, the multiplication of vectors with 
scalars follows the commutative law 
aa = an 


The distributive law also holds, i.e. 
(a+ f)a = «a+ Ba a(a+b) = catab 


If, in particular, a is a vector in the direction of A, but of magnitude 
1, then 
A = Aa (3.2) 


A vector whose magnitude equals 1 will be called a wit=tector. 
We shall agree to assign to a vector the dimension of ifSmagnitude; 
thus a unit vector always has the dimension of a pure number’: 


\ 
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Let there be given a fixed unit vector s (figure 4), as well as an 
arbitrary vector A which forms with s the angle 6 =<A,s>. Then we 


Fig. 4.—The component A; of A in the direction s 


designate as the component of A with respect to the vector s the length 
of the projection of A on the line of the unit vector, i.e. the quantity 


A, = Acos¢@ = Acos<A,s)» (3.3) 


This component A, is a’fon-directed quantity and thus is a scalar; it 

will accordingly be designated by a Roman (Latin) symbol. 
Summation and resolution into components of several vectors are 

mutually exchangeable operations; i.e. the component of the sum of 


eit c 


Fig. 5.—The component of A+B-+C with respect to s is equal to 
the sum of the individual components 


vectors with respect to a unit vector is equal to the algebraic sum of the 
corresponding components of the individual vectors. Figure 5 shows this 
for the case of three vectors. 

Vectors of arbitrary direction and arbitrary magnitude can be 
described by their components with respect to three fixed non-planar 
unit vectors. We choose three pairwise-perpendicular unit vectors x, y, 
z as “‘base vectors”; their directions must therefore coincide with the 
axes of a Cartesian coordinate system. 


As is well known, there are two kinds of Cartesian axis systems, distinguished 
as right-hand and left-hand. In the first kind the x-, y-, and z-axes (in that order) 
can be represented by the thumb, index finger, and middle finger of the right hand, 
while the second kind, in like manner, requires the left hand for this. By means of 
rotations, various right-hand systems can be brought into coincidence with one 
another; various left-hand systems likewise; but not a right-hand system into a 
left-hand system. Through a reflection in a coordinate plane or at a coordinate 
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origin, however, a right-hand system will produce a left-hand system, and vice versa. 


In the following work we shall always make use of the right-hand system as did 
Maxwell. 


The components of a vector A with respect to the base vectors x, 
y, Z, Or, as may be said, with respect to the coordinate axes are, accord- 
ing to (3.3), 


A, = Acos<A,x> A,=Acos<A,y> A,=Acos<A,z> (3.4) 


They therefore follow uniquely from the magnitude A and the direction 
cosines. Conversely the vector A (see figure 6) is the diagonal of length 
A=./(A2+43+A2) (3.5) 


of a parallelopiped whose edge lengths are equal to the three compon- 
ents A,, A,, A,. It is therefore uniquely determined, as previously 


Fig. 6.—The vector A and its components Az, Ay, Az 


mentioned, by these components. As is seen from figure 6, it is given by 
the vector relationship 


A=A,x+A,y+A,Z (3.6) 


This equation permits calculation of the component A, of the vector 
A with respect to an arbitrary unit-vector s. By termwise component 
formation (the x-component in the direction of s is cos<x,s>) we 
obtain the relationship 


A, = A,,cOs (x, S) +A, cos Cy, S> +A, COs ¢Z,S> (3.7) 


which, by using the components s,, s,, 5, of the vector s, cansbeswritten 
in the form a 
A, = A,.s,+A,5,+A,5, “sw, (3.8) 
a 
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While definition (3.3) of A, is completely independent of the co- 
ordinate system, definition (3.8) makes use of the components of A 
and s in a special Cartesian coordinate system. As here, so also later 
in the vector calculus, we shall often come across parallel definitions, 
one independent of any coordinate system, the other equivalent but 
involving components. For general considerations the first is usually 
the more practical, while for carrying out calculations in concrete 
examples the component representation is generally to be preferred. 


§4. The scalar or inner product 


From the vectors A and B we form a scalar quantity A.B according 
to the following definition which is independent of any coordinate 
system: 

AB= A.B = ABcos¢A,B) (4.1) 


We call A.B the inner product or scalar product of the two vectors A 
and B. 

Forming this product is suggested by observing the mechanical work performed 
by a force F in the displacement of a point through the (small) distance s. The 
quantity of work is given by the product: ‘magnitude Fcos (F,s) (the projection of 
F along the direction of the displacement) times the distance travelled, s; this, 
according to (4.1) is just F.s. 


According to the defining equation (4.1), the scalar product remains 
unaltered in an exchange of the order of the two factors; thus the 
commutative law holds here. That the distributive law holds as well 
follows from the definition of the scalar product and also from the 
result of §3 concerning the projection in a fixed direction of a sum of 


vectors. 
According to (4.1) the scalar product of a vector with itself is equal 
to the square of its magnitude: 


A.A= A? = A’ 
The scalar product of two vectors perpendicular to one another 
vanishes because cos<A,B> =0. Thus, for the base vectors 
<=) =z = | X.y=y.zZ=z.x=0 (4.2) 
Further, from (3.3), the projection of A on the direction of the unit 
vector s can also be written as a scalar product: 
A,=A.s (4.3) 
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Hence equation (3.8) can be obtained by termwise multiplication of (3.6) 
by s. Analogously, the component representation of a scalar product 


A.B=A,B,+A,B,y+4,B, (4.4) 


is found from (3.6) by scalar multiplication of this by B. 
By considering here (4.1) and (3.4), we arrive at the familiar formula 
of analytic geometry. 


cos (A, B> = cos <A, x> cos (B, x> + cos <A, y> cos <B, y> + 
cos <A, z> cos (B, z> 


§5. The outer or vector product 


We arrive at another type of product of the vectors A and B by 
considering the parallelogram (figure 7) which they form. This product 
is characterized by: (1) the contained area 


S = ABsin <A, B) (5.1) 


of the parallelogram; (2) the sense of travel round the parallelogram, 
determined by the established sequence of the vectors; and (3) the 
orientation in space of the plane determined by A and B. We unite 
these three properties (surface, vector sequence, and orientation) in the 
concept of the outer product A x B. 


Fig. 7.—The vector product A x B as vector C 


With every outer product so defined we can associate uniquely and 
reversibly a vector C by means of the following prescription: C is 
perpendicular to the surface of A x B and is directed so that an:advance 
in the direction of C together with a rotation determin@tMby the sense 
of travel given by A x B is the same as the advance of a 
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screw. The magnitude of C is set equal to the contained area of the 
parallelogram. The vector C, so defined, is called the vector product of 
A and B and is set equal to the above-defined outer product 


C=AxB (5.2) 


From this definition it follows that since C, = Ccos<C,z>, the z- 
component of A x B is to be understood to be the projection of the 
parallelogram area S=C on the xy-plane. Moreover, the sum of two 
outer products represents a directed quantity whose z-component is 
equal to the sum of the projections of the two parallelogram areas on 
the xy-plane. 

Further, from the definition of the vector product there follows the 
invalidity uf the commutative law. Thus we have 


-AxB+BxA=0 (5.3) 
On the other hand the distributive law stands: 
(A+B)x D=AxD+BxD (5.4) 


This can be shown by considering the component of this vector equation 
with respect to an arbitrary unit vector s, i.e. by considering the pro- 
jections of the corresponding parallelograms on a plane perpendicular 
to s. 

For the base vectors we have, in particular, 

xXy=-yYXx=Z yxz=-zxy=x 
Zxx——Xk XZ—y¥ (5.5) 

while, according to (5.1), products of the form x x x, and also in general 
vector products of two parallel vectors, vanish. 

We arrive at a coordinate representation of the vector product by 
multiplying out A x B, thus: 


Ax B=(A,x+A,y+A,Z) x (B,x+B,y+B,Z) 
Having regard for (5.5) we find that 
A x B=(A,B,—A, B,)x+(A, B,—A, B,)y +(A,By—AyB,)z (5.6) 


or, in convenient determinant form, 


x y 2Z 
AxB=|A, A, A, (5.7) 
Be By B, 
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The turning moment (torque) of a force F is an example of the outer product of 
two vectors. If r extends from the reference point to the point of application of the 
force F, then the turning moment T of the force F around the reference point is 
given by 

iY fp Se 18 (5.8) 


From (5.1) its magnitude is equal to rFsin<r,F); it is equal, therefore, to the 
product: force F times radius arm rsin (r,F). 

The kinematics of rigid bodies furnishes another example (figure 8). A rigid body 
rotates around an axis OA. The vector wis placed along this axis extending from O. 


A 


Fig. 8.—Rotation of a rigid body around the axis OA with angular velocity w. 


The length of w represents the magnitude of the angular velocity and its direction that 
of the rotation, in the sense of a right-hand screw. Ifnowr be the radius vector ex- 
tending from O to any point P of the rigid body, then the velocity of P is given by 


v=owxr (5.9) 


for, first of all, point P moves perpendicular to the plane containing w and r, that 
is, as figure 8 shows, in the direction of the vector product. And second, the magnitude 
of the velocity is given by the product: perpendicular distance of point P from the 
axis times angular velocity w = w. This, however, is just the magnitude cwrsin (w,r) 
of the vector product, which proves the assertion. 


§6. Products of three and four vectors 


(a) Product of a vector and the scalar product of two other vectors: 
A.(B.C) 

Since B.C is a scalar, A.(B.C) is a vector parallel to A*Ky¥em this 
it is clear that, for example, (A.B).C is an entirely differéivt&vector from 
the foregoing in so far as A and C are not parallel to one ahother. 
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(6) Scalar product of a vector and the vector product of two other 
vectors: A.(B x C) 
We have here the important relation 


A.(B x C)=B.(C x A) =C.(A x B) (6.1) 


From the elementary rule “surface area times height”, every such 
expression (6.1) represents the volume content of the parallelopiped 
formed by the vectors A, B, C. Indeed, all three expressions in (6.1) 
give this volume with a positive sign if the vectors A, B, C, in this 
order, form a right-hand system. 

By means of (4.4) and (5.6) or (5.7) we obtain a component re- 
presentation of this spar product; we have 


" Aon ee 
A.(Bx C)=|B, B, B, (6.2) 
C, AERC, 


(c) Vector product of a vector and the vector product of two other 
vectors: A x (Bx C) 

This vector is perpendicular to Vector A, and to the vector product 
Bx C. It therefore lies in’ the plane determined by vectors B and C. 
Thus it can be expressed in the form 


A x (B x C) = BB+yC (6.3) 


the coefficients Bf and y being so far undetermined. From the require- 
ment that the vector BB+ yC must be perpendicular to A we find that 


BA.B+yA.C=0, ic. B=AA.C, y= —AA.B 
A being a factor as yet undetermined. Equation (6.3) then becomes 
A x (Bx C) = 1{B(A. C)—C(A..B)} (6.4) 


To evaluate 4 we now go over to component representation, 
imagining the coordinate system specially chosen, however, so that 
the x-axis lies in the direction of the vector A. This vector then has the 
three components {A,0,0}. Forming now, say, the z-component of 
(6.4) we find, on the one hand, for the left side on account of (5.6), the 
y-component of the vector product B x C multiplied by A. On the other 
hand the right side of (6.4) is equal to AA(B,C,—C,B,); therefore, to 
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within the factor 2A it is equal to the y-component of Bx C. Thus 
we must have that 1 = 1, and we finally obtain 


A x (B x C) = B(A.C)—C(A.B) (6.5) 


By working out the individual terms with the help of (6.5) we easily 
find that 
Ax(BxO)+Bx(CxA)+Cx(AxB)=0 (6.6) 
(d) Scalar product of two vector products: (A x B).(C x D) 
This is a product of type (b) above in which the first vector there is 
replaced by the vector product of two other vectors. Applying rule 


(6.1) we obtain 
(A x B).(C x D) = C.(D x (A x B)) 


Now by rule (6.5) we have 
D x (A x B) = A(B. D)—B(A..D) 
It therefore follows that 
= (A x B).(C x D) = (A.C)\(B.D)—(A. D\(B.C) (6.7) 
From this we have for the special case of the square of a vector 
product, setting C=A and D=B 
(A x B)? = A?B?—(A.B)? (6.8) 


The correctness of this relationship is immediately demonstrated when 
(4.1) and (5.1) are considered, for then 


(A x B)? = A?B?sin? (A, B>, and (A.B)? = A?B? cos? <A, BD 


so that (6.8) represents nothing more than the well-known relation 
sin? ¢ = 1—cos’¢. 


§7. Differentiation of vectors with respect to a parameter 


Let the vector A depend upon a scalar parameter, say the time ¢. 
The differential quotient, or derivative, of A with respect to ¢ is then 
defined as the limiting value of the difference quotient 


dA(t) _ lim A(t+At)—A(t) 


tp. 
dt At>0 At - (ap 


es 
Now in the division of a vector by a scalar, vectorial pr6perties persist; 
therefore the derivative of a vector with respect to a scalar Sgriable is 


-\ 
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itself a vector. If r is the position vector drawn from a fixed point O 
to a moving point P, we have (figure 9) that 


=— (7.2) 


Fig. 9.—The displacement dr = vdt of a moving point in time dt 


As can be seen from (7.1), the calculation rules of differential cal- 
culus can be immediately adopted for the differentiation of the sum of 
vectors 


d(A+B) dA dB 
aie Se SEC at 1.2 
dt at dt C 
as well as for the product of a scalar and a vector 
d(aA) da dA 
ee se 7.4 
dt ated dt Ee 
and for the inner product of two vectors 
d(A.B) dA dB 
pee ae cla pKa 7.5 
dt dt ae dt ue) 


The appropriate rule for the differentiation of the outer product is 
also valid, but care must be taken to write the factors in the correct 
sequence, since by exchanging the factors of the vector product its 
sign is changed: 

d(AxB)_ dA dB 


alice Ax — 7.6 
a 7 * Bt ar (7.6) 


CHAPTER ATI 


Vector Fields 


§8. Definition of a vector field 


In chapter AI we developed the idea of a vector and the rules of 
vector algebra with reference to the mechanics of a material particle. 
The velocity of such a particle was represented by a single vector. In 
this chapter we turn to the problem of analysing the state of motion 
of an extended body or a liquid. Here the velocities of the various 
particles are in general different from one another, each particle requir- 
ing its own particular velocity vector. We have already become 
acquainted with an example of this in §5 where the motion of a rigid 
body in rotation around a fixed axis was described (equation (5.9)) 
by means of a position-dependent velocity vector. 

In mathematical physics we speak of the field of a physical quantity 
when we consider the value of the quantity from the point of view of its 
dependence upon location in space. With the possible exception of 
certain surfaces, lines, or points, this dependence is assumed to be 
continuous. There are scalar fields, as for example density fields or 
temperature fields; and there are also vector fields, such as the velocity 
field in a liquid or the force field in gravitation. 

The theory of vector fields was greatly advanced by the study of 
fluid motion, particularly by Helmholtz’s fundamental researches on 
vortex motion. It was on this foundation that Maxwell built when he 
undertook to place the Faraday idea of the force field on a mathematical 
basis. To Maxwell, hydrodynamical analogies were more than purely 
mathematical pictures; hydrodynamic concepts of field mechanisms led 
him to the formulation of the ‘‘near-action”’ laws of the electromagnetic 
field. 

We are therefore following the path of historical development when 
we allow ourselves to be guided by hydrodynamical analogies in our 
development of the mathematical theory of vector fields. -In-addition 
we shall also become acquainted with conceptual picttttes borrowed 
from the mechanics of mass points in force fields. =< 
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§9. The space derivative of a field quantity. The gradient 


We imagine some physical quantity to be given as a field function 
defined for all points of space. We then go from a point described by 
the position vector r, with components x, y, z, to a neighbouring point 
having the position vector r+dr, and we inquire into the change of our 
field quantity for a position change dr having components dx, dy, dz. 

If the field quantity under consideration is a scalar o(r) = (x,y,z), 
given as a continuous and differentiable function of position, then, in 
first approximation, the sought-for increase dd = ¢(r+dr)—¢(r) is 


equal to 
06 1 96», 98 5, 


‘Oi ape dts, 354 (9.1) 


do = 


a 


Since on the left side here we have a scalar quantity, the right side 
can be conceived as the scalar product of the vector dr with a second 


vector whose components are equal to the three derivatives = = = 
x Oy Oz 
We call this vector the gradient of the scalar @, and write 
ab ap ao 45 
grado = x+y Yayt? ze (9.2) 


In a simple form, independent of any coordinate system, equation (9.1) 


then reads 
do = grad@.dr (9.3) 


It shows that grad@ stands perpendicular to the equipotential surface 
@ = constant, and that it therefore has the direction of the maximum 
space rate of increase of ¢—for only in this case would the right-hand 
side of (9.3) vanish for every vector dr lying in the equipotential surface; 
that is, where db = 0. 

From the relationship 


u=gradd, ie. u,= 


ap ad ag 
Ox’ Me =z Oey 


we obtain a vector field u from any arbitrary scalar field ¢. In the 
converse, however, it is not always possible to derive in the form (9.4), 
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any arbitrary vector field from a scalar field. Rather, as can be shown 
from the component representation (9.4), the conditions of integrability 


Ou, Ouy Ouy _ Ou, ou, Ou, (9.5) 


must be fulfilled. In this case we say, on grounds later to be made 
manifest (see §11), that the u-field is irrotational.* Therefore, the field 
of the gradient of a scalar is always irrotational. Since, conversely, to 
every u-field whose components satisfy equations (9.5) there can be 
associated and explicitly assigned a scalar function ¢ in the sense of 
(9.4), we have the theorem that every irrotational field can be expressed 
as the gradient of a scalar. 


By way of example, from the scalar field 
d= —< with r= v(x?-+y?+22) (9.6) 


(with which later we shall often be concerned), we obtain from (9.4) the irrotational 
vector field v = grad ¢, with 
_ @ _ ey __ ez 
So tke == FE cy — = Un = mr (9.7) 
In hydromechanics (for e >0) this describes the outflow of an incompressible fluid 
from a source located at the origin. Moreover, as the gradient of the “potential”, 
¢ naturally satisfies the integrability conditions (9.5). 
These equations (9.5) are not satisfied for the velocity field 


vz = —a@y Dy = Ox vz = 0 (9.8) 
which, according to (5.9) represents the rigid rotation of a substance, such as a 


liquid, around the z-axis with the angular velocity @. This field is not irrotational. 
Such is, however, the case for the velocity field 


mazy ma2x 


ve =? vy, = —_——_ 
a x2+y2 us x2+y2 


vz =0 (9.9) 


which, according to hydromechanics, describes the streaming of an incompressible 
fluid around a cylinder of radius a which rotates on its axis (the z-axis) with angular 
velocity «. Hence this field can be represented as the gradient of a scalar function ¢: 


v= grad $, with ¢ = a2tan"! = (9.10) 


The presence of the inverse tangent makes this function multi-valued. We shall 
return to this question in §11. 


Returning now to the initial problem of this paragraph, we ask what 
change a vector field quantity u(r) = u(x, y,z,) experienges ina change 
* German: wirbelfrei = “eddy-free”’, or “‘vortex-free’’.—Tr. i. Ay 
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represented by the vector dr. The answer is provided by applying 
formula (9.1) or (9.3) to each one of the three components: 


ou ou Ou 
dun — rae. dv = —— dx + —— — 
u, = gradu,.dr oe x+ a dy+ az dz 
é 7) 
duy = gradu, de =? ax 4 YY dy 4 OM ae (9.11) 


Ox oy Oz 


ou ou ou 
du, = gradu,.dr = —2dx+—2dy+—2 
u, = gradu,.dr AE a dy+ ae 


dz 


These three equations can be combined into a single equation for the 
vector du by making use of a differential operator first introduced by 
Hamilton. Its symbol is V (pronounced “‘del” or “nabla’’); it is 


wt 
ra 


) 0 0 
This vector operator with the three components ce = ie makes 
as Ox Oy az 


possible a remarkably simple synoptical handling of many considera- 
tions of vector analysis if we calculate with it like an ordinary vector. 
Special care has to be taken, however, in the matter of sequence of the 
factors occurring in the formulae, because these involve differentiations. 
As a differential operator the V-vector by itself can be characterized 
neither by magnitude nor by direction; it only assumes a definite value 
when it is applied to (i.e. operates on) some field quantity. 

If it be applied to a scalar ¢, then by (9.2) the gradient 


Vé = grad d (9.13) 
is obtained. Accordingly (9.3) can be written in the form 
do = dr. Vo = (dr. V)¢ (9.14) 
in which dr.V obviously represents a scalar differential operator, 
namely, the change with respect to the vector interval dr of the field 


quantity to be differentiated. In a similar way the three equations 
(9.11) can now be condensed into the vector equation 


du = (dr. V)u (9.15) 
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in which the vector character of the right-hand side is required by u, 
while dr.V means, as above, a scalar operator. 


§10. The strength* of a source field and its divergence. Gauss’s theorem 
and Green’s theorem 


A concept fundamental to the whole of mathematical physics is the 


surface integral 
® = i u, aS (10.1) 
Ss 


in which dS is an element of the surface S, and its normal has the 
direction of the unit vector n. 

If, for example, in place of u above we have the velocity field v 
representing the flow of an incompressible fluid, then ® is the volume 
of fluid which in unit time flows through S by way of the side deter- 
mined by n—for, in the time-interval dt, a volume of liquid dS.v,.dt 
passes through, which at time ¢ occupies a small skew cylinder of base 
dS, with axis in the direction of y, and having a height v,dt. Carrying 
over to arbitrary vector fields u the concept of the quantity of fluid 
passing through S, we call the quantity ® defined by (10.1) the “‘strength 
of the u-flow through S”’, or simply the flux of u. 

In the following we shall often be concerned with the flux through 
a closed area, for which we shall write 


® =¢p u, dS (10.2) 


Herewith we establish once and for all that in this case the vector n 
shall always be understood to be the outward-extending normal of the 
enclosed region V. 

In the special case considered above, namely, the flow of an in- 
compressible fluid through a closed surface, there always flows from 
within the region outward exactly as much fluid as flows from the 
outside in. The total flux therefore vanishes, so long at least as at 
known places within V no new liquid is created or destroyed. Places 
of the first kind we shall call (positive) sources; those of the second 
kind sinks (or negative sources). The total flux ® through the closed 
surface S can be considered as the appropriate measure of the pro- 
ductiveness or strength of the source system contained withit'S™ 


* German: “ Ergiebigkeit”.—Tr. a *. 
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As a special example we examine the flow going out from a single 
isolated source. Owing to symmetry, the flow of the fluid from the 
point source is radial and uniform in all directions. The same quantity 
of fluid therefore flows per second through any surface enclosing the 
source, and, in particular, through the surface of any sphere centred on 
the source. Since in the latter case v, is equal to the value v of the 
velocity, which only depends upon r, we have 


® = v, dS = 4nr?v = constant 


Calling the constant 4ze (for reasons to be seen later), we have that 
v=e/r’. For the velocity vector of the source stream we therefore 
obtain 
er ee os ex ve 
as Le. on 3 y= 


ey ez 
= v, 


in agreement with formula (9.7) given above. 
We thus have for the velocity field of the flow of an incompressible 
fluid from a source that 


no 8 


® “4 v,dS=4ne or 0 (10.4) 


depending upon whether the source lies inside or outside the closed 
region S. This result also holds for every other field of the form (10.3), 
and in particular for the Coulomb field of a point charge (compare 
§19)—for the physical consideration which has connected (10.3) with 
(10.4) is equivalent to a mathematical evaluation of the surface integral 
(10.4) for the field (10.3). 

Now, however, we come to the case of a field u with spatially 
distributed sources. There exists here the task of finding a measure 
of specific strength. In the following we call this the divergence of the 
u-field. We designate it 

divu 


and define it conceptually as the quotient of the total flux of u through 
a small closed surface by the volume V thus enclosed, for the limiting 
case V0: 


v0 


divu = lim 7p ds (10.5) 
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It is significant that the quantity thus defined is independent of the 
shape or form of the volume considered. This can be shown by direct 
evaluation of the right-hand side of (10.5). Rewriting the surface 
integral by means of (3.7), we have 


tp dS = plu, cos <x, m> +u,cos<y,n>+u,cos<z,n>}dS (10.6) 


For finding the integral over the first summand on the right we imagine 
the enclosed volume V divided into little prisms (figure 10) extending in 
the x-direction, and having a rectangular cross-section dydz. One 


Fig. 10.—For the proof of Gauss’s theorem 


particular such volume element cuts from the surface of V two surface 
elements dS’ and dS”, with normals n’ and n’. Moreover, 


dS' cos<x,n’) = —dydz, and dS" cos<x,n") = +dydz 


For the prism considered, its contribution to the first summand on the 
right side of (10.6) is therefore 


{(uJens—(U,)eax} dy dz = | Mus dxdy dz 
ox: 
where x’ and x” mean the x-coordinates of the end faces of the prism 
(with x’<x”). If, now, we sum over all prisms into which we 
imagine V to be divided, we obtain from the first summand of (10.6) 


the relation 
Saxay daz le 


fjoorenssif 


which remains correct even when some of the prisms ealigglered| c cut out 
of S four, six, or even more surface elements. The volume <lement is 


SS 


“a 
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designated for brevity here by dv. Carrying out the corresponding 
transformations for the other two summands of (10.6) we obtain the 
very important result called Gauss’s theorem: 


Ou, Ou, Ou 
Lode == pea ean 7\ dv 10.7 
pts |{fiaeesee Eee con 


Thus from (10.5) we immediately have as the component form of divu 
the expression 


(10.8) 


independent of any relationship to the surface S. Corresponding to its 
derivation from (10.5), the divergence of the field u is a scalar quantity 
independent of any coordinate system. This also follows from the fact 
that divu can obviously be written asthe scalar product of the V- 
operator (9.12) with the vector u: 


divu=V.u (10.9) 


From equation (10.8) Gauss’s theorem can be written 


pe dS || | divudv (10.10) 


This form, incidentally, permits obtaining divu directly from the defin- 
ing equation (10.5) without the necessity of going by way of the com- 
ponent representation. For this the volume V is broken up into small 
volumes ;,02,... so that, for each of these volumes v;, with surface 


Sj, the formula 
{pu dS = divu (v;) 


Sj 


valid in the limit vj; 0, is written down, and this is summed over the 
volume. The sum on the right-hand side is then just the volume integral 
of (10.10) if for the small volumes v, the differential dv be substituted. 
On the left side all contributions corresponding to a surface element 
shared by two neighbouring volume elements cancel, for the simple 
reason that they always occur twice but with mutually opposite sign. 
Thus, in the addition of the contributions on the left side only the 
surface integral (10.10) over the whole surface S remains. 

We summarize the foregoing results of this section as follows: for 
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continuously distributed sources the total flux of a vector field u over 
a closed surface can be calculated by Gauss’s theorem as the volume 
integral of the divergence of u. The latter is therefore the proper 
measure of the strength or productiveness of the u-field. If divu vanishes 
over all space, the total flux through every closed volume is equal to 
zero. A finite value of total flux can however be obtained for divu =0 
throughout, under the assumption of one or more point sources at 
which the flow field is singular. The same also holds in the case for 
which an otherwise divergence-free flow possesses line-distributed or 
surface-distributed sources. 

Given, for example, a plane, which we choose as the xy-plane, 
uniformly spread over with sources of an incompressible fluid, these 
sources will then discharge perpendicularly to the plane, and from both 
sides, with constant velocity 

=O Daa wala for z>0 


—u for z<0 (10.11) 


y 


Evidently divu = 0 for this field in all space, even up to the plane. On 
the other hand the source system possesses a finite surface divergence 
which, analogously to (10.5), we define by finding the total flux through 
a closed surface cutting the plane, and dividing this by the quantity of 
cut surface S, and finally, keeping the form of the included volume V 
the same, going over to the limit V0, thus 


lim : tu, dS (10.12) 


If, as closed surface, we choose say a flat cylinder (figure 11) whose 
height is small compared with the dimensions of its two ends (these being 


Fig. 11.—For the definition of the surface divergence 


_— — 
parallel to the plane and each of area S), then the totaP{lux through 
this box is equal to uS—(—u)S =2uS, and the surface diyergence, 

ans 


“ 
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from (10.12), equals 2u. Similarly, for an arbitrary surface containing 
sources, the surface divergence follows the discontinuity on the surface 
possessed by the normal component of u. This is because even in any 
arbitrary u-field only the two end-surfaces of the cylinder give a finite 
contribution to the surface divergence; the curved surface Owing to its 
small height furnishes a contribution that, in the limit, is vanishingly 
small, 

Finally we consider several important transformations of Gauss’s 
theorem (10.10) given by Green. If u= yw, being a scalar and wa 
second vector, then, from the product rule of differentiation, 


divu = div(ww) = Wdivw+ grad y.w 


and thus, on account of (10.10), 
dby, oS = {I {yw divw+ grad py. w} dv (10.13) 


If, further, the vector w is representable as the gradient of a second 
scalar ¢, then 


w = grad b 
; ao #h wd 
and Sit VEG = piles + a5 


This sum of second derivatives of a function, making its appearance 
here, is called the Laplace operator, V?: 


62 62 Z 
tages (10.14) 


Equation (10.13) thus contains the relation 
{py a as = [fue +grady.gradg}dv (10.15) 
n 


vahd for two arbitrary functions of position, @ and wy, which are con- 
tinuous within V, finite, and twice-differentiable. To simplify the 
writing in this equation we have set 


(grad ¢), = 2 (10.16) 
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If, finally, from (10.15) we subtract a similar equation obtained by 
interchanging ¢ and yy throughout, we obtain 


Cer Soe m)as= | | | {wV26—V2W} dv (10.17) 
n 


Equations (10.15) and (10.17) are called Green’s theorems. \n 
electrodynamics we shall often make use of them. 


§11. The line integral and the curl. Stokes’s theorem 

The line integral in a vector field u is fully as important in mathe- 
matical physics as the surface integral (10.1). We connect two arbitrary 
points 1 and 2 by an arbitrary curve which we imagine to consist of 
individual line elements dr each having the direction of the local tangent 
line (in the sense from 1 to 2). For each line element we form the scalar 
product u.dr at the corresponding location and we sum over all dr. 
In the limiting case when dr 0 this gives the line integral 


[oa (11.1) 


1 


An important example of this procedure is the integral 


2 
i F.dr 
1 


which, in particle mechanics, represents the work performed by the force field F in the 

displacement of a mass point from 1 to 2. This is equal to the increase of kinetic 

energy of the mass point on the path from 1 to 2; for, from the equation of motion 
dy 


ns (11.2) 


there follows by scalar multiplication by v that 


d {my2 dr my2 my2 
a(S) HF." a. = fe —)— —dt= 
5( 5) ) Vv ai therefore ( 5) ds & : = [F.5 F. = dt =['F. dr 


In the special case in which the vector u in (11.1) can be expressed 
as the gradient of a scalar ¢ which is everywhere finite, continuous, and 
single-valued, the line integral (11.1) becomes independent of the choice 
of actual path between 1 and 2; for in this case, from (9.3) we have 


u.dr = gradd.dr = do 
so that 


[me- | dd = $62) $) Sa 01.3) 
1 1 = 
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In this case the line integral has the same value for two paths having 
the same beginning point and end point. Thus for every closed path 
the line integral of the gradient vanishes: 


pede = pis =0 (11.4) 


This, for example, is the case for static fields in particle mechanics, where the 
field can be written in the form F = —grad ¢. The work integral is then independ- 
ent of path, being 4(r1)—¢(r2), and vanishes for every closed path. The energy 
theorem (11.2) then has the form 


(7) +4) = (SF) +4802) = constant 


For (11.4) to be valid it is necessary that u be derivable from a 
single-valued scalar function ¢. For multi-valued $-functions the 
integral $u.dr can have a-finite value éverywhere. 


As an example of this case we consider the flow field of a rotating cylinder given 
by (9.9), and described in (9.10) by 


v=grad¢, with ¢=a2o tan-12 


Here f v.dr vanishes for every closed path not enclosing the cylinder, for in this case 
the initial value and the terminal value are the same. If, however, the path of 
integration leads once around the cylinder in the positive sense, then, owing to the 
multi-valued character of the inverse-tangent function, the terminal value of ¢ 
becomes larger by the factor 2za2w than the initial value. In this case the line 
integral around the closed path acquires the constant value 


py . dr = 27a2w 


This is at once evident for an integration path parallel to the xy-plane and lying 
right on the surface of the cylinder—for in this case by (9.9) v has the direction of 
dr, and the constant magnitude v = aw. 

Since the integral $v.dr can be looked upon as providing a measure 
of the flow around the cylinder, it is given the name circulation and 
written 


= reat (11.5) 


We shall make general use of this designation in the theory of vector 
fields. ° 

From the example considered we readily ‘recognize the correctness 
of the following theorem: When the circulation is constant over a path 
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surrounding a body (or, indeed, surrounding only a certain singular 
line), i.e. when this circulation is independent of the shape of the path 
chosen for its evaluation, then, for every integration path not surround- 
ing the body or the singular line, the circulation vanishes. This theorem 
represents the counterpart of the law given in (10.4) for source fields. 
We shall meet it again in the theory of magnetic fields produced by 
currents. 

As an example, the circulation of the flow field given by (9.8) for the rigid rotation 


of a liquid around the z-axis, with angular velocity @, is not constant. For this 
case we have 


a $vedx + rvdy = (—frax+.xdy| = 200) 


since both —§ ydx and gxdy represent the area of the surface S which the projection 
of the path of integration on the xy-plane (in the positive sense) would enclose. 
The circulation therefore increases here with the magnitude of the surface S. 


In the general case of an arbitrary u-field, for sufficiently small surface 
area S, the circulation’around the periphery of S is proportional to S. 
We show this now for a plane area (figure 12) parallel to the xy-plane 


X . 


Fig. 12.—The line-integral for a plane area 


and of area S. We move round it in the positive sense, i.e. in such sense 
that the circuiting, together with an advance in the positive z-direction, 
corresponds to the motion of a right-hand screw. The line integral we 
obtain is 


puede = plesdetu dy) 


We calculate the first summand $u,dx in such a way that both path 
elements (i.e. the one at y” and the one at y’, where y” > y )"associated 
with a given section dx are considered jointly. Since ifthe journey 
ed 
x 
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around, dx at y’ is to be taken positive, while dx at y” is negative, the 
contribution of these two path portions to fe dx is equal to 


dx {(u.)y=y —UDyayr} = —dx 7 Os oy 
y Oy 
In all, therefore, 


fie [Beare 


in which the right side is to be integrated over the whole surface S,. By 
an analogous treatment of the second summand $u,dy we thus obtain 


a ee 


If now S, is so small that.within S, the integrand does not markedly 
change, then $u.dr becomes proportional to S,. As a measure of small- 
scale circulation, then, it would be reasonable to take the limiting value 
of the quotient: circulation divided by enclosed surface S,—in the limit, 
that is, when S,—0. We call this limiting value the z-component of the 


curl of u, and write ; ‘ 
(curlu), = lim =? dr (11.7) 
s:70S, 
On account of (11.6) we have also that 
Ou, Ou, 
SaaS 11.8a 
(curl n), aie ( ) 


By a similar procedure we obtain corresponding quantities (curlu), and 
(curlu), when we orient the section of area to be circuited so that its 
normal, corresponding to the right-hand screw situation, is parallel to, 
not the z-direction, but the x-direction, and then the y-direction: 
Ou, Oly Ou, Ou 
eee a 11.8b 
(curl u),, ay dz (curl u), re See ( ) 
The three quantities (curlu),, (curlu),, (curlu), represent just the com- 
ponents of a vector curl u, or ‘“‘the curl of u’’; and the three equations 
(11.8) can be assembled by means of the del-operator into a single- 


vector equation anime Sar (11.9) 


which can also be looked upon as the defining equation of curlu. 
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As an example, we have, according to (11.8), for the field (9.8) 
representing the rigid rotation of a liquid around the z-axis with con- 
stant angular velocity w, that 


(curly), =0 (curlv), = 0 (curl v), = 20 


We call such a field for which the curl does not vanish identically, a 
vortex field or eddy field. In contrast to this the field (9.9) representing 
the flow of an incompressible liquid around a rotating cylinder gives 


curly = 0 


In spite of its finite circulation around the cylinder this field is vortex- 
free. 

For a sufficiently small arbitrarily oriented surface area dS with 
normal n, we have now in first approximation, owing to the vector 
character of u, that 


gu .dr =(curlu), dS (11.10) 


in which the line integral around the boundary curve of dS is to be taken 
in the sense, with respect to n, of a right-hand screw. Summing this 
formula (see figure 13) over all elements dS,,dS,,... of an arbitrary 
surface S on which curlu exists and is finite, we obtain Stokes’s theorem 


guar = | (curlu), dS (11.11) 


in which the line integral is to extend around the boundary curve of the 
surface S—for, in the summation over the circuital integrals of the 


Fig. 13.—For the proof of Stokes’s theorem 


individual surface elements, the contributions from a border_portion 
shared between two elements (for example the border portion between 
dS, and dS,) cancel because they occur in pairs, but always with 


7 
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mutually opposite signs. In the summation, therefore, only the con- 
tributions of the boundary curve S remain. 

Thus, according to Stokes, the circulation Z of u around a given 
closed curve is equal to the flux ® of curl u through a surface S bounded 
by the curve. It is of no importance how the surface through the 
boundary curve lies. For two different surfaces S, and S, having the 
same boundary curve we have 


®,=9,, i.e. [[tcorm.as = | (curlu),dS (11.12) 


Sy S2 


Both surfaces together, however, completely bound a region of space V. 
If in the last equation we invert the direction of the surface normal on 
one of the surfaces, say S2, it follows from (11.12) that 


' pleut u), aS - 0 


in which the surface integral is now taken over the total surface of V. 
For the vector curl u, then, the total flux emerging from any arbitrary 
region of space is equal to zero; by Gauss’s theorem this vector is 


therefore source-free, i.e. 
div curlu = 0 (11.13) 


This also follows immediately from the component representation (11.8), 
or even more simply from the vector form (11.9): 


divcurlu = V.(V x u) =(V x V).u=0, because Vx V=0 


Conversely, for every vector v whose divergence vanishes there exists 
a vector field u whose curl is v: 


From divvy = 0 it follows that v = curlu (11.14) 


The proof of this statement will be given in §12(5) by direct calculation 
of the vector field u from the given eddy distribution (or vorticity) of v. 

If, further, u is the gradient of a scalar @ which is single-valued and 
determinate within the region of integration, then, for every closed curve 
within the region of integration, the circulation vanishes. Consequently 
this field, by Stokes’s theorem, is vortex-free and irrotational, i.e. 


curl grad @ = 0 CUieTS) 
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This relationship also follows immediately for u=grad@ either from 
the coordinate representation (11.8) or from the vector form (11.9). 
As, incidentally, a comparison of (11.8) with the relationships (9.5) 
shows, the equation 

curlu = 0 


is exactly the requirement that u shall be expressible as the gradient of 
a scalar: 


From curlu=0 it follows that u = grad@ (11.16) 


In §12(a) this function will be calculated from the given sources of u. 
For later use we calculate here the curl of the curl of a vector u. By 
using the V-form and relationship (6.5) we find that 


curlcurlu = V x (V x u) = W(V.u)—(V. V)u 


i.e. in the customary formulation 


curlcurlu = graddivu—V7u (11.17) 


Finally, we shall later also need the relationship 


div(u x vy) = v.curlu—u.curly (11.18) 


which is valid for arbitrary vectors u and v, and may also be easily 
verified by means of the V-form and relationship (6.1). 


§12. Calculation of a vector field from its sources and vortices 


In the two preceding sections we have seen how the scalar divu and 
the vector curlu can be obtained from a known vector field u by differ- 
entiation processes. We now treat the reverse problem: to determine 
a vector field u from its prescribed sources and vortices. We therefore 
seek the field for which the expressions 


divu = 4zp curiu = 4zc (12.1) 


hold, with a given scalar function p = p(r) and vector function ¢ = e(r), 
both different from zero in any finite region of space. Here, however, 
c cannot be chosen entirely arbitrarily. On account of (11.13) we must 
have te a 
dive =0 my (12.2) 
NY 
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The factors 4x in (12.1) have been introduced to bring the expressions 
into agreement with corresponding expressions in Gaussian units. 

In order to integrate equations (12.1) we separate the desired vector 
field u into an irrotational field u, with the prescribed sources, and a 
source-free field u, having the prescribed vortices, thus: 


u=u,+u, (12.3) 

with 
divu, = 4zp curlu, = 0 (12.4) 
divu, =0 curlu, = 4xc (12.5) 


We have thus divided the original problem into two partial problems: 
the determination of an irrotational field from its prescribed sources, 
and the determination of a source-free field from its prescribed vortices. 


(a) Calculation of an irrotational vector field from its source field. 
Since u, is irrotational, we can write 


u, = —grad¢ (12.6) 


in which the minus sign has been introduced to bring (12.6) into agree- 
ment with a corresponding formula in electrodynamics. Following, 
then, from the first equation (12.4) for the “‘scalar potential’’, we have 


Poisson’s equation 
V*¢ = —4np (12.7) 


For its solution we make use of Green’s theorem (10.17) in which we 
take ¢@ equal to the desired potential function, and yw we set equal to 
1/r, i.e. equal to the reciprocal of the distance r from the first point of 
integration to the field point P at which we wish to evaluate ¢: 


io Pas - | | ie V26—$V? “hav (12.8) 
ron 


For bounding the region of integration we choose on the one hand 
a closed surface at infinity, and on the other hand a small spherical 
surface around the field point whose radius rg we wish subsequently to 
let go to zero. We now assume that for infinitely increasing r, the solu- 
tion we are seeking falls off at least like 1/r. The larger outer surface 
furnishes no contribution to the left side of (12.8) since in this case the 
entire integrand falls off at least as 1/r?, while the surface grows only 
asr2. A finite contribution to the left side of (12.8) is however furnished 
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by the spherical surface around the field points. Here, since n points 
outward from the region of integration and therefore has the direction 
towards the field point, 


0p ali) a(L/r) _ a(i/r) 1 
én -() én (ae ér i wire 
Since @ and grad¢@ certainly do not become infinite at the field point, 
the contribution of the first term on the left in (12.8) coming from the 
spherical surface around the field point does indeed vanish in the limit 
ro>—0. From the second term however we obtain in the limit the finite 
value —4n¢(P). 
On the right side of (12.8), V?@ is prescribed by (12.7), while 
V7(1/r) vanishes everywhere within the region of integration. We 


therefore obtain 
4 
—4n9(P) = = |= Wie ee alt 


or, if we designate the position vector of the field point by r, and that 
of the integration point by r’, so that, instead of the distance r and the 
volume dv, we now substitute 


ror’ | =J/[x—-x'?4+0—-y'?+(z-2')7] and dv! = dx’ dy' dz’ 


see) = {|| PO ae (125) 


Introducing this expression in (12.6), we obtain the desired vector 
u, simply by differentiating with respect to the components of r. 

We observe that, according to equation (12.9), the ¢-function we 
have found actually falls off for large r at least like 1/r; thus for very 
large r we can neglect r’ in the denominator [r—r’| in the first approxi- 
mation to r, and then, for the whole denominator, place 1/r outside the 
integral. With this the above assumption is justified in retrospect and, 
as a consequence, the expression (12.9) is shown to be a solution of the 
differential equation (12.7). 

Although equation (12.9) was derived for the case of a spatially 
extended source field, we can also obtain from it the field of point 
sources, line sources, or surface-distributed sources. If,.for example, 
there were a point source of strength e, at the point Po, pe 


we obtain 
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vector rp, we could then proceed on the basis that only in the immediate 
neighbourhood of Py has p a value different from zero. We may then 
write the denominator in (12.9) as 1/ lr—ro L place it before the integral 


and, with 
[ [fee adv —e, (12.10) 


obtain as the scalar potential 


or) = 


(12.11) 


£0 
|F—-Fo | 

This result, which is not changed by a subsequent passage to the 
limiting case of vanishingly small extension of the charge distribution, 
agrees (to within a change in the sign required by the minus sign, and 
the different location of the point source) with formula (9.6) for the 
potential of a point source. Conversely, since the fields superpose 
according to the rules of vector addition on account of the linearity of 
equation (12.4) in u and p, we can obtain equation (12.9) from (12.11) 
by regarding the sources contained in the individual volume elements 
as actually point sources of strength pdv, calculating their contributions 
to the potential according to (12.11), and then summing over all 
volume elements. 

In a similar way the fields of line or surface-distributed sources can 
also be treated. Examples of this kind will be met later. 

Incidentally, according to (12.6), we could have added to the 
potential (12.9) a constant without changing the field u,. For all prob- 
lems however in which all charges are at a finite distance, we wish to 
establish the potential through the stipulation already realized in (12.9), 
that the potential shall vanish at infinity. 


(6) Calculation of a source-free vector field from its vortex field 
For the integration of equation (12.5) we can represent u,, owing 
to its source-free character (11.14), as the curl of a new vector A: 


u, =curlA (12.12) 


We call the vector A so defined the vector potential of u,. Just as we 
can add an arbitrary constant to ¢ without changing uj, so, similarly, 
we may add an arbitrary irrotational vector to A without changing the 
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value of u,. Thus we can dispose of this additional field so that the 
resultant A-field becomes source-free: 


divA =0 (12.13) 
By introducing (12.12) into the second equation (12.5) we obtain 


curlcurl A = 4ze 


or, on account of calculation rule (11.17) and the prescription (12.13) 
V’A = —4ac (12.14) 


in complete analogy with the Poisson equation (12.7) for the scalar 
potential ¢. This analogy allows us, by considering (12.9), to write 
the solution of (12.14) directly: 


A(r) -|{| : = ao (12.15) 


From this, in accordance with (12.12), u, follows by a single differentia- 
tion. 

We still have to convince ourselves that the vector field given by A 
is actually source-free, as was required by (12.13). Now obviously 


divA = [[ fee er aes = - {[fees. grad ara aie 


in which grad’ means the gradient taken with respect to the vector r’, 
the following fact having been used: 


Ome | 1 
éx\{r—r'|/  ox’\Jr—r'|/ 


We have now 


; 1 ee c(r’) il Oe ta) 
c(r’). grad’ ——— Tal div we ) ain c(r’) 


The second term on the right-hand side vanishes here because of (12.2), 
so that by Gauss’s theorem we have 


divA = ~ | {fave (= ofr!) > a = ies, (r’) Pali 
[Cask | 
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Since, by hypothesis, the entire vortex system must remain within finite 
bounds, c, vanishes on the infinitely remote surface of the region of 
integration. Thus A is in fact source-free. 


§13. Orthogonal curvilinear coordinates 


Many calculations in electrodynamics can be simplified by choosing, 
instead of a Cartesian coordinate system, another kind of system which 
takes advantage of the symmetry relations involved in the particular 
problem under study. Thus, for example, the calculation of the field 
of an electrically charged ellipsoid is certainly considerably easier to 
carry Out in elliptical coordinates than in Cartesians (see §22). 

Let the new coordinates &,, €,, &; be defined so that the Cartesian 
coordinates x, y, z are known functions of €,, €, €3: 


a x(1, C2 é3) oe y= y(E1, G2s'63) z= 2(E1, Gas &3) 


We restrict ourselves to the case for which the three families of curves 
€, =constant, €,=constant, €;=constant are mutually orthogonal. 
We then obtain for the distance between two neighbouring points, that 
is, for the line-element ds, the relation 


ds? = dx? +dy?+dz? = h?2 dé2+h? dé +h? de 


in which h,, A, are, in general, functions of €,, ¢,,¢3. We require in 
addition that the new system, like the old, shall be a right-hand system. 

We consider now an infinitesimal parallelopiped (figure 14) whose 
bounding planes coincide with the surfaces ¢, = constant, ¢, = constant, 
€,= constant. Let the length of its edges be h,d€,, hd, h3d¢3. 
Further, let ¢(€,, €2, €3) be a scalar function, and u(¢,, ¢2, €3) be a 
vector field having three components u,, uz, “3 along the three co- 
ordinate directions €,, €,, 3. We have now to investigate how the 
operations of vector analysis appear in the new coordinates. 

Referring to figure 14, for the €,-component of the gradient of ¢, we 
have immediately from its definition (9.3) that 


_. G(A)—G(0)_ 1 O¢ 
oe eae bo, 


and correspondingly for directions 2 and 3. 
For finding the value of the divergence of u from definition (10.5), 
we calculate the total flux through the surface of the infinitesimal block 
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(figure 14), and divide this by the volume h,h,h,d€,d€,dé,. The flux 
through the surface OBHC in the direction of the outward-drawn 


G 
I 
H 


A 
B Ayd&, 
“nae 2 


Fig. 14.—Volume element in orthogonal curvilinear coordinates 


normal is —(u,hzh3).,d.d, while that through the surface AFGI is 
(uy hzh3)z,+4¢,962d€3. Their difference is therefore 


slistalo) a tad 


With the. corresponding expressions for the other two surface pairs we 
therefore obtain 


1 


vi ———— RE (u, h, ree 


a ae (u,h3h Die (uz hy, hah (13.2) 


C2 


The 1-component of curl u is obtained, corresponding to definition 
(11.7), by applying Stokes’s theorem to surface OBHC. We find that 


(curlu), = TEAS (u;h3)— lin in} (13.3) 


and correspondingly (making a cyclic exchange of the indices) for 
directions 2 and 3. 
Finally, by combining (13.1) with (13.2), we obtain for 


Vo = diverad@ 


ee 7) Ga | = (34 e) 
Ley h, fois aE hy cc, "3G hy 0, is 


hy h, 0g i ey 
20 Oy en chy 
| hg a3 = 
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In a similar way the quantities V7u,, V7u,, Vu, can naturally be found 
for a vector field u. It should however be noted that in general these 
quantities are different from the components of the vector 


V7u = graddivu—curlcurlu 
given in equation (11.17). 


We now apply the foregoing formulae to two particularly important 
special cases: 


(a) Cylindrical coordinates: &,=r c7—o GaSe 
Since : 
x =rcosa y=rsing Z=Z 
we have 
ds? = dir? +r? da? +.dz? 
and therefore me i 

eal a R= 


It follows then from (13.1) to (13.4) that: 


) 
(gradg),=22 (gradd).=2% Gerad). = (310) 


1 0(ru,) 1éu, du, 


ivu = - ——+- 13.2 
giva r or oF Oa oz oe 
1 du, du Ou, Ou 
ae oe curl u), = —-——= 
(ST Sir or ee Guia Tr 
1 O(ru,) 1 Ou, 133 
=- -- Ja 
come): r Or r 0a ( ) 
10/a¢d\ 106 &¢ 
2 a set (eis is epaceg ea ee 13.4a 
vo=7 5("H) 7? Bab Oz? aa 
(b) Spherical polar coordinates: €,=r €,=0 63=@ 
Since 
x =rsin@cosa y=rsin@sing Z=PCos 
we have 


ds? = dr? +r? d6? +r? sin? 0 da? 
and therefore 
h,=1 h,=r h, =rsin@ 
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From (13.1) to (13.4) there follow then: 


é 1é thats 
(eradg),= 2% (grad g)=2%  (gradg).= 5% (13.10) 


: 1 a(r7u,) 1 Osin@u,) 1 ou 
Eee Asin us) 1 Oe (43,05 
div = 4-3 aged, Me 


1 du, 10(ru,) 


1 AsinOu,) 1 du, 


(cut) ing ace On es 
1 O(ru,) 1 du 
as Tene LS eogpanias 13.3b 
(curl u), Sa ( ) 


Vo=35(" x} (00 oa) * a 6 (13.46) 
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CHAPTER AIII 


Tensors 


§14. Definition of a tensor. The anti-symmetric tensor 


Along with scalar quantities and vectors, there enter into the 
mechanics of continua and into electrodynamics yet other directed 
quantities which are called tensors. The original concept of a tensor 
(and therewith the explanation of its name) is the condition of stress 
or tension within a solid body. 

Through a point P of.a stressed body we place a surface element 
dS and assign to it a normal direction n. If we imagine a cut to have 
been made in the material adjacent to dS and on the same side as n 
then, if the remaining material is not to experience any displacement, 
we must provide a force distribution on the surface element. Relating 
this force to the unit of surface area by dividing by dS, we obtain the 
stress T, acting on the material at the position P of the surface element. 
To every location of the surface element given by the unit vector n 
there corresponds a stress vector T, with components 7,,, Ty, T,2. Thus 
the component 7, of T,, in the direction of a second unit-vector m is 
given, according to the rules of vector calculus (see (3.8)), by 


teed ty tL, iit ds I (14.1) 


When m = n we have the component T,,, which is called the normal 
stress or tensile stress. If m is perpendicular to n we have components 
of the shearing stress. 

We now ask how the stress vectors corresponding to different direc- 
tions nare related to one another. For two mutually opposite directions 
nand —n it follows from the law: action = reaction, that 


T_,=-T, (14.2) 


= 


Further, we choose a right-angled coordinate system with P as 
origin, and we cut off from the apex of the first octant an infinitesimally 
small tetrahedron (figure 15), whose base (i.e. the cut surface) is the face 


dS with outer normal n. It has components n, = cosa, n,=cosB, 
41 
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n, = cosy, and the stress T, acts on it. The remaining faces are then 
dScosa, dScosf, dScosy, and on them the stresses T_,, T_,, T_, act. 
(The outward normals of these tetrahedral surfaces extend in directions 


2 


ds 


x 
Fig. 15.—Equilibrium of the tetrahedron 


which are negative with respect to the axes.) The forces on the tetra- 
hedron are in equilibrium when 


*T,dS+T_,dScosa+T_,dScosB+T_,dScosy =0 
From this, with (14.2) the desired relation follows: 
T, = T,cosa¢+T,cosB+T, cosy = T,,n,+T,n,+T,n, (14.3) 
Written out in components, it is 


te i Ie n+ di n an i Nn, 


yx'y 
Tip Ley ll PT, Ny late (14.4) 
Ee = Ti n+ Whe ny+ de n, 


Putting these expressions into (14.1), we obtain the following trans- 
formation formula: 


an = Tye ny m+ Ts ny m+ Le n, m+ 


adit, Dit, A betel (14.5) 
as Ty, n,m, + ian m,+T,, n,m, 


yz 'y 


This gives the component T,,,,, along an arbitrary direction m, of a 
stress vector T,, which acts on a surface whose normal has the arbitrary 


direction n. ~ a. 
Physically, T,,,, is a quantity in the stress field semen of the 


wy 
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coordinate system, in contrast to the “components” T,,, i ee 
referred to specific coordinate directions. 

The quantity described by nine such components and having the 
property of yielding a scalar when combined with the two vectors n 
and m in the manner of (14.5), is called a tensor, or more accurately, a 
tensor of the second rank, since it is characterized by doubly-indexed 
components. In physics there also occur occasionally tensors of the 
third or higher rank, and they have correspondingly indexed com- 
ponents. In product formations like (14.5), but involving three or 
more vectors, they yield scalar quantities; but we shall not investigate 
them here. In this mode of description, vectors are tensors of the first 
rank. 

The formulae in tensor calculations are considerably simplified if 
instead of indices x, y, z, we write the indices 1, 2, 3. We shall arrange 
the nine components of a-tensor of the Second rank in the convenient 
form of a square matrix, thus: 


1 lee T: xz T, 1 T; 2 T; 3 
Dey ee = Tan Ian Tas) = (Tix) (14.6) 
iy ‘= = T; 1 A T; ps T3 3 


By writing the components of a vector v in an analogous way as 14, V2, 
v3, we can, for example, write formula (14.5) simply as a double sum 


Tim = », » Ty 0; m, (14.7) 
ik 


where the sums here (and in following) are to extend over the three 
values (1, 2, 3) of the given indices. 

In matrix notation the diagonal extending from upper left to 
lower right and containing the matrix elements with two equal indices 
is called the principal diagonal. If the elements which are images of 
one another with respect to the principal diagonal are in each case 
equal, the matrix and the tensor described by it are said to be symmetric. 
Thus, for a symmetric tensor, we have 


Tix = The (14.8) 
As, for example, elasticity theory shows the stress tensor we have 


considered above is symmetric. If, however, the elements reflected 
about the principal diagonal are in each case of opposite sign, i.e. 


Ty = — Thi (14.9) 
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while the elements of the principal diagonal vanish, the tensor is called 
anti-symmetric or also skew-symmetric. 

Every tensor T can be expressed as the sum of a symmetric and an 
anti-symmetric tensor. Accordingly, the sum T of two tensors T® 
and T®) is defined as the tensor whose components T@ are equal to the 
sum of the corresponding components T@ and T®. This sum definition 
holds, in particular, for the stress tensor and is taken over for all tensors 
as an essential part of the definition of a tensor. (Compare the cor- 
responding relationships in the combination of vectors!) 

From the relationship 


Ty, = 4(Ty + Ths) + (Te — Th) (14.10) 


we can therefore decompose any arbitrary tensor T into a symmetric 
part T®) with components Tf? =4(T;,+T7;,,) and an anti-symmetric 
part T® with components Tf? =4(T;,—T;,,). 

We wish to pursue Farthen this decomposition of a tensor by an 
example in the flow of an incompressible fluid. We again describe 
the motion by the velocity field v(r) and consider (figure 16) two fluid 
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Fig. 16.—Change with time of the vector a between two mass-points I 
and II in the flow-field v(r) 


elements which at time ¢ are located at r,; and r,,, and at time ¢+d¢ are 
at r,+v(r,)dt and rj,,+v(r,)dt. Their mutual separation at time ¢ is 
the magnitude and direction given by the vector a(t) =r,,;—r,, and at 
time ¢+dt by the vector a(¢+d?t) = a(¢)+[v(r)—v@r) ]dt. Accordingly, 
the change of a(z) per second is equal to 


da(t) =i a(t+dt)—a(t) 


at dt-0 at F Pm 
= v(t) — V(r) aig 14.11) 
x NS 
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If the two fluid elements are infinitely close to one another, we can 
write that r,;=r,+a, and we can consider a as a small quantity. If we 
develop the right side of (14.11) in components of a in the manner of 
(9.11), and if further we designate the components by index numbers, 
writing 


xX=xX, y— x5 Z2=X; (14.12) 
we obtain from (14.11) the component equations 
da; Ov, : : 
GP = 7 ax, with i= i, 23 (14.13) 


Since these equations, after multiplying by the components 5; of an 
arbitrary vector v and summing over the three i-values as permitted 
by the left side, give a scalar quantity 


da;,~ da =y00) 
—b,=—.b= — b, 
2 at a LL a, ve 
corresponding to (14.7), we can collect the nine derivatives 
ae, (14.14) 
OX, 


as the components of a tensor T. 
We now decompose this tensor, in accordance with (14.10), into a 
symmetrical part with the components 


To = (s+) (14.15) 


OX, Ox; 


which we shall consider more fully in §15, and into an anti-symmetric 
part with components 


Ov; Ov 
LOWS AY cea ei 14.16 
af 3 (s =) ( ) 
The latter we can assemble in the matrix 
0 —w, Wy, 
(T;) = Ww, 0 -w, (14.17) 
=W, weed 


in which, having regard for (11.8), we introduce for brevity the vector 
w=4curly (14.18) 
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Substituting now in (14.13), instead of the full complement of tensor 
components, only those of the anti-symmetric part (14.16), we obtain 


the vector equation 
Ee =wxa (14.19) 
dt antisymm. 


as can be immediately shown by writing out the individual components 
of this equation. A comparison with (5.9) shows that equation (14.19) 
describes nothing more than a rotation of the fluid around the fluid 
element designated in figure 16 by I, and participating in the flow. 
Here the vector w establishes the axis of rotation and the angular 
velocity. 


From (14.17) and (14.18) we see that the angular velocity w and curl v are 
really not vectors, but, with their three components, belong to an anti-symmetric 
tensor. For such quantities the name axial vector or pseudo vector is sometimes 
employed to distinguish from a normal or polar vector. A further important example 
of an axial vector is the vector product ¢ =a xX b of two polar vectors a and b. 
This would actually have to be described as an anti-symmetric tensor with components 


cue = abe — arbi 


The representation given by (14.17) of an anti-symmetric tensor as a vector is 
only possible in three-dimensional space, and even here only so long as the calcula- 
tion is carried out consistently with a right-hand (or with a left-hand) system. In 
going from a right-hand to a left-hand system, as by reflection about the origin, all 
components of a polar vector change their sign, while all tensor components, being 
doubly-indexed quantities—and thus all components of axial vectors—retain their 
signs unchanged. 

In the foregoing paragraphs the introduction of axial vectors showed that for 
their explanation we needed the concept of the right-hand screw. This concept and 
the consequent restriction to right-handed coordinate systems can, however, be 
completely avoided when, instead of axial vectors, the corresponding antisymmetric 
tensors are introduced. 

It should also be mentioned that the vector product of a polar vector with an 
axial vector, as well as the curl of an axial vector, are again polar vectors. Moreover, 
the scalar product of a polar with an axial vector is a pseudo scalar, and, like a scalar, 
it remains unchanged in a rotation of the coordinate system; in a reflection about the 
origin, however, its sign changes. Such a pseudo scalar is, for example, the spar 
product (6.1) of three polar vectors; representing the volume of the parallelopiped 
determined by these vectors, its sign changes in going from a right-hand to a left- 
hand system; i.e. the signs of all components in (6.2) change. 


§15. The symmetric tensor and its invariants. The deviator 


While the anti-symmetric part of a tensor can always be regarded 
as an (axial) vector, and thus leads to known concepts and calculations, 
the symmetric part of a tensor represents something basically new. In 
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these paragraphs we shall therefore concern ourselves only with sym- 
metric tensors. 

Next, we consider again the example of fluid flow, restricting our- 
Selves at the outset, however, to the symmetric part of tensor (14.14). 
Instead of (14.13), we therefore write 


da; é Ov; Ov 
ae Tu, with Ta=3(S 42) Soa 
k i 


or for the following, more conveniently, 


b; = a,(t+dt) = a;(t)+)> Tya,(t)dt (15.2) 


Owing to the smallness of the summation term, we can easily solve this 
expression for a(t), so long as we restrict ourselves to terms of the 
first order in 7,,dt: th ‘ 


a; = b,->, Tix b, at (15.3) 
k 


We now consider in the description of figure 16 the totality of all 
fluid elements II which at time ¢ have a fixed separation a from fluid 
element I. They lie on the spherical surface given by 


dia? =a? (15.4) 


Owing to the inhomogeneity of the fluid flow, at time t+ dt this spherical 
surface will have become somewhat deformed. We obtain the form of 
the new surfaces as an equation between the components b; by sub- 
stitution of (15.3) in (15.4); we find, again in first approximation, that 


yb? -20-Y Ty b; by dt = a? (15.5) 
i ik 


This is the equation of an almost-spherical ellipsoid. 

We now imagine the coordinate system chosen so that the new co- 
ordinate axes coincide with the principal axes of the ellipsoid. In this 
coordinate system equation (15.5) must be the principal-axis equation 
of the ellipsoid, i.e. in this coordinate system the mixed tensor com- 
ponents 7;,, with i#k, must vanish, so that (15.5) can be written as 


¥ b2(1—2T, dt) = a? 


i 
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From this, in the same approximation as above, we obtain for the length 
of the semi-axes of the ellipse 


a(l+T,, dt) a(1+ T, dt) a(1+T33 dt) 
and thus, as the volume of the ellipsoid (since 7;; = v,/0x;), we have 
4na3(1-+[Ty1 + To2+T33] dt) = $na°(1+divvdt) 
During the time interval dt the included volume increases by 
dV = V(T1,+T2.+T33) dt = V divvdt (15.6) 


Consequently dV is different from zero when there are sources within V. 
When sources are absent, the volume of the mass of liquid remains 
constant, as may the shape of the liquid mass as well. 

Just as for the tensor (15.1), we can give for every symmetric tensor 
a special orientation of the coordinate system such that in this system 
only the components in the principal diagonal possess finite values. The 
coordinate transformation (rotation) by which this particular orienta- 
tion is attained is called the principal-axis transformation, and a tensor 
possessing components different from zero only in the principal diagonal 
is said to be transformed to principal axes. 

In order to find this special orientation of axes we could, in the 
above example, have sought for the direction of vector a for which 
vector b, according to (15.2), would be parallel to a—for which therefore 
b; = Ka; could be substituted. Analogously, for the general symmetric 
tensor with components 7;, we seek that direction of the vector a for 
which 

YT, a, = 4a; for i=1,2,3 (15.7) 
i 


holds. This is a system of linear homogeneous equations in the three 
quantities a,, a2, a3, having, according to a theorem of algebra, a finite 
solution only when the determinant of the coefficients vanishes; that is, 
when 


Thy Th,-A Th = 0) (15.8) 


This is an algebraic equation of the third degree in A. It therefore 
possesses three roots /', 4", 4", which are called the, cigerivalues of 
the tensor T, or of the coefficient matrix (7;,). From ‘each of these 
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roots there follows from (15.7) a definite direction of the vector a so 
that in a’, a", al” we have the three directions in which we must take 
the Brarditiice so that the tensor T is transformed to principal axes. 

We show first that for a symmetric tensor the three roots of the 
4-equation (15.8) are real. Assuming this were not the case, we should 
obtain complex values for the corresrOnGIDE a; Thus, multiplying 
(15.7) by the complex conjugate quantities a* and summing over i we 


should have 
> Ty, a ay = Aviat a; 


The double sum here is real since T;,=T7;;; in this case the incon- 
sequential exchanging of the summation indices / and k leads formally 
to the complex conjugate value. Since the sum on the right side is real, 
this also holds for A, contrary to the above assumption. 

We show further that-the three principal axes are perpendicular to 
one another whenever the three A-values are all different. For this 
(15.7) gives for the first solution 


ia, =a) (15.9) 
k 


Next we multiply this expression by al! and sum over i: 


dT Gl bay = 4) ala; I 


Finally, we extract from this the equation which we obtain by inter- 
changing I and II. Then, since 7;, = 7;,;, the two double sums cancel 
one another, so that we must have 


—M)Y ajal =0 
i 


Thus if A! and 4" are different, the scalar product a!!.a! vanishes, and 
the two vectors are therefore perpendicular to one another. If it had 
happened that A'= A", then a! and a", as well as any linear combina- 
tion of these two vectors, would have been a solution of (15.7), and we 
could always choose two mutually-perpendicular base vectors a! and 
al, This is the case occurring when the more general triaxial ellipsoid 
degenerates into an ellipsoid of revolution. 

As with a vector’s magnitude, the value of which is always in- 
dependent of the particular location of the coordinate system, we have 
the three eigenvalues 4', 4", 2", which are three definitive parts of the 


50 ATII. Tensors 


symmetric tensor T, independent of coordinate system. We arrive 
further at invariants of the tensor derivable from them by writing out 
(15.8): 
—13+47Sp(T)—AC(T) + D(T) = 0 (15.10) 
Here the quantity 
Sp(T) = Ti, +Th2+T33 (15.11) 


is called the spur of the component matrix and consists of the sum of 
the terms of the principal diagonal. C(T) in (15.10) is the quantity 


C(T) = T22T33+T33 Ti tTi1 To. — 133 - T34 — Tio 


but has no special name. D(T) in the same expression is the determinant 
of the components of T. Since equation (15.10) must have the form 


~(—- AA —sy(a— al) =0 
in order to lead to the roots /!, 2", 2", we must have, for example, 
Sp(T) = +24 a" 


The spur of a tensor, like the quantity C(T) and a tensor’s determinant, 
is an invariant of the tensor. 

We must still convince ourselves that all the T;,, with i# k, actually 
vanish whenever the directions of the principal axes coincide with the 
directions of the coordinate axes If the vector a! has the direction of, 
say, the x-axis, then ai =a' £0, a =a =0. Taking this into equation 
(15.9) we obtain the three equations 


T,, a! = "a! Tt, 2 =0 a, 0 


T,, and T;, therefore vanish, while T,, = 4'. Carrying through similar 
considerations for the vectors a" and al" lying in the y- and z-directions, 
we find finally for the component matrix the simple relationship 


a 1 O 0 Lo 0 
(T) = De Osman 0 (15.12) 
5 ne ee Oo 2 


which shows particularly clearly the significance of the three eigenvalues 
of a tensor. 

Finally, attention should be drawn to a development often seen in 
tensor calculus, the deviator. This is a symmetrical tensor with Vanish- 
ing spur. We can understand its name from the exaniple in hydro- 
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dynamics considered above. We found there that in the time interval 
dt an initially spherical region of liquid deformed into an ellipsoid and 
simultaneously, in general, also changed its volume. Now according to 
(15.6), this volume change is given by the spur of the deformation 
tensor. If it vanishes, the tensor describes a change of form, without 
however a change of volume. 

We can thus pass from an arbitrary symmetrical tensor with co- 
efficients T;, to a tensor with vanishing spur, i.e. to the associated 
deviator, by subtracting from the components T;; the third part of the 
spur, viz. 4(7;,+72.+T733). For the deviator associated with the 
tensor, we thus arrive at the following component matrix: 


3(2T 1 — Tz2 — T33) iy Ti3 
Thy 3(2T,2 — T, ; — T33) Ths (15.13) 
T3y 232 3(2T33 —T, 1 —Tp2) 


The procedure specified for the construction of the deviator holds 
independently of the coordinate system, for it means diminishing the 
tensor T by 4(7,, +722+T33) of the unit tensor E, in whose component 
matrix there are 1’s throughout the principal diagonal and 0’s at all 
other places: ve 

1 for i=k 


Ex = Oi ={o ee (15.14) 


This unit tensor preserves its form in a rotation of the coordinate 
system, as can be easily verified by means of (14.7). This also follows 
because for it the tensor ellipsoid degenerates into a sphere. 
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CHAPTER BI 


Electric Charge and the Electrostatic Field in Vacuum 


§16. Electric charge 


If a stick of sealing-wax is rubbed with cat’s fur, both bodies are 
put into a peculiar condition in which light bodies in their neighbour- 
hood are set in motion. We say that by rubbing, bodies become 
electrified and that they carry an electric charge. Experimentally, the 
charges do not cling permanently to the sealing-wax or to the cat’s fur. 
They can be transferred to other bodies by contact. The origin of the 
charged condition is not exclusively bound up with the process of 
rubbing; a piece of metal can, for example, be charged by a momentary 
contact with the pole of an electric battery. 

Two charged bodies exert a force upon one another. This force can 
be used to measure the charge, as for example by means of an electro- 
meter. From results which have been obtained in such measurements, 
in particular in the simultaneous transfer of different charges to such 
an instrument, the existence of charges of different sign has been 
concluded, these charges when in combination being added algebraic- 
ally. The charge on the rubbed cat’s fur has been arbitrarily called 
positive, and that on the stick of sealing-wax negative. 

For electric charges we have the conservation law: the total charge 
of a closed system remains constant. Thus electric charges can be 
neither created nor destroyed. It therefore follows that simultaneously 
an equal quantity of charge of each sign (+ and —) is produced or 
disappears. In rubbing the sealing-wax with the cat’s fur there must be 
exactly as much positive charge on the fur as there is negative charge 
on the sealing-wax. In the transfer of charge by contact of one body 
with another, the sum of the charges of both bodies before and after 
contact must remain the same. 


§17. The elementary electrical quantum 


For a fuller understanding of electric and magnetic processes in 


matter, and for an understanding of the phenomena of charged-particle 
55 
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radiations, there is the decisive fact learned from many different ex- 
periments that, just as in matter, electric charge possesses atomicity of 
structure, and that there is a smallest, not further divisible, quantity of 
electric charge. This smallest charge quantity is called the elementary 
electrical quantum. In the following we shall always designate it by eo. 

The first hint of the existence of this elementary quantum was given 
by one of Faraday’s laws of electrolysis: In the passage of an electric 
current through an aqueous solution of a salt, e.g. silver nitrate, silver 
is continually deposited. In this process, the mass of deposited silver 
is at any time proportional to the quantity of electricity which has 
passed through the electrolyte; indeed, according to Faraday, in the 
deposition of exactly one mole from a singly-ionized electrolyte, a 
quantity of electricity F = 96,500 coulombs (C), (the ‘Faraday con- 
stant”) flows through the solution. Since the number of atoms or ions 
in a mole is equal to the Avogadro number Ny = 6-025 x 107°, it can 
be concluded from the Faraday result that, in electrolysis at least, 
electricity, just like matter, is divided into atomic units, and that every 
singly-ionized positive ion arriving at the cathode carries with it a charge 


ey =F/Ng = 1:60 x 10729C 
= 4-80 x 107!° Gaussian units of charge* (17.1) 


These considerations were first clearly stated by G. J. Stoney and H. v. 
Helmholtz in 1881. The evaluation of the elementary quantum e, from 
electrolysis assumes, along with the (relatively easily determined) Fara- 
day constant, a knowledge of the Avogadro number No. Concerning 
the various methods of determing the Avogadro number, the reader is 
referred to textbooks of physical chemistry. 

A method for directly determining the elementary electrical quan- 
tum independently of electrolysis has been devised by R. A. Millikan. 
The Millikan technique is based upon the following principle: The 
charge found on an electrically isolated body is directly measured. The 
charge of the body is then somehow altered (say, by irradiating with 
ultra-violet light), and the charge is again measured, etc. If it is found 
here that all charge values obtained are always integral multiples of a 
smallest charge, this charge can be regarded as corresponding to the 
elementary quantum. Obviously only a small number of elementary 
quanta are allowed to be on the body, so that it is possible to conclude 
the existence of a whole-number multiple with reasonable “accuracy. 
*& 
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* Concerning the units employed, see §§18 and 19. 
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For this reason it is necessary to make the body very small—so small, 
in fact, that it can only be observed ultra-microscopically. 
In the Millikan apparatus (figure 17) there is a droplet of some substance (mer- 


cury, for example) hovering in air between the plates of a horizontally disposed 
capacitor having plate separation d. When this drop, of mass m, is uncharged, it 


Fig. 17.—Scheme of Millikan’s method for determining ¢9 


is pulled downward by gravity with the force mg. If the charge has the value e the 
gravitational force can just be compensated by appropriately charging the cap- 
acitor (to, say, voltage V) and;’since the droplet within the capacitor experiences 
an upward force eV/d = eE (see §18), we have the condition for hovering that 


mg = eV/d 


The evaluation of the charge e depends upon the determination of the mass m 
of the droplet. Since for an ultra-microscopic particle a direct measurement of the 
particle radius is not possible, it is the mass measurement here which really becomes 
the experimental problem in measuring eo. Millikan solved this problem by measur- 
ing the velocity v with which a particle descends under the influence of gravity alone, 
the voltage V being switched off. The frictional resistance of the surrounding air is 
so great that the descent of the drop takes place with constant velocity. By using 
Stokes’s formula v = mg/6xya for the velocity of descent of a spherical drop of 
radius a in a medium of viscosity 4, and by taking account of the relationship 
m = 47a3(p- po), in which p is the density of the substance forming the drop, and 
fo that of the surrounding air, we succeed in determining the radius a of the drop, 
and therewith the mass 7. (We do not discuss the corrections which, for very small 
droplets, have to be applied both to Stokes’s formula and to the mass relationship, 
the latter owing to the possible absorption of air molecules by the droplet.) Over all 
his experiments, the average found by Millikan had the value e9 = 4:77 xX 10710 
CGS units. 


In recent years the accuracy of Millikan’s method of determining e, 
has been surpassed by many other methods in which measurements are 
made of eg in combination with various other atomic constants. The 
present best value averaged from all these methods is given in (17.1). 
Several of these methods of measurement are noteworthy in that they 
more or less directly reveal the atomistic character of electricity and its 
carrier. 


Especially impressive in this respect is the method employed by E. Regener for 
determining eo with the help of «-particles. According to Rutherford the «-particles 


58 BI. Electric charge and the electrostatic field in vacuum 


emitted in radioactive decay (of RaC, for example) consist of charged helium atoms, 
i.e. helium ions in which each «-particle carries a charge 2e9. For determining the 
elementary quantum, we have to measure on the one hand the totality of charge 
emitted by a radioactive preparation in the course of, say, one second, and on the 
other hand to determine the number of «-particles emitted during the same interval. 
Such counting is actually possible because every «-particle impinging upon a zinc 
sulphide screen produces a microscopically visible light flash (scintillation). By 
counting these scintillations Regener obtained for the charge of individual «-particles 
twice the value found by Millikan for the elementary quantum. 


The same method is in principle possible for artificially-produced ion 
rays. Such rays are obtained when an electric field is applied to a 
glass vessel containing, at reduced pressure, the gas to be investigated. 
The ions of the gas, some of which are always present while others 
are continually being produced anew in impacts, are thereby acceler- 
ated toward one of the two electrodes. By means of “canals” (holes) 
in the electrode these rays can be admitted to the region of investiga- 
tion, and thus, following the discoverer (Goldstein), we speak of canal 
rays. In an electrolyte carrying a current they are bound up with the 
transport of matter and with the familiar precipitation of matter 
(“‘deposition” or “plating out”) at the appropriate collecting electrode. 

In contrast to this, in a highly evacuated glass vessel with two 
electrodes, one of which (the cathode) is heated to a sufficiently high 
temperature, upon application of voltage, a current flows which can 
be maintained without producing the slightest chemical change at the 
cathode or anode. The further investigation of this electricity coming 
from the cathode (cathode rays) is made possible by its ability to be 
deflected in an electric and/or magnetic field (see §18 and §44). It turns 
out here that the current is carried by particles with a charge — ep) and 
a mass which is about 1840 times smaller than the mass of the lightest 
atoms, the atoms of hydrogen. These entities are called electrons. 

These electrons play a very important part in the whole of atomic 
physics. According to Rutherford, every atom consists of: (1) a heavy 
nucleus in which almost the whole of the atom’s mass resides, (2) a 
definite number of electrons which orbit round this nucleus. The 
number Z of these electrons is called the atomic number of the atom, 
since the physical and chemical properties of the atom depend essentially 
upon this number. It is just the number reached in counting through 
the periodic system of the elements, beginning with hydrogen, for which 
Z = 1. Since the atom as a whole is electrically neutral, the Tuctéus of 
an atom of atomic number Z must have a nuclear charge Ze, so as to 
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compensate the charge —Zey of the orbital electrons. Thus the helium 
nucleus, corresponding to the atomic number 2 of helium, has a charge 
2, In agreement with the investigation of Regener mentioned above. 

Since a full exposition of atomic physics will be given in the second 
volume of this series, we shall let these brief indications of the structure 
of atoms suffice here. They place us in the position, already in this 
first volume, of obtaining a deeper insight into the electric and magnetic 
behaviour of individual atoms and of the ponderable matter formed 
out of them. 


§18. Electric field strength and the electric potential 


Electric charges exert forces upon one another. This force effect, in 
its dependence upon the magnitude of the charges and their mutual 
separation, can be made the sole object of the investigation as was done 
in the usual theory of- action-at-a-distance prior to Faraday and 
Maxwell. Going beyond this, however, we can also speak in the sense 
of Faraday and Maxwell of an electric force field in the neighbourhood 
of every charged body. This field, like the gravitational field of the 
earth, is assumed to exist even at points at which there is no charge 
upon which it could act. The investigation of this force field, which is 
looked upon primarily as the origin of the force action, is the object of 
a field-action theory. 

The Faraday-Maxwell field concept is suggested and supported by 
the following experimental fact: The force F(r) experienced by a small 
test charge, as for example a goldleaf-covered pith-ball, at a point 
having the position vector r in a system of different and arbitrarily 
distributed charged bodies, is directly proportional to the charge e of 
the test body. We can therefore always write 


F=cE (18.1) 


in which E = E(r) is a function of position in the system considered, 
but is independent of the test body. This quantity is called the electric 
field strength. \t is characteristic of the Maxwell theory that a reality 
independent of the existence of the probe charge is immediately 
ascribed to. this vector field E, and that it forms the actual object of 
the investigation. 

Expression (18.1) for the force on a test charge in an electric field 
is not unconditionally valid. It ceases to be accurately valid as soon as 
the test body is brought too close to a charged or uncharged body, and 
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the greater the value of the test charge the more is this so. It is also 
inaccurate when the field strength varies too strongly with position, and 
the more so the greater the dimensions of the test body. Later on we 
shall learn the causes of these discrepancies, and thus understand more 
fully our expression (18.1) for the force. For the present, however, we 
must employ a sufficiently small and sufficiently weak charged body if 
we wish to evaluate the strength of an electric field on the basis of 
equation (18.1). 

If now a charge e is moved by a force F through the distance dr, 
the field, according to the basic rules of mechanics, performs a quantity 
of work F.dr = eE.dr. In the displacement of the charge from point 
1 to point 2, the work done is equal to the line integral 


2 2 
An=| Fedr=e| E.dr (18.2) 


1 1 


For an electric field, just as for the static force-fields of mechanics, this 
work must be independent of the shape of the path going from 1 to 2; 
in particular, for a closed path it must vanish: 


pF de= ep. dr =0 


In mechanics it follows from this special statement of the energy 
theorem that a static force-field must be representable as the (negative) 
gradient of a function of position, the potential energy. Similarly we 
can conclude that for every electrostatic field the electric field strength 
must be expressible in the form 


E = —grad@ (18.3) 


The scalar function of position is called the electrostatic potential ¢, 
and the work integral obtained for unit charge, 


Vom [ea =, =O, (18.4) 


1 


is called the potential difference or also the voltage between points 1 
and 2. : 

We first remark that equation (18.3) contains an important assertion 

concerning the field strength E in the electrostatic field: Singe E can 
S 


‘ 
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be expressed as the gradient of the potential function @, it must (see 
§11) be irrotational: 


PE a =0 or culE=0 (18.5) 


These relationships represent, in integral and differential form 
respectively, the first of the four Maxwell equations for the electro- 
magnetic field. They are for the special case of a static field. We shall 
become acquainted with the general form of these equations in §45. 

We remark further that eV,. = e(@, —¢) is equal to the work per- 
formed by the field in the movement of a small probe body of charge e 
from point | to point 2, and thus it is also equal to the decrease of the 
potential energy of this charge e in the electrostatic field. If the charge 
moves freely under the influence of the field, we have then, correspond- 
ing to (11.2), the equation’of motion of the test charge (of mass m) as 


m ay = eE (18.6) 
dt 


and, in consequence of the theorem of conservation of energy, this is 
equal to the increase in the kinetic’ energy of the body 


ef Bava =e E.dr 
1 1 


= e(,— G2) = eV, 2 (18.7) 


This is thus the kinetic energy which any charged particle initially at 
rest (as in cathode rays or ion beams) attains in traversing a given 
portion of an electric field (the acceleration path) through the falling 
potential. 

If E = E(t) is known, the motion of charged particles in this field can 
be determined by integrating equation (18.6). Thus, for an E-field con- 
stant in space, charged particles move in a parabolic trajectory, just 
like point-masses in the gravitational field of the earth. By twice 
integrating (18.6) with respect to time we obtain 


ll 


(Zmv’),—(4mv’), 


{2 
v= vot— Et r= fotvott+—E- 


in which rp and vo are respectively the initial position and the initial 
velocity. If we imagine the z-axis of a Cartesian coordinate system 
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placed in the direction of the field, and the xz-plane parallel to Vo, 
then v, =0, y= yo, and we have 


eEt? 
X= Xotvoxt AE a 


If the time is eliminated here, a trajectory in the form of a parabola 
opening in the direction of positive z is obtained. 


Remarks: It seems appropriate that we now occupy ourselves with the question 
of the system of units to be employed for the electric and magnetic quantities—for, 
while in other branches of physics equations can always be written in the same form 
independent of the system of units employed, and differing only in the numerical 
value of the physical quantities appearing, in electrodynamics, in going from one 
system of units to another, different formulae are written for the different systems. 
This is why the establishment of units is so important here. While al formulae even 
here could doubtless be written in so general a way that the constants appearing in 
them would serve for any system of units, the formulae would then become very 
cumbersome and complicated. Therefore, in the different systems of units, definite 
simplifications are effected by arbitrarily establishing constants such that, in the 
particular domain of application, the formulae which appear assume their simplest 
possible form. 

Particularly suited to the requirements of basic physics as well as of atomic 
physics and relativity are the (absolute) Gaussian CGS units. In this system, in which 
the electrical units are those of the electrostatic CGS system, while the magnetic 
units are from the electromagnetic CGS system, the basic units: the centimetre (cm), 
the gramme (g) and the second (s) are employed, and all electric and magnetic units 
are linked to these. Thus, for example, the unit of electric charge is established 
through the observation that a small body carrying the unit of charge experiences 
a force F = 1 cm gs~2 = 1 dyne when it is distant 1 cm from an equally charged 
second body (see § 19). 

Suited to the requirements of applied electrodynamics and electrical technology, 
and since 1948 internationally recognized, is:the Giorgi system, now generally known 
as the MKSA system. In this system, along with the three non-electromagnetic basic 
units: the metre (m), kilogramme (kg) and second (s), a fourth specifically electro- 
magnetic measure unit, the ampere (A), has been introduced as the unit of current 
strength. Here the (“absolute”) ampere is defined by saying that two parallel 
infinitely long thin wires, in each of which there flows in the same direction a current 
of strength 1 A, when separated by 1 m, attract each other with a force of 2x 10-” 
m kg/s2 per metre of wire length. (This definition is equivalent to establishing (see 
§46, page 178) the permeability of a vacuum (constant of induction) at uo = 
4n X 10-7 Vs/Am.) The absolute volt, as the unit of electrical potential, is then 
traced back to the four basic units of the MKSA system, by saying that the electro- 
magnetic unit of energy, the joule = watt-second = volt-ampere-second, shall be 
equal to m2 kg s~2, i.e. 1 volt = 1m? kg/A s3. 

Later in the text we shall regularly make use of the Gaussian CGS system of 
units. At the conclusion of certain paragraphs, however, as remarks in smaller print, 
we shall give the more important of the derived formulae in the MKSA system. 

(See also the tables on p. 427 and following.) sR 
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§19. Coulomb’s law. The flux of electric force 


In §18 we were concerned with the force effects of an electric field 
on charges. We wish now to consider the field-producing effect of 
charges. 

One of the most important results of quantitative electrical theory 
prior to Faraday was Coulomb’s law: 

The force which two charged bodies, 1 and 2, whose dimensions are 
small compared to their separation, exert on one another has the direction 
of the line joining the charges and is inversely proportional to the Square 
of their separation distance r. 

Since we can look upon either charge at pleasure as the test charge, 
in the sense of §18, we can write 


“ Feanf (19.1) 


in which the factor f is independent not only of the condition of the 
bodies but of their relative positions as well. The quantity f has the 
dimensions of force x (length)”/(charge)”. Furthermore, F acts in the 
sense of a repulsion when e, and e, have the same sign, and as an 
attraction when the two signs are opposite. 

We now introduce the Gaussian system of units in which, by arbi- 
trarily establishing the hitherto undetermined dimension of charge, we 
make f dimensionless, and we set it = 1. The unit quantity of electricity 
(electric charge) is thus defined so that upon a quantity of electricity 
equal to itself, at a distance of lcm, it exerts a force of 1 dyne. Hereby, 
according to (18.1), the unit of E is also established. In the language 
of Faraday and Maxwell, we can now describe the results of the 
Coulomb measurements in the following manner: An electric point 
charge produces in its vicinity an electric field E which, in direction and 
magnitude is given by 


pe “she Ft (19.2) 


Here r is the vector extending from the charge to the field point. 

As a comparison of (19.2) with (9.7) or (10.3) will show, the field E 
of a point charge corresponds formally to the velocity field v of an in- 
compressible fluid issuing from a point source of strength e. Corres- 
ponding to the results of §18, E, like v, is therefore irrotational, and, 
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according to (18.3), can be represented as the gradient of the ““Coulomb 
potential’’ 


o=" (19.3) 
r 
We have, further, as in (10.4), that 


dpe dS=4ne or =0 (19.4) 


according as the charge e lies within or without the closed surface over 
which the integral is taken. The integral J, £,dS is called the flux of 
electric force through the surface S. 

Further, since experiment shows that in the simultaneous action 
of several charges e,, €2, €3, ... their field contributions as well as their 
force actions on a test charge add according to the vector law of 
addition, we can generalize the electric-flux theorem (19.4) to the 
statement: 

The total electric flux §}E,dS through a closed surface is equal to 
4x times the total charge in the region V enclosed by the surface. 

In place of (19.4), therefore, we have the expression 


fpFads = 4n Dy ue, (19.5) 


(ey in V) 


where the summation is only to extend over the charges within V. 

There may be so many densely distributed point charges with which 
to reckon that it is expedient to collect the charges within the volume 
element dv into a total charge pdv, where p represents the volume 
density of charge. The electric-flux theorem is then 


dpe dS = 4n iG dv (19.6) 


in which the volume integration is to extend over the region enclosed 
by the surface. With the help of Gauss’s theorem (10.10) we obtain as 
the differential form of the electric-flux theorem 


divE = 4xp (19.7) 
HGR, 
This is the second Maxwell equation, for the special ¢ase of volume 
charges in a vacuum. We shall meet it in its general form in §27. 
as 


“ 
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If a large number of point charges are distributed in the immediate 
neighbourhood of a surface so that the charges on the surface element 
dS can be considered as a surface charge wdS, with surface density a, 
then, according to §10, we have on the surface a source of the normal 
component of E (“‘surface divergence’’): 


(E,): —(E,)2 = 410 (19.8) 


in which the index 1 refers to the same side of the surface as that 
indicated by the normal n. 

If the charge distribution is given, the electrostatic potential @ is 
calculated, and with it the field E according to the procedures of §12, 
or, More simply, by superposing the Coulomb fields of the individual 
charge elements. For a system of point charges e,, e,, ... e, located at 
points having position Weston: I,, 02, ...,0,, We have, corresponding to 
(19.3) that 


$(r) = y <i (19.9) 


j=i|r—r,| 


From (19.7), and the fact that E= —grad@¢, we have for volume 
charge-distributions the Poisson equation 


V26 = —4np (19.10) 


and it follows from (12.9), or immediately from (19.9) when p(r’)dv’ 
is substituted for e; and r’ for r, that 


ye | | | —, Ay (19.11) 


Correspondingly, for surface distribution of charges, we have 
o(r) = (lS oe ds’ (19.12) 


Remark: While in the Gaussian system of units the constant f in Coulomb’s 
law (19.1) is arbitrarily chosen equal to 1 and the units of charge and electric intensity 
thereby established, in the MKSA system we start with an arbitrary definition of the 
unit of current strength (A) and from this we deduce the units of the remaining 
electromagnetic quantities, as for example the unit of voltage, as watts/amperes, or 
the unit of charge the coulomb (C) as ampere-seconds. But then, however, the 
constant f of Coulomb’s law becomes a quantity to be determined experimentally, 
having dimensions of voltage times length divided by charge. In the MKSA system 


we say that 
f= 1/4ne0 
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where, according to experiment, the new constant é9 is equal to 


1 


= 8: mile a 
é9 = 8-854 x 10-12 As/Vm Fao Se 


As/Vm 


In order to arrive at a comparison of the units for the two measure-systems 
employed in this book, we take as our starting point that the symbols F, e and 
r in equation (19.1) shall, in the two systems, represent the same physical quantities. 
This must also hold then for the symbol f In the Gaussian system this quantity 
thus becomes dimensionless and simply equal to 1, and this is because we have set 
the unit of charge (which we wish temporarily to designate here by ey) equal to 
1 «/(dyne cm2) = 14/(erg cm). If we did not do this, then, in these units, we should 
have that f= 1 erg cm/e,2. On the other hand we have in the MKSA system 
that f = 1/4ze9 x 9 x 109 Vm/As. Setting these expressions equal to one another, 
and observing that 1VAs = 1VC = 1Ws = 107ergs, and that 1m = 102 cm, 
we obtain the relationship 


| cally 9 Vm _ if oe 
oll Zo 29x10 2 9x10 C2 


From this it follows that 1C + 3 x 109 e,; correspondingly, the unit of current, 
the ampere, is about 3 x 109 larger than the Gaussian unit of current. 

In order to find out how big 1V of potential difference is in Gaussian units, we 
make use of the defining equation of the volt: 
W1x107erg_ 1 erg 


Ke 1 —- — Se — 
: A 3%X109 eg 300°V cm 


Correspondingly, the unit of field strength 1 V/m is about 1/30,000 of the cor- 
responding Gaussian unit. 

Finally, we wish further to remark that the physical quantity ¢9 (whose value 
in the MKSA system was given above) is, like f, dimensionless in the Gaussian 
system. The value of eo in the Gaussian system is 1/4n. (See the table on p. 431.) 

We now wish to transcribe to the MKSA system the formulae of §19 (which 
are written in the Gaussian system), retaining throughout the factor f = 1/479 of 
Coulomb’s law. 

Corresponding to (19.2) and (19.3), Coulomb’s law now reads 


_ & 
4negr3 


e 


=-—grad¢ with ¢= 
4xeor 


With this, from (19.5) and (19.6) we have for the electric flux theorem that 


db En aS = = times the enclosed volume. 
0 


From this, in place of (19.7), there follows the differential law that 


divE =2 
£0 
while equation (19.10) assumes the form mg eRS 
y SAD, ' 
ie — he 
€0 
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Finally, in formulae (19.9), (19.11) and (19.12) the factor 1/4ze9 of the Coulomb 
field enters, so that instead of (19.11), for example, we have for the potential of a 
volume distribution of charge the amas 


“ag 4né9 =| | aS 


For simplifying the formulation of the electric-flux theorem it was first suggested 
by Heaviside that instead of the Gaussian system of units another system be intro- 
duced by assigning to the factor fin Coulomb’s law the value 1/4z. The formulae 
in Heaviside units are therefore obtained from formulae of the technical system of 
units by letting ¢9 everywhere equal 1. However, in spite of the factor-free form 
thus obtained for the flux-theorem expression, this system of units has not found 
significant acceptance either in pure or in applied physics. 


§20. The distribution of electricity on conductors 


In problems of electrostatics, matters are seldom so simple that the 
distribution of the electricity is given, and the potential then evaluated 
by means of (19.9), (19.11); or (19.12). The distribution of electricity 
on metal bodies is itself determined by particular requirements, and we 
turn now to the establishment of these. 

Metals, in their simultaneous contact with two other differently 
charged bodies, possess the property of conducting a certain amount 
of charge from one of the bodies to the other. Bodies possessing this 
property are called electrical conductors, and others without this 
property are called insulators. These classes of bodies are not always 
easy to distinguish. 

The decision whether to describe an object as a conductor or an 
insulator depends essentially on the duration of the observation. If the 
object is brought into an electrostatic field, there first ensues within such 
an object a field, and this field has in every case an electric current as a 
consequence. This current has the tendency to produce a charge 
distribution on the surface of the body so that everywhere within the 
body the external field is just compensated. When this condition is 
reached we have again before us an electrostatic condition in which 
within the object a null field obtains everywhere. Now there are two 
extreme cases possible. Either the time-interval for reaching this final 
condition is small compared to the time of observation (e.g. 107° s); in 
this case we shall always find a zero field within the object and thus 
describe it as a conductor. Or the time is very long (days or months); 
then any current will be so small that during the usual time of observa- 
tion no appreciable influence on our observation has taken place. In 
this case we speak of an insulator. Pure electrostatics, then, deals only 
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with idealized bodies, namely bodies for which every time is either 
infinitely short (‘“‘metals’’), or else infinitely long (‘‘insulators’’). Thus 
in electrostatics metals are characterized by the field E within the con- 
ductor being everywhere zero. Or, in other words: 

The electrostatic potential @ within a conductor is constant. 

The field of charged metal bodies placed in an otherwise charge-free 
and matter-free region is to be described as follows: 
In the whole external space 


divE = —divgrad ¢ = —V7¢ =0 (20.1) 


Within the region occupied by metal there is no field, and thus there, 
and on the surface of each conductor, the potential @ has a constant 
Ene @=constant E=0 within metal (20.2) 
Inside the metal there are therefore no net charges; there are however 
charges on the surface. From these surface charges of density w there 
emanates a flux of electric force for which we have 


Bee (20.3) 


n being the outward-drawn normal. The conductor then carries the 
total charge 


1 1 [(a¢ 
e= hus = = fhe,ds =~ bas (20.4) 


Now in general we know either the field E from which the charge 
distribution on the surfaces could be calculated by (20.3), or this 
distribution itself is known and from it the field can be calculated by 
(19.12). Essentially, the basic problem of electrostatics, where con- 
ductors are present, consists in solving Laplace’s equation (20.1) with 
the auxiliary condition (20.2) such that either the potential of the 
individual conductors agrees with the given values of @, or their total 
charge agrees with the given value of e. Thus, for a metallic body 
either @ or e can be specified beforehand; the value of the unspecified 
quantity then follows from the solution of the problem. 

That with the above requirements this solution is uniquely deter- 
mined follows from Green’s theorem (10.15). For the region bounded 
by the metal surface this is 

SGN 
% Pee “|| (grad @)? dv Aa, se 
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Assuming that ¢, and @, are two solutions of the problem, then for 
p = $,—$2, we should have on each surface S; either that ¢ = 0, or that 


tbo 
on 


Consequently, in the whole space (grad@)* =0; this means, however, 
that @, and @, differ by at most an additive constant, when, that is, 
for each conductor the charge e; has been previously specified. If, 
however, for just one of the conductors the potential ¢; has been 
specified, the absolute magnitude of the potential everywhere is then 
determined. 


§21. The capacitance of spherical and parallel-plate capacitors 


The problem of electrostatics has been rigorously solved in only a 
few cases. The simplest case is that of a charged metal sphere. Let e 
be its charge and a its radius. We infer at once from the symmetry that 
the distribution of charge is uniform, so we can write for the surface 
density w 


F f 


é 


o= 
4na? 


The potential of this irrotational field is 


¢ =“+k (21.1) 


On the sphere it has the constant value 
é 
== k 
Pa nae 


In order to obtain an electrostatic field that is physically possible we 
must now assign a terminus or sink for the flux of force issuing from 
the charged sphere. We shall say that a second concentric hollow 
sphere of internal radius b encloses the first, and that its surface is 
charged with negative electricity. Since the charge —e Is distributed 
uniformly over this sphere, the surface density has the value 


é 


i aa 
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and at r=65 the potential (21.1) is 
é€ 
=-—+ k 
Pp b 


This arrangement is called a spherical capacitor. The quotient of the 
positive charge e by the ‘‘voltage” or potential difference $,—¢,=V 
between the positively and negatively charged conductors is called the 
capacitance of the capacitor.* For the spherical capacitor we have 


1 1 b-a 
Ua me e(; :) ab, 


and its capacitance is then 
e ab 


°- G6, =a 
By diminishing the distance b—a between the two spheres very large 
capacitances can be obtained. 

When the capacitance of a single sphere by itself is spoken of, it is 
implied that the outer sphere which carries the opposite charge is 
situated at a very great distance; in this case the capacitance of the 
sphere is equal to its radius a. In laboratory experiments the total 
quantity of electricity associated with a field is always nil. It is there- 
fore necessary in each case to specify the position of the corresponding 
charge of the opposite sign, i.e. the place where the flux of force from 
the sphere ends. In laboratory experiments the flux terminates on the 
walls of the room, or on the surface of some conductor in the room. If 
these terminating objects are situated at distances which are great com- 
pared with the radius of the sphere, the capacitance of the sphere is 
practically equal to its radius. 

A parallel-plate capacitor consists of two metallic plates, the planes 
of which are parallel, and the distance between them small compared 
with their lateral dimensions. Neglecting the fringing of the lines of 
force near the edge, we have between the plates a uniform field 


(21.2) 


$1—92 
} ee a 
d 
and consequently we have a surface density w of electricity given by 
_ 91-2 
OS and “Qe 


A 
* Physicists often speak of the ‘‘capacity” of a “condenser” rather than of the iypacitance” of 
a ‘“‘capacitor”’. 
7S 
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The capacitance of a parallel-plate capacitor in which the separation of 
the plates is d and the area of each plate is S is therefore 
So S 


C= SS 

@:-¢2 4nd 

This formula can be regarded as a special case of (21.2). If, in fact, the 
two radii a and 5 are very nearly equal, the spherical capacitor may be 


looked upon as a plate capacitor with plate separation d= b—a, and 
plate area S = 4zab. 


(21.3) 


Remark: In the MKSA system the voltage of a spherical capacitor is 
e fl 1 e(b—a) 
V = == = ff . — - |] = 
ba~ $e 4né9 GC 5) 4mégab 
and its capacitance is therefore _. oo 


For the parallel-plate capacitor we have in place of (21.3) 


_ eS 


a 


The adherent of the “rationalized” system of units, such as Heaviside’s system 
of the MKSA system mentioned in §19, sees in the system an especial advantage 
in that here the factor 4z appears for the spherical capacitor and not, as in the 
Gaussian system, for the parallel-plate capacitor. Also it is to the advantage of the 
MKSA system (in contrast to the Gaussian system) that the capacitance no longer 
has the dimension of a length—unsatisfactory from an electrodynamic standpoint— 
but the dimensions A s/V = farad F, which is immediately understandable from 
the general definition of capacitance. The new unit, the farad, is 9 x 1011 times 
larger than the corresponding Gaussian unit. 


§22. The prolate ellipsoid of revolution 


We wish now to consider an electrically charged conducting prolate 
ellipsoid of revolution. What is its field, and what is the value of its 
capacitance? Since for conductors of arbitrary form there is no general 
solution to the fundamental problem of electrostatics as formulated in 
§20, we wish to calculate the capacitance of the prolate ellipsoid of 
revolution by a particular method practicable only for this form of con- 
ductor. We imagine the line which joins the focal points of the ellipsoid 
to possess a uniform distribution of sources. We first show that the equi- 
potential surfaces of the accompanying irrotational field are confocal 
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ellipsoids of revolution. The strength of the entire source-line, of 
length 2c, we set equal to e. The potential produced by it is given by 


s-3[ 4 


DC ieeeeE 


in which ¢ is the distance of the point of integration from the mid-point 
of the source line, and r is the distance of the field point from the source 
“point”. Obviously this ¢-function satisfies Laplace’s equation (20.1). 
Placing the z-axis along the source line and the origin of coordinates 
at its mid-point, we have r=,/[(z—¢)?+x?+y’] and we find that 
=+ 
o= ~Z{ne—t+nh a 159,15 
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where r,, r, are the distances of the field point from the end points 
designated = —c and €= +c of the source line. 

For discussing equation (22.1) we introduce elliptical coordinates 
u and v in the zh-plane: 


aN u = 4(r, +12) v = 4(r,—Tr2) 


From figure 18 we immediately see that 


ria(zteP+h? = ry =(z—-c)? +h? 


Fig. 18.—For calculating the potential of a charged line of length 2c 


From these equations it follows that 


ry =u+v rz =u-—v a 
AD 
and cz = uv ™ ~ 
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Upon introducing these expressions into (22.1), the fraction in the 
logarithm can be simplified, and we obtain 
¢= a one 
u—c 
The potential is therefore constant on the surface u= constant. These 
are the ellipsoids of revolution with the end points of the charged line 
as foci. At very great distances (u>c) we have 


asa in( + a \ee 


In this extreme case u is practically equal to the distance from the origin, 
and @¢ therefore asymptotically passes over to the potential of a point 
charge e. “ 

If we imagine any one of the family of prolate ellipsoids as being a 
conductor, then the field of this surface satisfies all the conditions of 
the electrostatic problem for the very distant sphere on the one hand, 
and those of the boundary surface on the other. The field here is 
irrotational and contains no sources; the total flux of force issuing from 
the ellipsoid is equal to the strength e of the charged line; and lastly, 
the two conducting surfaces bounding the field are equipotential sur- 
faces. Since, according to §20, these conditions uniquely determine the 
electrostatic field, @ then is the potential of the desired field. 

The semi-major axis a of the imaginary conducting ellipsoid is 
equal to the value of u on its surface. We have, therefore, on this 
ellipsoid 

@ a Gane 
NS Sorat 
and on the infinitely distant sphere ¢,—0. Accordingly, for the cap- 
acitance C of the prolate ellipsoid of revolution with semi-major axis 
a and eccentricity c we have 


In terms of the semi-minor axis b = ,/(a”—c’), we have 
pe 2 
a 1 A b?) 
C S(a?—6) b 
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For ellipsoids prolate in the extreme, i.e. for small values of the quotient 
b/a, we have 
1 1 
Sein —— 
Ca b 
This expression gives at once the approximate capacitance of a straight 
wire of length 2a and diameter 2b. 

The distribution of charge on the surface of the ellipsoid is deter- 
mined by a simple rule: a slice of the ellipsoid perpendicular to the 
z-axis and of thickness dz carries a charge edz/2a. If then we imagine 
the whole charge of the ellipsoid projected perpendicularly on to its 
axis of symmetry, this axis would be uniformly charged. 

For proof we recall the fact that everywhere the lines of electric 
force are perpendicular to the equipotential surfaces u = constant (these 
are confocal ellipsoids of revolution), and therefore always lie on the 
surfaces v = constant (which are confocal hyperboloids of revolution). 
Making use of the electric-flux theorem (19.4) for a region bounded by 
the two hyperboloids belonging to v and to v+dv and the ellipsoid 
having the parameter value up, we find that the hyperboloid surfaces 
contribute nothing to the surface integral because on them E,=0. 
Thus in the integral of the flux of electric force only the surface element 
of the ellipsoid actually contributes. Consequently the surface charge 
between the two hyperboloids v and v+dv must always have the same 
value independent of the length a<uy of the semi-major axis of the 
charge-bearing ellipsoid. It must therefore be equal to the charge 
edv/2c belonging to the interval dv on the axis, the latter being uni- 
formly charged for, since z=uv/c, on the axis u=c we have z=v 
and therefore dz=dv. On the other hand, on the ellipsoid u=a we 
obviously have dz=adbv/c, so that the charge edz/2a must also, as 
asserted, be carried by the portion of surface belonging to dv. 

From elementary geometry and the equation of the ellipse 

z2 h? 
ae =1 


we have for the area of the excised surface-piece 
dS = 2nh,/(dz? + dh?) = 2nbdz./[1—(cz/a?)] 


The surface charge density is therefore 


Bae Ye ia 


ae € Dy 
~ 4nab./[1—(cz/a?)?] > 
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The density has its smallest value w,,,, = e/4nab on the equator of the 
ellipsoid (where z=0), and its greatest value o,,,,=e/4nb? at the 
poles (z= +a), in agreement with the well-known fact that the field 
strength E=4nq on the surface of a charged metallic body increases 
with increasing curvature (‘‘sharp- point effect’’). 


§23. Induced charges 


(a) Point charge opposite a conducting plane 
We suppose the field to be bounded on one side by an infinite plane 


which forms the surface of a conductor. At a point A, distant a from 
this plane, let a small body be placed, charged with e units of electricity 


Fig. 19.—Pattern of the field lines of a point charge opposite a conducting plane 


(figure 19). The dimensions of this body are so small that its electric 
field, in the absence of the conducting plane, would be derivable from 
the potential 


é 
oR 


The question now arises: how is the field affected by the presence of 
the conducting plane? The above potential obviously in no way 
satisfies the requirement of being constant on the surface equivalent to 
that of the conducting plane. We can, however, obtain a field for which 
that plane is an equipotential surface by taking, along with the point A, 
another point B which is the image of A with respect to the plane, and 
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supposing a charge of opposite sign —e to be placed at B. Ifr’ is the 
distance of the field point from the image point, then 


e 


oe =~ (23.1) 


represents the potential of the combined field in the half-space con- 
sidered. On the same side of the plane as point A this irrotational field 
is source-free, with the exception of point A itself; from here a flux of 
force issues, the strength being 4ze. 

On the bounding plane the electric field, which is there normal to 
the plane, has the value 


ap (an ca _ 26a 


= Ox Ox Ox 7 


The surface density which, according to (20.3), is proportional to it is 


1 ea 
Qo=— — —_ 


(23.2) 

‘ a 
Hence the electricity distributes itself on the plane surface of the con- 
ductor in such a way that its surface density is inversely proportional 
to the cube of the distance from the point charge. On introducing polar 


coordinates (p, w) in the plane, we have, for the total charge on the plane, 


dS pdpdw 1 fae 
le Te 2 al, | eee De a eel Torr). 7 ~* 


Accordingly, the whole of the flux of force which begins at A terminates 
on the plane surface of the conductor. 

The field strength which produces this surface charge in the sur- 
rounding space and also at the location of charge e, is identical with 
that which would be produced by the image charge e’ = —e. There 
acts on e, therefore, the image force e”/4a, directed toward the metallic 
surface. The corresponding potential energy of the charge is equal to 
—e?/4a. 

The phenomenon in which an electrically charged body calls forth 
a charge of opposite sign on the surface of a neighbouring.cenductor, 
originally uncharged, is called electrical influence or eleeingstatic induc- 
tion. This phenomenon may be regarded as a consequence at the fact 

We 
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that the field cannot penetrate into the interior of the conductor. If the 
conductor is of finite dimensions and has no conducting connection 
with other bodies, then, seeing that its total charge continues to be nil, 
the flux of electric force which reaches it on the side facing the exciting 
point must leave the conductor again on the other side. In the case 
discussed above, namely that of a conductor extending to infinity and 
cutting out the field on one side, we must regard the charge +e, which 
was produced at the same time as the induced charge —e when the 
exciting point was brought up, as having been removed to infinity. 
When a point charge (say a small charged body used as a test charge 
for exploring a field) is brought into the neighbourhood of a charged 
conductor, its field, as influenced by the presence of the conductor, is 


Fig. 20.—Location of the point of zero potential for two charges of opposite sign 


superimposed upon the original field of the conductor. Hence the actual 
force on the test body will not correspond to the original charge dis- 
tribution on the conductor, but to the distribution as changed by the 
presence of the testing body itself. It follows that the force will not give 
an exact measure of the original field, and that its measure will be less 
and less correct the greater the charge on the testing body and the 
nearer it is brought to the conductor. In the immediate neighbourhood 
of the conducting surface the method of finding the vector E given in 
§18 is only correct when the charge on the test body can be made 
infinitely small. Strictly speaking, the vector E is determined only as 
the limiting value of the ratio of the force on the test charge to the 
magnitude of this charge as this magnitude is indefinitely decreased. 


(b) Point charge and conducting sphere 


To investigate the induced charge on a conducting sphere we first 
consider the following problems (figure 20): Let two charges e and —e’, 
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and their distance of separation, be given. It is required to find the 
surface on which the potential 


has the value zero. Let e’ be, absolutely, the smaller of the two charges. 

We take as origin of polar coordinates (R, 6) a point beyond e’ on 
the prolongation of the line ee’ and denote its distance from the two 
charges by s and s’. We have then that 


r? = R*+5s?—2Rscos 0 r’? = R?+5'2—2Rs’ cos@ 


The potential is therefore equal to zero if 
e _r? _s R*/s+s—2Rcos0 


e? or? s! R2/s'+s’—2Rc0s0 
We see that this relation is satisfied for all values of 0 if 


R? =ss' and_ s/s’ = e*/e’? 


The potential is therefore zero on a sphere whose centre divides the line 
joining the two point charges externally in the ratio of the squares of the 
charges, and with respect to which the two charges occupy conjugate 
points. 

We now consider a charge e which is distant s from the centre of a 
charged sphere of radius R. Let the sphere at first be held at potential 
zero (by being in conductive contact with the earth). A glance at figure 
20 allows us to write down the solution at once: The sphere is imagined 
to have been removed, and instead of this a point charge 


—e’ = —e,/(s'/s) = —eR/s 


is placed a distance s’ = R?/s from the (former) centre of the sphere. 
This charge then, together with the given point charge, produces a field 
whose potential has the value zero at the originally given spherical sur- 
face, and, external to this surface, exhibits only the single source e. 
The potential outside the earthed sphere is therefore given by 


HAS IN 
If, as another problem, we consider the sphere to bexinsulated and 
uncharged prior to the approach of the point charge, then itnaturally 
aN 
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remains uncharged (overall) at all later times. In order to describe its 
field we have therefore to imagine a further charge +e’ placed within it 
such that the constancy of the potential on the surface is not thereby 


Fig. 21.—A point charge opposite an insulated metal sphere 


disturbed; i.e. we think of a charge +e’-in the centre of the sphere 
(figure 21). The potential’ of the arrangement consisting of the point 
charge and the insulated uncharged sphere thus becomes 


in which rg denotes the distance of the field point from the centre of the 
sphere. On the surface of the sphere the potential is e’/R = e/s, i.e. it 
is the same as would prevail at the centre of the sphere in the absence 
of the latter. 

In virtue of the induced charges, the force with which the charge e 
is attracted toward the electrically isolated sphere is equal to 


a 1 1 e?R s* = 
(Ge ee — —R*)?? ) 


If the distance s— R = x of the charge from the spherical surface is small 
compared to the sphere radius R, the force is approximately equal to 
e?/4x?, and is therefore equal to the image force due to an infinite plane 
metallic surface. If, however, s is large compared to the radius, we 
obtain the attractive force 2e?R*/s°, corresponding to potential energy 
—e*R?/2s* of a point charge. 

It is interesting to see what happens if we send the point charge e 
off to infinity, while at the same time increasing the value of its charge 
in such a way that the field which it produces in the neighbourhood of 
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the sphere, namely E = e/s”, retains the finite value Z). In this process 
the image point —e’ goes, of course, to the centre of the sphere, and in 


such manner that 
e's’ = eR3/s* 


retains the finite value R°E). Thus, for the insulated metallic sphere 
we obtain a double source, or, as we say (see §24), an electric dipole 
at the centre of the sphere, whose moment is given vectorially by the 


relation 
p= R°E (23.3) 


The field E, of the infinitely distant and infinitely large point charge is, 
of course, uniform in the neighbourhood of the sphere. Thus, in a 
uniform electric field an insulated conducting sphere becomes “‘polarized”’ 
through induction in such a way that its surface charge acts in the exterior 
space like a dipole of moment E, R*, supposed to be situated at the 
centre of the sphere. 


§24. The electric field at a great distance from field-producing charges. 
The dipole and quadrupole field 


In §19 we calculated the potential of a given distribution of charge, 
and in so doing we found the relations* (19.11) and (19.9): 


e; 
|r—r;| 


Agr | au andjor =). (24.1) 


We consider now the special case of a charge system lying everywhere 
within finite bounds, and we seek the potential and field pattern at 
distances which are large compared with the separation of the respective 
charges. We accordingly place the origin of the coordinate system in 
the neighbourhood of the charge system so that we shall always have 
[r|>|r’| or |r| >J[r,|, and we develop 1/|r—r’| or 1/|r—r,| in a 
Taylor series in increasing powers of the components ofr’ or r;. Since 


ON rect ec 
ox’ |r—r'|J =o Ox |r—r’| Jy =o Oxr 
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SAD 
' * Here and subsequently, for brevity, we shall usually write volume integrals witli.a single integra 
sign. ey 
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we have that 
! a Giessen eee 


jr—r'| r Ox oy Oz 
d°(1/r) d*(1/r) d*(1/r) 
ei 12 12 
i( Bp elon ere + 
10 (A/r) d*(1/r) é*(1/r) 
xy ———+x'2' ——* 4+ y'2' — J+... (24.3 
+( Ox Oy ge Ox 0z a 7 we) >) 


Thus we have, for example, 


_Ofr) _ 1 x @(i/r) 1 3x?-r? a(i/r) 1 3xy (24.4) 
éx  orr 6x? pp? éxéy rr 


Since x/r, y/r, z/r are trigonometric functions independent of r, the 
first expression in (24.3) in brackets decreases like 1/r? with increasing r, 
and the next two like 1/r*, while further terms go with even higher 
powers of r. This r-dependence also carries over to the potential 
evaluated in (24.1), which we write in the form 


oy) = dot wae eee (24.5) 


in which all terms of development (24.3) occurring in the potential 
expression* and which, in going outward, fall off like 1/r”*! are 
assembled in ¢,,(r). We wish now to calculate and discuss the quantities 


Po» P1, and 2. 


(a) The Coulomb field 
As the first term of the development (24.5) we obtain immediately 
from (24.1) and (24.3) 


oo(r) = ; face) dv or = “Se (24.6) 


* The most general solution vanishing at infinity, of Laplace’s equation 72¢ = 0, can be written 
in the form 
= al 
¢(r) = 2 Ea Yn (8, «) 


in conformity with (24.5). The quantities Yn, which depend only on the polar angles, are called general- 
ized spherical harmonics. As is shown in appropriate textbooks, for every index » there are in all 
2n+-1 independent spherical harmonics; the Y, therefore contain 2n+1 arbitrary parameters which 
can be subsequently determined from the charge distribution producing the field. 
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In the first approximation the charge distribution acts at a great 
distance as if it consisted of a point charge of strength fpdv or pice 
placed at the origin. / 


(b) The dipole field 


If the total charge of the system vanishes, the series development 
(24.5) begins with the term ¢,. This can be given as 


Pott beeT hs Thr Pt (24.7) 


P(r) = 


in which vector p, with its components p,, P,, P,, is given according to 
(24.3) and (24.4) by 


p= free dv’ or =)ine (24.8) 
From (24.7) we obtain the field belonging to ¢,: 
3(p. 
E,(1) = 5+ fee (24.9) 


w. 


Figure 22, which represents the case of a horizontally oriented dipole, 
illustrates the field lines and the lines of constant potential, the latter 
provided with numbers, but to an arbitrary scale. 

Such a field is called a dipole field, because the simplest charge 
distribution which for large distances leads to this field consists of two 
point charges (poles) of equal strength but of opposite sign. This 
arrangement is called a (physical) dipole. If a is the vector extending 
from the negative charge —e to the positive charge +e, the dipole 
moment p, defined by (24.8), is equal to 


p=e(r,—r_) =ea (24.10) 


As follows from its derivation, the field of a physical dipole with 
finite pole separation a conforms to the field of (24.9) only for large 
distances, ic. for r>a. If now, however, as we did in the preceding 
paragraph, we simultaneously let e tend to infinity and let a tend to zero, 
in such a way that ea retains the constant value p, we arrive at an 
arrangement of charge which is called an ideal (or mathematical) dipole, 
the field of which is identical with the dipole field (24.9) dowhi tor=0. 

Because of the importance of the field of an ideal dipole, we wish 
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Fig. 22.—Field lines (drawn heavy) and equipotential lines (light) 
for a horizontally oriented dipole 


to derive its field in another’ way (figure 23), We start with a physical 
dipole of finite pole separation a. For itself alone, the point charge +e 
produces at the field point P the potential ¢, =e/r. Except for a 


Fig. 23.—For defining a dipole 


change of sign, the potential contribution of —e at P is the same as 
that of +e at P’ which is displaced from P by the amount a. For the 
total potential at P we therefore have 

P(P) = $4(P)+G_(P) = $4(P)—$4(P’) 
According to the definition of the gradient, however, for sufficiently 
small a this is 


od = —agrad¢, = —ea grad = Pe 
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in which again we have substituted p=ea. In the limits a>0, eo 
this formula holds exactly for all r, and it exactly agrees with (24.7). 
To avoid misunderstanding it should be pointed out that according 
to development (24.3) or (24.5), a single point charge not at the origin 
leads to a dipole part of the field. As can be immediately seen from 
(24.8) for the case of non-vanishing total charge, the dipole moment of 
the charge system can always be made to vanish by displacing the 
origin an amount )'r;e;/)e;. The field go is then so altered that the 


t 
field ¢, is compensated away. In the case of vanishing total charge, 
i.e. for bg = 0, such a compensation is not possible. 


(c) The quadrupole field 


If the total charge as well as the dipole moment of the charge system 
vanishes, then development (24.5) begins with the term $2. From 
(24.3) and (24.4) this has the form 


3x? —r? 3y?--r? 327 —r? 
S 1) Sg = SS oz 
g o2(r) Q aps +Qy,, or? +Q. or? 
. (24.11) 
x 3xZ 3 yz 
Os, P+ Ona e+ One oe 


with the abbreviations (the primes will be omitted in the following) 


Q..= [rode or = Pate 


(24.12) 
QO.) = [pveede or = Px Viei 


| 


The field thus given is called a quadrupole field. If it is required to pro- 
duce the general field (24.11) with arbitrarily given Q,,, Q,,, ... by 
means of a system of point charges having vanishing total charge 
()\e;=0) and vanishing dipole moment (Yir;e;=0), at least four 
charges are in general required whose value and position are however 
not uniquely determined by the given Q-values. But aynique problem 
does result when, for example, we require additionally that all four 
uk 
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charges shall have the same magnitude and shall occupy the four 
corners of a rhombus (figure 24a). The elongated quadrupole (figure 
24b) represents an important special case. Here the rhombus collapses 
to a straight line which carries charges +e on its ends, and a charge 
—2e in the middle. 

Clearly, the models of figure 24 can be made up of two equal dipoles 
rotated 180° with respect to one another and placed at the appropriate 
dipole separation. Thus, now, as with the dipole, we can pass from the 
real quadrupole having finite charges and charge separations, to the 


+e #e 


+@ ae 
a) b) 


Fig. 24.—(a) General quadrupole (6) Stretched quadrupole 


¢ tf 


ideal quadrupole in which all separations are allowed to go to zero in 
a constant ratio; and, inverse to the square of this ratio, all charges 
are allowed to go to infinity—all this in such a way that the Q-values 
remain constant. Equation (24.11) then rigorously represents the 
quadrupole field for all r-values, and not only approximately for large r. 

We must now briefly concern ourselves with the Q-values which, 
according to (24.12), are the components of a symmetric tensor, the 
quadrupole moment tensor. By §15 we can transform this tensor to 
principal axes, i.e. place the coordinate system so that all components 
having two different indices vanish. We have in addition further free- 
dom in the choice of the components of the quadrupole moment. As 
is immediately clear from (24.11) the quadrupole field is not changed 
when the same constant C is added to each of the three quantities Q,,, 
Q,y, Q.2. We find the deeper reason for this by going back to the 
development (24.3): If there we add to x’, y’?, z’? the same quantity 
c, we change the expression inside the second brackets by 


: ie p40 PUD) —cv2tao 
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If therefore, for example, Q,, << Q,, < Q,,, we can choose C= — Q,, SO 
that, in the system of principal axes, the moment tensor takes the form 
Cy a Q,y 0 0 Oye 0 0 
0 0 0 = 0 0 0 (24.13) 
0 0 Oy, a Oy, 0 0 OF 


with Q',.<0, Q%,>0. By an appropriately chosen axis-ratio of the 
rhombus, the quadrupole shown in figure 24a leads immediately to 
such a tensor. Thus the assertion made above is additionally proved, 
namely that every quadrupole field can be produced by a suitably 
oriented quadrupole of rhombic form.* 

In general however the diagonal terms of the moment tensor are 
not normalized as in (24.13); rather, by subtracting one-third of the 
spur we go to the corresponding deviator with vanishing spur (see §15). 
For the components of the reduced quadrupole moment thus obtained 
we have, in the principal diagonal, 


n=) | (2x2-y?—2%)pdv or =4 | ¥ (2x? -y?—2%)e, 
Qy =4 [or = 27)p dv or =} [z Qye —x? —z?)e; (24.14) 
Q.,=4 [ox —x?—y’)odv or =}4 [5 (22? —x? —y? Je; 


while the other components remain unchanged. The advantage of this 
normalization is that for a spherically symmetric charge distribution 
p =p(r) all components of the quadrupole moment vanish; for, on 
symmetry grounds, 


[xo an [27009 d= [Zan we 3 |r000 dv 
[>2000 On = [200 = | yzp(r)dv =0 


*The most general representation of a quadrupole field contains altogether five arbitrary para- 
meters, namely (as an example) the quantities Q’zz and Q’zz, as well as the three paratwelers which fix 
the orientation of the coordinate system. This agrees with the statement made inthe | footnote on p. 81 
that, in the potential, the general spberical harmonic Ya(9, «) in the quadrupolé-term which falls 
off like 1/r? contains in all five arbitrary constants. 
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In this normalization the Q’-components can be regarded as a measure 
of the amount by which the charge system deviates from spherical 
symmetry. 

We now consider the important special case in which the charges 
are distributed with rotational symmetry about an axis, say the z-axis. 
This axis is naturally then the principal axis of the moment tensor, so 
that we have Q’,,= Q), = Q,,. Designating further, as in §15, the three 
reduced principal quadrupole moments by Q'=Q',, QU= Oo. 
QM =Q!,, we have from rotational symmetry that Q'= 0" and, 
because of the vanishing spur of the components matrix, 


g™ = —29' = —29" (24.15) 


Thus the quadrupole of a rotationally symmetric charge distribution is 
characterized by a single quantity. It can,therefore be represented by a 
quadrupole elongated in thé z-direction (figure 24b) whose non-reduced 
moment tensor, according to (24.12), possesses only the non-vanishing 
component Q,,= Q=2ea?. For its reduced moment tensor, how- 
ever, according to (24.14) we have 


gu = —29! = —2Q" = 40 (24.16) 


Looking back at (24.14), we generally give as the quadrupole moment 
Q of the rotationally symmetric charge distribution the quantity* 


2 — 
Q =43 | (2z?—x?-y)pdv = | rp a (24.17) 


where 4 is the angle between the line to dv and the z-axis. As an 
example, for an ellipsoid of revolution filled homogeneously with a 
volume distribution of charge, a and c being semi-axes, we have (with 
x2 +y? = é2) 


+e aJ/[1 —(z/c)?1 
Ont { ie | oné dé(2z? —€2) 
—-¢c 0 


= 74,10, ac(c? —a”) = 4e(c? —a”) 


where ¢ is the total charge $p,a’c of the ellipsoid. Thus Q is positive 
for a prolate ellipsoid of revolution (c > a) and negative for an oblate 
ellipsoid (c < a). 

*In atomic physics the quantity Q/eo, eo being the elementary charge quantum, or 2Q/eo is usually 


designated as the quadrupole moment Q. (See H. Kopfermann, Kernmomente, 2nd ed., Leipzig 
1956.) 
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Finally, it follows from (24.11) that the potential of the field of a 
rotationally symmetric quadrupole is given by 


3z2-r?- Q 3.cos* 0-1 
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Fig. 25.—Field lines (drawn heavy) and equipotential lines (light) 
for a horizontally oriented stretched quadrupole 


in which @ is the angle between the line to the field point and the 
quadrupole axis.* Figure 25 shows the accompanying field lines and 
potential lines. 


* The 0-factor in ¢2 (also the n-factor in the Q-formula (24.17)) is the second zonal harmonic 
P3 (cos 8). AHN, 
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CHAPTER BII 
Electrostatics of Dielectrics 


§25. The parallel-plate capacitor with dielectric insulation 


We have so far restricted ourselves to the electric field in a vacuum. 
When we have spoken of the field in air there has been a slight inaccuracy 
which, as we shall shortly see, is in most cases of no actual importance. 
Accordingly, we now assert that the formulae of the foregoing chapters 
relate to a vacuum and tu metals bounding a vacuum. 

The fundamental discovery was made by Faraday that the capacitance 
of a capacitor changes when the space between its conductors is occupied 
by an insulator such as glass, sulphur, or petroleum. With any known 
material so used, the capacitance is in fact increased. The factor ¢, by 
which C is thus increased, proves to be a constant characteristic of the 
interposed substance. It is called the permittivity or dielectric constant* 
of the material in question. From §21 we therefore have for the parallel- 
plate capacitor 


ee (25.1) 


Numerical values of ¢ at 20°C and standard atmospheric pressure are, 
for example: 


Air 1-0005 Porcelain 6 
Sulphur dioxide 1-003 Alcohol 26 
Petroleum 2:1 Water 81 
Glass Sto 8 


In a vacuum ¢ has by definition the value 1. 

On the basis of the processes taking place in a parallel-plate capacitor 
(figure 26), we wish now to obtain a clear picture of the nature of 
Faraday’s discovery. 

Let the two opposing capacitor plates (each of area S, separated 
by distance d) be maintained at the constant potential difference 


* Formerly “specific inductive capacity”’. 
89 
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V=¢,—, by means, let us say, of an electric battery. Then, in a 
vacuum the electric field between the plates (directed from above to 
below in figure 26) has everywhere the constant value Ey = V/d and, 
correspondingly, on each plate there is a surface charge density of 
value Wp, thus 


SS 


47M — Eo = 


a 


If now we insert into the capacitor an insulating plate of thickness d 
and permittivity s, we have in the part of the capacitor containing the 
dielectric the same field strength E, as before, since the line integral 


Fig. 26.—Insertion of dielectric into a parallel-plate capacitor 
*, 
{[E.dr extending from one capacitor plate to the other has the given 
value V. With the insertion of the insulating material, however, the 
capacitance is increased, and also the surface charge density, the latter 
by the factor e: 
@ = EWo 


Accordingly, while the plate is being inserted in the capacitor, the 
battery must supply a quantity of electricity 


Wp = O—Wy = (€—1) a = = Eo (25.2) 


for every square centimetre covered by the insulator. That the battery 
really does this can easily be shown with the help of a ballistic galvano- 
meter. In order that this effect may take place it is not at all necessary 
that the insulator (say a glass plate) be in contact with the plates of the 
capacitor. It happens just the same if we allow a narrow space to exist 
between the metal and the insulator, so long as the width of this space 
is small compared with the plate separation d. Now, experimentally, 
such a space does not influence the capacitance nor thereforé-the surface 
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density of charge; consequently the narrow space must have an electric 


field strength of value 
4nw = E’ = &Ey 


for the metal surface borders on a vacuum. If we pass from the region 
of the narrow space into the insulator, we find that the field strength 
undergoes a discontinuity from ¢£y to Ey. A discontinuity in the normal 
component of the field strength is always, however, synonymous with 
the existence of a surface charge. The effect of the insulator on the 
electrostatic field is therefore as though its surface carried a charge of 
density wp, in accordance with (25.2). 


Remark: In the MKSA system the “‘relative” permittivity ¢ is also defined as 
the increase (by the factor ¢) which is made in the capacitance of a capacitor through 
the introduction of a dielectric. Thus here also ¢ is a pure number, in contrast to 
the quantity ¢9 = 8-86 x 10-12 As/Vm mentioned in the concluding remark of §19. 
This is usually (though not always happily) described as the permittivity of a vacuum. 

The capacitance of a parallel-plate capacitor having a material dielectric is accord- 


ingly given by G Sia 
= €&0 


and the polarization charge wp is connected with the produced field by the relation 


Op = O—M) = C= Nas = (e—1)eg Eo 


§26. Dielectric polarization 


We give the name polarizability to the property described in §25, 
wherein an insulator, as a whole uncharged, influences a field applied 
to it. We speak of the insulator as having been polarized by the field. 
In order to understand this property we must assume that every 
material body contains positive and negative electric charges and, if 
it is electrically neutral, that it has each kind of charge in like amount. 
In conductors at least one of the two kinds of electricity is free to move 
(conduction electrons in metals; ions in electrolytes). In an insulator 
both kinds of electricity are quasi-elastically bound to fixed locations. 
Under the influence of the electric field the charges are displaced a 
short distance, the positives in the direction of the field and the negatives 
counter thereto; the amount of this displacement is proportional to the 
field strength. This mutual displacement of the two kinds of charge is 
called polarization and is measured by the vector P for which we can 
give two different but entirely equivalent definitions as follows: 

Starting with the concept of polarization-displaced charges in in- 
sulators, we first define P so that P,dS means the quantity of charge 
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which passes through a surface element dS in the direction of the 
normal n when the insulator, initially unpolarized, is brought into a 
state of polarization by applying the field. 

From this definition of P it follows immediately that a polarized 
insulator carries on its surface the surface charge 


oe (26.1) 


If we consider a flat cylinder (‘pill-box”) of cross-sectional area dS, 
with one base surface lying outside the insulator and the other entirely 
within it, then a quantity of charge P,dS enters this cylinder during 
the act of polarizing the dielectric. In a similar way, for the charge 
which, during polarization, passes out of a closed volume within the 


body, we find the value 
Cp —= 4p. dS 


in which the integral extends over the boundary surface of the enclosed 
volume, and n is the outward-drawn normal. By Gauss’s theorem this 
expression can be written in the form 


er= || pedo 


pp = —divP (26.2) 


with 


We see here that for the case of non-uniform polarization an additional 
volume distribution of charge pp has to be reckoned with. 

We arrive at a second definition of P on considering the idea that 
in a polarized medium, owing to the charge displacement, every atom 
becomes the carrier of an electric dipole (see below). Since in their 
field effects these atomic dipoles combine additively, it would appear 
reasonable to combine all dipoles contained within a volume dv into 
a single dipole. We call its moment Pdv, thus defining P as the electric 
dipole moment per unit volume. 

We have now to show that the two definitions of P are in all ways 
equivalent. For this we calculate, from the second definition, the 
potential @p that is produced by a polarized body. From (24.7) the 


potential of a dipole of moment p is given by 

——. 
r 1] % ie 

=p = p-grad’- ao 
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in which r is the vector from the source point (dipole) to the field point, 
and the prime on the gradient indicates differentiation with respect to 
the coordinates of the source point. Accordingly we have 


[from 


ree ef ‘ 
div’— = “ div’ P+P. grad’: 
ror r 


Since 


by using Gauss’s theorem we obtain 


be = Gporas'—[[( P iy’ 
r heer 


This equation, however, says nothing other than that the insulator 
carries a charge of surface density @p=P, and a space-distributed 
charge of density pp = —divP, in agreement with formulae (26.1) and 
(26.2) coming from the first definition of P. 

In the case of the parallel-plate capacitor (figure 26) examined 
above, we are obviously having to deal with a homogeneous polariza- 
tion of the inserted dielectric in which the vector P is directed from 
above to below, its magnitude being given by the polarization charge 


il 
p= P= E 


which comes out on the surface of the plate. Thus, also, with the help 
of the permittivity e, the numerical connection between the vectors P 
and E is established as 

e—1 


2 26. 
P a yE (26.3) 


The factor of proportionality y thus defined is called the electric 
susceptibility of the material considered. 

Let it be here noted, however, that this simple relationship between 
the polarization P and the field strength E by which the polarization 
is produced is by no means valid for all dielectrics. Thus in single 
crystals, for example, the direction of P does not in general coincide 
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with that of E. Rather, in this case, instead of the scalar quantities ¢ 
and x, we have to deal with the tensors e, and xi: 


6 = 1+4nyxu 


(26.4) 
& = 4x, for ixk 


3 
P, = y Vix Ex with } 
k=1 


A linear interdependence of the components of P and E still holds here. 
There are, however, substances (e.g. Rochelle salt, barium titanate, etc.) 
in which the components of P are related to those of E in a much more 
complicated and non-linear way. In addition they show a dependence 
upon the prior treatment of the material similar to ferromagnetism, 
where no simple connection exists between the magnetization and the 
magnetic field producing it. In the following, however, unless otherwise 
noted, we shall always restrict ourselves to the simple case in which 
(26.3) is valid. 


The linear relationship given by (26.3) between P and E can be understood from 
the behaviour of the individual atoms or molecules of the substance in the electric 
field. A distinction has to be made here between the case where the individual 
building blocks of the material do not possess a dipole moment in the unpolarized 
state, and the case where, already in the field-free condition, the molecules have a 
“permanent” dipole moment like, say, the ionic molecules HCl, HBr, and HI. 

In the first case an applied electric field F produces in the individual atoms a 
dipole whose moment, for not too strong fields, is proportional to F: 


p = of (26.5) 


Here « is called the polarizability. Its value can be determined by calculation for 
any model representation of atomic features (‘‘atom model”). Thus, from every 
atomic model so far developed, approximately the same value « ~ R3 has been 
obtained, R being the radius of the atom. Long before the existence of the electron 
theory Mosotti had proposed to describe the dielectric property of matter by the 
assumption that the individual atoms behave like perfectly conducting spheres. 
In this case, by (23.3), we obtain exactly the result 


a = R3 (26.6) 


If, in an analogous fashion, molecules be regarded as long stretched conducting 
structures (e.g. ellipsoids) « acquires an anisotropy depending upon molecular 
orientation, and this, among other things, means for x a tensor structure correspond- 
ing to (26.4). 

If, however, the individual molecules already possess a permanent dipole moment 
Po in the unpolarized state, then, in addition to the field-induced dipole moment as 
already described, there enters a partial ordering of the dipoles in the direction of 
the field, for the field attempts to rotate the dipoles into an orientation along its 
own direction. Against this orienting action of the field, however, there are the 
disorienting actions of thermal motion in the material and the pe: sistent irregular 
and fluctuating interactions of the individual molecules. The caléulation of the 
average component p of p in the direction of the applied field thus becomexa problem 
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in statistical mechanics. For dipoles capable of free rotation, e.g. “dipolar gases”, 
where the field strength is not too strong, 


pete eG — Po 
sche = ser (26.7) 


in which JT is the absolute temperature, and k is Boltzmann’s constant 
(kK = 1:38 x 10-16 erg/deg). (See for this and the following the full discussion 
in Section A of Volume III.) 

In order to be able to obtain the macrophysical susceptibility from the foregoing 
considerations of atomic dipole moments, the connection with, and the distinction 
between, the macrophysical field strength E in matter and the effective field strength F 
introduced in (26.5) and (26.7) have to be known. We therefore arrive at the follow- 
ing decisive problem: In the space between the individual building blocks of matter 
(atomic nuclei, electrons) there certainly exists an electromagnetic field having 
extremely rapid variation with respect both to space and to time. Let us call the 
atomic electric field e = e(r, 4). In the neighbourhood of the jth point charge 
r—r; 
r—r;|3" , 
charge is therefore obtained frotn e by deducting its own field, which hitherto has 
furnished no contribution, thus 


The field F; acting on this point 


e; it tends to become infinite like 7 


lim r—ry 
B=, Aeed-er a) 


From the F; so constructed the effective field strength F introduced above is obtained 
by taking the time-average over the Positions of the charges taking part in the 
production of the atomic dipole moment. In contrast, the macrophysical field 
strength E is immediately obtained from the atomic field strength e by space- and 
time-averaging. Thus F would coincide with E only for the case of rarified gases 
in which the individual atoms can occupy arbitrary positions in space. In general, 
however, F and E are different from one another. As will be shown in Volume III, 
for example, for liquids without any permanent dipole moment, and for cubic 
crystals, 


F= E+S P (26.8) 
For n atoms we have in this case for the polarizability « per unit volume, from (26.5), 
P =neF therefore F (ee) =E (26.9) 
Following from (26.3) we have then 
=a = ae ie. —- Lr (26.10) 


This is the well-established formula of Clausius and Mosotti. According to this 
formula the quotient (e—1)/(e+2), and not ¢—1, is proportional to the density of 
the material. Only for low densities, ie. where n« < 1, we have, approximately 


ée—1 = 4ny & 4nna (26.11) 
Remark: In going over to the MKSA system, formulae (26.1) and (26.2) for 
the polarization charges remain unchanged. Instead of (26.3), however, we now have 
P = (e— 1l)egQE = xenE 
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Here too the susceptibility y is introduced as a dimensionless constant of the 
material. Its value is greater, however, by the factor 42 than the susceptibility x 
defined by (26.3). (In the Gaussian system we have that & = 1 /4z.) 


$27. The fundamental equations of electrostatics for insulators. The 
Maxwell displacement vector 


The results of the last two sections now allow us to formulate the 
basic equations of electrostatics for the case in which metallic bodies 
are imbedded in dielectrics. First, we have as before that 


curlE=0, ie. E= —grad@ (27.1) 


for, here also, in carrying a charge around a closed curve no work can 
be performed. Therefore, at the interface between two dielectrics the 
tangential component of E is continuous. Otherwise, taking a test charge 
along a bounding interface would involve different amounts of work 
according as the path was by way of the first or the second insulator. 
We should recall here that even for metal surfaces the tangential 
component of E remains continuous, inasmuch as both inside the 
metal and outside, the tangential component of E vanishes. 

In contrast to (27.1) the second fundamental equation of electro- 
statics—the electric flux theorem—has to be changed because of the 
possibility of polarization charges pp and wp making their appearance 
along with the hitherto considered true charges p and w. Thus, instead 
of (19.7) we now have within insulators 


divE = 4n(p+ pp) = 4n(p —div P) (27.2) 


while on the bounding surface of two insulators 1 and 2, from (19.8) 
and (26.1), we have that 


(E,)1 —(En)2 = 4u(@+@p) = 4n[@—(P,): +(Pa)2] (27.3) 


in which the normal n at the boundary surface points from medium 2 
to medium 1, and for this reason the polarization charge in the latter 
medium is to be inserted with a minus sign. 

The distinction between true charges and polarization charges is that 
the former can be removed while the latter are irremovably bound to 
matter. If, for example, two small flat metal plates lying one on the 
other be placed inside a parallel-plate capacitor so that the-plane of 
the small plates is perpendicular to the field lines, im¢dyced charges 
then exist on the plates, and these persist when the plates aresseparated 
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from one another in the capacitor field and are then removed. By 
measuring these charges, conclusions can be drawn with respect to the 
field in the capacitor. Now for two small juxtaposed glass plates 
similarly placed in a capacitor field, surface charges are again produced. 
These, however, vanish upon removal of the glass plates from the 
capacitor regardless of whether beforehand they were in mutual contact 
or not. 

When later we speak simply of charges, we shall always mean true 
charges. Indeed, especially for large values of ¢, distinguishing between 
true charges and polarization charges is often possible only with 
difficulty. 

In equations (27.2) and (27.3) the quantities E and P appear only 
in the combination E+4zP. For the new vector 


_» D=E+4n2P (27.4) 


we introduce the special designation electric displacement. Within an 


insulator we have for it 
div D = 4zp (27.5) 


and on the boundary between two media 
(D,); —(D,)2 = 4x (27.6) 


The sources of D are therefore true charges, while the sources of E 
are given as the sum of true charges and polarization charges—in the 
older literature lumped together as “free” charges. 

From (26.3) and (27.4), in a normal isotropic dielectric, 


D=<cE (27.7) 


in which ¢ can be a function of position. In many treatments D is 
straightway defined by (27.7). In view of the results of §26, however, 
this definition is much more specialized than the generally valid defini- 
tion (27.4). Nevertheless, as remarked, we shall in the following mostly 
restrict ourselves to the simple special case where (27.7) is valid. 

In this case, for two uncharged insulators, the applicable boundary 
conditions (continuity of the tangential component of E and of the 
normal component of D) have as a consequence (figure 27) a unique 
refraction law of force lines: Letting «,, and « be the angles between 
the force lines and the normal on either side of the boundary surfaces, 


from : ; 
E,sina, = E,sing, D, cosa, = D, cosa, 
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in combination with (27.7), we have immediately that 
tana,: tana, = &:& 


Thus force lines, on entering an insulator with large e, are refracted 
away from the normal. 


£2 


& 


Fig. 27.—Refraction of field lines at the boundary between two dielectrics 


Remark: In the MKSA system, for which (27.2) would be written as 


divE = iG + pp) = ee dive) 
£0 £0 


the displacement vector D is defined by 
D = e9E+P, or for special cases, D = eegE 
Hence for D, within a charged medium, 
divD = p 
and on a charged boundary surface 
(Dr): —(Dn)2 = @ 


In the Gaussian system of units D and E are equal for a vacuum, and for polar- 
ized media they differ only by a numerical factor. In the MKSA system, however, 
they possess different dimensions: E is measured as a force quantity, in V/m; 
D as a charge quantity, measured in As/m2. Thus, at the surface of metals, the 
normal component of D in the surrounding space and therewith the magnitude D, 
are dimensionally and numerically equal to the density w of the true surface charge. 

It should however be observed that, with respect to the symbol D (and in con- 
trast to E, P, and eo), two different amounts of the same physical entity are denoted 
in the two measure-systems considered. Thus, if temporarily we designate by D* 
the D of the technical measure-system, the above defining equation for this quantity, 
after multiplication by 47, assumes the form 


4nxD* = 4negE + 4nP 


In going over to the Gaussian system, since «9 = 1/4x, the right si#é ‘becomes 
identical to the right side of (27.4). So we have that “A 


D = 4nD* * Ne 
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§28. Point charge opposite a semi-infinite dielectric 


We imagine that a point charge A is a distance a away from the 
plane surface of a dielectric, and we inquire into the change in the 
Coulomb field brought about by the presence of the dielectric. The 
problem corresponds to that solved in §23 for the conducting plane. 
There we had only to consider the field in the air space, since beyond 
the conducting plane there was no field; now, however, the field within 
the insulator has also to be considered. We shall assume that the 
insulator is semi-infinite. We let its permittivity be c,, and that of the 
air &. 

We endeavour to solve this problem by the method of electrical 
images. Let B be the image point of A with respect to the surface of 
the dielectric, and let r and r’ be the distances of a field point from A 
and B respectively. For the potential in air we have 


Let the field in air correspond to the true charge e at A and the 
imagined true charge —e’ at B. This statement satisfies the requirement 
that sources of electrical displacement within the air space exist only 
at A; for the image point B lies outside the air space. We seek to 
represent the field within the dielectric through the statement that 


ie 


e 
$2= ae 
The field in the insulator shall therefore be constructed as if the insulator 
occupied all space, and as if the true charge e” were located at A. This 
statement corresponds to the requirement that within the dielectric no 
sources or sinks of electrical displacement shall appear. We show that 
the field will actually be represented by these statements by proving 
that the boundary conditions at the air-dielectric interface will be 
fulfilled through appropriate choice of the as yet undetermined quanti- 
ties e’ and e”. First, concerning the normal components of D, we have 
ea ea _ ea 
D, A. as TT eh re 


in which n points in the direction from the air space to the insulator. 
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From the requirement that the discontinuity of D across the surface 
vanishes on the boundary surface we have, since r=r’, that 


e+e’—e”" =0 


On the other hand, the tangential component of E has to have the 
same value on both sides of the plane of separation; and this will be 
the case when ¢,=@, is satisfied along the plane, since E is the 
negative gradient of ¢. 

We therefore require secondly that 


ey 2 
From the two equations, both linear in e, e’, e”, we have 


2&2 
ete’ E> Eg +&, En +& 


e—e & £.—&4 


, 


and through these the imaginary “true” charges —e’ at B and +e” 
at A are determined. The force lines within the dielectric extend 
radially outward from A, while in the air space the field is represented 
by the superposition of two fields, one coming from the source point A 
and the other from the sink at B. 

If a conductor be substituted for the dielectric, then according to 
§23, in order to determine the potential in the air space, a charge of 
value —e must be given to the image point B. The disturbing action 
of the dielectric on the field strength in air, compared with the disturb- 
ing action of the conductor, is given by 


ee = (€2—€1): (62 +8) 


The dielectric always therefore exerts less influence than the conductor. 
In the extreme case in which the permittivity ¢, of the insulator is very 
large compared with that of air, e’ becomes equal to e, i.e. the conductor 
influences the field in the air space just like an insulator of infinitely 
large permittivity. 

The field strength inside the dielectric, compared to the case of no 
dielectric, appears reduced by the factor 


RR 
e” e hy . 
—i— = 281: (€2 +61) 7 
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In the extreme case of infinite permittivity, the electric field strength 
inside an insulator is zero, just as within a conductor. 


§29. Dielectric sphere in a uniform field 

We consider a sphere of radius a and permittivity ¢,, embedded in 
another dielectric ¢, occupying all the rest of space. In the latter 
dielectric we suppose a homogeneous field Epo, in the direction of the 
positive x-axis, to have existed prior to the introduction of the sphere. 
How is this field modified by the introduction of the sphere? In order 
to answer this question we determine a potential ¢ having the following 
properties: 

(1) At great distances from the sphere (limr— oo) ¢ must tend 
to —Eox. 

(2) At the surface of the sphere the normal component of the 
gradient of ¢ experiences“a discontinuity such that ¢0¢/ér has the 
same value on both sides. 

(3) ¢ itself, and therefore the tangential component of grad @, are 
continuous on passing through the spherical surface. 

(4) # everywhere satisfies Laplace’s equation V7 = 0. 


We denote by ¢, and @, the values of the potential inside and out- 
side the sphere respectively, and we make the assertions that 


~, = —E;x and p, = —Ep aaa (29.1) 
r 


This means: Inside the sphere the homogeneous field £; prevails; the 
sphere is therefore homogeneously polarized in the x-direction. In the 
external region, however, the sphere acts as if a dipole of moment E,k 
were located at its centre. 

Of our four requirements, the first and the fourth are satisfied by 
our assertions concerning ¢. We have now to show that by suitable 
choice of the constants E, and & still at our disposal, the boundary 
conditions (2) and (3) can also be satisfied. With polar coordinates 
(x =rcos@), we have 


o, = —E;rcosé o,= ~E,cos0(r-5) 


Our boundary conditions now require that 


102 BIJ. Electrostatics of dielectrics 


This furnishes the two equations 


k I4 
E; = E> i &, E; = & Eo Ue 


out of which we have 


A, fy ee Ba(1- soe | (29.2) 


a &, +28, ° 8, +28, &, +2e, 


We consider the special case ¢, =6, ¢,=1, i.e. the case of the 
dielectric sphere in a vacuum. In its interior the field is reduced by the 
factor 3/(e+2) compared to the homogeneous field. In the space 
outside the sphere, the field acts like that of a dipole of moment 


3é—1 


E,jk =Epa 29.3 
P= Fo 0 =e ( ) 
Its polarization P (moment per unit volume) has the value 
3 e-1 e—1 
= be 5, = 29.4 
‘ ra 4n e+2 4n 24) 
and the internal field E; producing this polarization is represented by 
4 
E,= Ey—=P (29.5) 


A comparison with our observations on the conducting sphere 
(§23) shows that the latter, in its disturbing action on a homogeneous 
field, behaves like an insulator of infinitely great permittivity. 


§30. The homogeneously polarized ellipsoid 


If we place a body of permittivity «= 1+ 4zy in a uniform electric 
field Eo, we do not (as we have seen in the example of the sphere) 
obtain in general a polarization P = yEo, but rather the polarization 
P = yE;—for the polarization has just the consequence that the field 
FE; obtaining within the material is essentially different from Fy. How- 
ever, the equation P = yE, has something to say about the effect of 
the field existing only at the particular place considered. For an 
arbitrary shape of the body to be polarized, the additional field 
E’=E,;—E, produced within the material by P itself, | becomes a 
complicated function of position, and thus a homogeneot, E will 
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not in general yield a homogeneous P. A homogeneous P results only 
when the body has the shape of an ellipsoid. 

We can understand directly the correctness of this assertion on the 
basis of earlier results for two special cases, namely for a very long wire, 
and for a sphere. We can look upon the long wire as a very much 
stretched ellipsoid of revolution. If the axis of rotation has the direction 
of the external field Ey, then, since the tangential component of E is 
continuous, we have inside the wire that E=E,=E,; for a long 
polarized wire we therefore obtain that P=yE . For the sphere, by 
(29.5), the field 

E; = E>—4#2P = E, +E’ (30.1) 


exists inside. From P= yE,, this determines the polarization. Thus, 
for the relation between P and E, we obtain 


1 

= iytgn® (30.2) 
in agreement with (29.4). 

We see from (30.1) that, owing to polarization, the external field is 
partially shielded. The numerical ‘factor multiplying P in (30.1), a 
factor which depends only on the shape of the body, is called the 
depolarization factor. As we have just seen, it is equal to zero for a 
wire, and 4x/3 for a sphere. When the reciprocal susceptibility is 
considerably smaller than the depolarization factor, the observable 
polarization is, from (30.2), determined essentially by the depolarization 
factor above. Herein resides the difficulty of measuring the suscepti- 
bility of short pieces of easily polarizable material. 

A simple description is then only possible when, as is the case in 
(30.1), the vector E; has the same direction as Ey. For the general case 
of the tri-axial ellipsoid we shall prove the following: If such an 
ellipsoid is homogeneously polarized, and if P,, P,, P, are the com- 
ponents of P in the direction of the principal axes, then within the 
ellipsoid this polarization produces a uniform field E’ whose com- 


ponents are given by 
EL. ==AP, E, = —BP, EL, = —CP, (30.3) 
The three numbers A, B, C are called the depolarization factors of the 


ellipsoid for its three axes. Their determination is the essential problem 
of these paragraphs. When they are known, the polarization belonging 
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to anexternal field E, and coming from the equation P = yE,; = y(E, + E’) 
is given by 
Fox Eoy Eo; 


P,= = oo 30.4 
*  1/y+A *  1/x+B 7 1/x+C ee 


In order to derive (30.3) we shall calculate as if the polarization 
consisted of a displacement of two equal and opposite charge densities 
+p and —p. Generally speaking, we therefore determine the field E’ 
from curlE’=0 and divE’ = —4zdivP. 

We consider first the potential of an ellipsoid 

Noe Var 2 


s=+t=+5=1 (30.5) 
baac 
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which is uniformly filled with charge of density p. For the potential ¢ 
of this ellipsoid we have different formulae according as we consider 
a point within the ellipsoid (¢ = ¢,) or without (¢ = @¢,). We wish to 
show that this problem is solved by the following theorem due to 
Dirichlet: 


(oo) 94 2, 2 da} 
res | ae 
o\ @+a B+A c2+A/ DA) 


fo) 2 2 2 
d, = nabcp ee ae 
: a*+A b?+4 c?4+4/ D(A) 
Here D(A) is the abbreviation for 
D(A) = /[(a? +4)(b? +A? +A)] (30.7) 


The lower integration limit u in the expression for ¢, is a function of 
x, y, z. It is defined as the largest positive root (in the whole external 
space) of the equation 


(30.6) 


x? Ve z2 
Fasareig NOt coo ae Ce 
From this definition of u it follows first that 6; and ¢, for u =O, ice. 
on the surface (30.5), go over in a continuous way from one to the 
other. In order to justify (30.6) we have further to show that the first 
derivatives on the surface (30.5) are continuous, and..also, that 
V7oi= —4zp, and V7, =0. It then has to be showm4that for large 
distances #, vanishes like 1/r. ec 
ak 
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For proof, from (30.6) we write 


OO —2nabcp el 
dx o (a7+A)D(A) 
2 foe) 
oa = —2znabcp we LS 
Ox 9 (a7+A)D(A) 
0%, = —2nabcp a ae 
Ox » (a7+A)D(A) 


07d, ig di x Ou/dx 
= —?2 a 
Ox? panes 1[ (a2 + a)D(A) aa 


The first derivatives are therefore continuous. Further, it follows from 


(30.7) that be : 
dinDa) if 1 1 1 

dinDU) | (alien, | 30.9 

aa (aaa ate) Oe 


Thus we have that 
° dd dinD(A) 4nabcp 
V7; = —4nab — tS 
$ ae [, DA) a D(0) 


On the other hand, we have 


4nabcp ie OU y ou Z ou 
V*¢,=—- (a ee eee 
%. D(u) } oars Es ewe A nee =) 
In order to show that this expression vanishes, we differentiate (30.8) 
with respect to x: 


aa sie : ie " z \oH 
~ \(a24u)?  (b?+u)?  (c?-+u)*] dx 


—4nzp 


If this equation is multiplied by x/(a?+u), and if to it are added the 
correspondingly formed equations for y and z, it follows that the 
expression for V’@, is actually equal to zero. 

For large distances r = ,/(x +y? +2”), from (30.8) we have approxi- 
mately for the lower limit u = r?. In the integrands of @, the quantities 
a’, b?, c?, compared to 4, can therefore be neglected, giving easily 


4nabe 
(pies late 
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As it ought, therefore, ¢, for large r goes over to the Coulomb potential 
of the total charge imagined to be all assembled at the origin. 

We obtain the potential ¢’ of a polarized ellipsoid whose boundary 
is given by (30.5) when, first, we bring into coincidence with the 
ellipsoid considered above (whose charge density is p) a second identical 
ellipsoid with charge density —p; and then we displace the positively 
charged ellipsoid the small amount ér = {6x,dy,6z}. This process is 
equivalent to the production of a uniform polarization P = por. The 
potential ¢’ thus comes out as the difference of two potentials for the 
full ellipsoid: 


$'(t) = $(r— dr) — (Fr) = — Sr. grad P(r) 


With P = por, and using (30.6), we therefore have within the ellipsoid 
that 
@’ = AxP,,+ ByP,+CzP, 


in which the numbers A, B, C are 


A= 2nzabc ee B = 2nabc Pail 

9 (a*+A)D(A) o (b?+A)D(A) 

= q (30.10) 
C = 2nabe a 

o (c? +A)D(A) 


It is the negative gradient of ¢’ which actually now yields the 
depolarization field E’ given in (30.3). The depolarization factors for 
the directions of the three principal axes of the ellipsoid (30.5) are 
therefore given by (30.10). 

From (30.9) it is easily shown that we can always write 


A+B+C =4n 


This equation permits the depolarization factor to be found, for some 
cases, directly on symmetry grounds. Thus we have 47/3 for the sphere, 
4x for a plate in the direction of the normal, and 2z for a long circular 
cylinder in the direction perpendicular to the axis. For other forms the 
integrals (30.10) have actually to be evaluated. 

We wish as an example of such evaluation to work out the important 
practical case of a prolate ellipsoid of revolution. We therefore Say that 


aZzb=c Ay 
oy 
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We have then that 
di 


A = 2nab? ' = 

TQ | (a? +)9/2(b? +2) 
From the substitution 

1= &*(a* — b*)—a? 
and by introducing the dimensionless relation 
o— ap 
of the ellipsoid, we find that 
4x6 


Pipe ete | a | oe 
(P=? Joy yer— AE —D 


=f 6 otv@P-1) 7 
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For 6 = 1 this formula naturally furnishes the value 47/3 of the sphere. 
For an almost spherical ellipsoid, i.e. for small 67-1 we obtain by 
development 

A = 4n[1—2(6?-1)+...] 


For a very long prolate ellipsoid, since 6 > 1, we have 


4 
Aw (In 26—1) 


CHAPTER BIII 
Force Effects and Energy Relations in the Electrostatic Field 


§31. Systems of point charges in free space 


For a known field strength E(r) the forces and torques on an 
electrical system can be immediately derived from their meaning as 
force per unit charge. But here, as in mechanics, it is often more 
convenient and more intuitive to evaluate these force effects by way 
of the energy contained in the system. 

We consider first the simplest case of a system of point charges 
C1, €25- ++ 5 €,, located in a vacuum at positions r,,r2,...,1,, and we 
inquire concerning the stored electrical energy of this system. We 
determine this energy from the work necessary to bring the individual 
charges from an infinite distance to their respective locations. We first 
bring charge e, to its proper place. No work is required here since the 
remaining charges, owing to their distance, exert no force upon eé,. 
We now bring e, to its place, distant |r,—r.|=7r,. from e,, and 
here, because of Coulomb repulsion, work e, e,/r,. is required. Next 
we bring in e, and for this we have to expend energy e, e3/r,3 +€2é3/r23.- 
We continue in this way until all charges are at their places, and for 
this the total work 


C122 , 1 &3 


SEs 4 28s ey EE ia) 


V2 V3 P23 1sj<ksh "jx 


W= 


being the work of assembling or “‘charging”’, has been performed. 
The energy contributed here must in some way be stored up in the 
system. Even though the question concerning the localization of this 
energy cannot be answered by electrostatics, the action-at-a-distance 
theory has very different ideas on this question from Maxwell’s field 
theory. The former makes the assumption that the work of charging 
somehow attaches to the individual charges as potential enerey. The 
latter regards the field as the carrier of the electrical energy and asserts 
that every volume-element dv in empty space, if it is in the 1 rapion of an 
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electric field, contains the energy udv, for which the energy density is 

given by 1 
= — —? 

en (31.2) 


Accordingly, an extended region of space should contain the energy 
1 
U =— | E? 
ee I dv (31.3) 


We justify this statement by proving that in the above-described mutual 
assemblage of h point charges, the expended work W in (31.1) is 
identical with the increase of field energy U involved in the process. 

For this purpose we designate by E,, E,,..., E, the field strengths 
at an arbitrary field point due to the charges pe €3,...,€;.) we then 
have that ae 

E=E,+E,+...+E, 

and therefore 


E? = {E{+E3+...+E7}+2{E,.E,+E,.E,+...+E,_,.E,} 


If with this expression we form the field energy U, we see that the 
contributions 1 


coming from the quadratic terms E,” are not modified by the approach 
or presence of other charges; U; is the energy belonging to the charge 
e, alone. (It corresponds to the electrical part of the work which, if 
we start with an infinitely diffuse charge cloud, would have to be 
expended in assembling the charge e;. For a true point charge this 
work would be infinitely great.) We need therefore consider only the 
contributions of the mixed terms E,.E,, etc. Writingr, =r,r, =r—Try2, 
L(r, r;2) = 9, we have 


1 e€,e r-r 
__|/E,.E,dv= 32 12_y* dr dQ 
al ae alles js ‘{r—ra[? r12|° 


=" r—1r,2,cos0 fee 1 ee SA IO 
(r? +17, —2rr,2 0s (2 +72, —2r7T,,cos 0)? 
The r-integral here can be worked out immediately; indefinitely in- 
tegrated, it gives the value —1/,/(7?+rj,—2rr,,cos@) and, if taken 
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between the limits r=0 and r=oo gives 1/r,,. Since the solid-angle 
integration leads to the factor 47, the contribution of the energy term 
considered is equal to e;e2/r,2. Thus 
UT =(U ee Unie 
T1213 
is exactly equal to the work W of charging in (31.1). 

The representation (31.3) of the work of charge assembly, or a 
corresponding representation—one valid for dielectrics—will prove its 
productivity and utility in the subsequent paragraphs treating fields 
produced by continuous charge distributions. Meanwhile, however, 
representation (31.3) is especially convenient for point charges. We 
show this in two examples. 


(a) The dipole in an electrostatic field 


We ask how much work is required to bring a dipole with fixed 
moment p to a definite position and to a definite orientation in an 
electrostatic field E. In order to answer this question with the help of 
equation (31.1), we set e, =e and e, = —e, and ry =r+s, r,=F with 
es =p, and we imagine the E-field as having been produced by suitably 
placed point charges e3, €4,..., : 

h 


E(r) = —grad¢(r) with ¢(r) = >) 


wea (TT, | 


e; 


Since the dipole separation r,, is not changed, the work required to 
bring in the dipole is equal to 


h a h e 
W=e, ¥ —* te Y — = elotrts)— 0) 


+, 
e=3|t,—T; | x23 |r. —T,| 


and therefore, for sufficiently small dipole separation, 
W = es.grad ¢(r) = —p.E 


We then obtain an energy contribution —pE when we orient the dipole 
parallel to the field, and we must expend the work pE in orienting the 
dipole against the field. The work of bringing in the dipole, and there- 
with the potential energy U of the dipole, depends upon the angle 6 
between the dipole and the field direction: Sia “. 


= —p.E = —pEcos@ “& 1.4) 
AS 
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A torque of value 
T= aS — pEsin@ 
00 


must exist, against which we must do work in increasing 0. It is in 
fact elementary that the dipole concept gives (figure 28) for this turning 
moment 

T=exE=pxE GTS) 


For a non-uniform E-field we have an additional force 


F = e[E(r+s)—Eq)] 
oE OE OE 
= Px=—+ Py—+ P,— = (p.V)E (31.6) 
oy Oz 


corresponding to the dependence upon position of the potential energy: 


F = —grad U = grad(p. E(r)) 
Since 
V(p. E)—(p. VJE = px(V x E)=0 


these two expressions involving static fields (for which curlE =0) 
actually agree with one another. Consequently, if 0< 0<7x/2, the 
dipole is drawn into the field, otherwise it is expelled from it. 


Fig. 28.—Force on a dipole in a non-uniform field 


A particular consideration is the important case in which the dipole 
p is produced by the field itself. We have that 


p=aE (31.7) 
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a being the field-independent polarizability; and, from (31.6), the 
force on the dipole in a non-uniform field is equal to 


= (0E.V)E = : grad (E2) (31.8) 
the latter because 
OE,, OE OE 
= pat TE) geet 
E.VE, = Ey + Ey st E ee 
OE, OE OE 10 
ee ie E2 
aes Tipe ee re YG Tex 2ax! ) 


In the case of a variable dipole described by (31.7), the force is not 
derivable from the potential energy (31.4), but from the energy 


U' = —joE? = —4p.E (31.9) 


The difference is required by the fact that now energy must be expended 
in the production of the dipole; that is, the charge separation in the 
dipole takes place against an opposing force which in any case is not 
of electrital origin, and this leads to a positive potential energy of value 

E 

U' a U = Ce 

E 2 

(b) The quadrupole in an electrostatic field 


In a manner similar to that for a dipole of moment p, we find in 
general for the energy involved in introducing a group of charges into 
the field E= —grad@ of distant point charges, the value 


W = die OO) 
or, developing @ with respect to the coordinates of the charges e,, 
W = ef(0)+p.(grad $),=0 


+3] 2 (=), oy, (=), oe (55) | 
ae 
ao p ao 
+{ 0. (= " Oe (= =) + O (=), |* ... (31.10) 


GES, 
The first two terms on the right-hand side give the energy’ebntributions 
necessary for bringing in the assemblage of point charges forsthe case 
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in which the assemblage possesses a total charge e =) e, and a result- 
ant dipole moment p=)e,r;. If these contributions vanish, there 
remain, as the next non-vanishing terms, the contributions containing 
the second derivative of the potential. In these the Q-quantities mean, 
in the first instance, the quadrupole components according to (24.12). 
Since however V7¢ = (V7), =0, we can subtract one-third of the 
quantity spur (Q).(V7¢), in the first square brackets of (31.10), so that 
the Q,, can also be understood to be the reduced quadrupole moments 
as in (24.14). In the following we shall calculate with these Q’ ;,. 

To simplify the discussion we shall consider as a special case that 
for which both the charge distribution producing the quadrupole 
moment, and the potential field ¢, are rotationally symmetric. We 
choose the symmetry axis of the field as the z-axis of our coordinate 
system so that in (31.10) the three mixed second derivatives of @ 
vanish, and thus, since V2¢ =0, we have 


ao\ (ao\ __1/0*o 
Gs), - Ge), - alge. 


Accordingly, the quadrupole term in the energy simplifies to the 
expression 
1/07¢ 3 (a*o 
= —( — }{20',-Q},.-Q;,} =-(=5] @ 31.11 
U (=) O 07. Ome: ae eae ( ) 
since the spur Q/,+Q),+Q), for the reduced quadrupole moment 
vanishes. The axis of symmetry of the charge distribution, and there- 
with the third principal axis of the Q-tensor, moreover makes an 
angle 6 with the z-axis. As in §15, we designate this axis by a’, and 
those corresponding to the directions of the other principal axes by 
a! and a!!, From (24.16) we have for the three principal quadrupole 


moments 
g" = —29! = —209" = 29/3 (31.12) 


We have now to express the Q/, in (31.11) in terms of Q. For this 
we draw upon equation (14.7). If we choose the z-axis (with unit- 
vector z) as the direction of n and m, and the three principal axes of 
the Q-tensor as the coordinate directions on the right-hand side, 


equation (14.7) reads 
0, = Oz : al)? se ON" ; all)? oe ON(z p alll)2 
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From (31.12) we therefore obtain 
(z.a)?+(z.aly?+(z.al)? = 1 zal! = cos 


and after brief rewriting 


1/a?o\ ,3cos?0—-1 
| _ ee S113 
q 3(z),2 2 eae” 


Thus here, as for the field of a rotationally symmetric quadrupole 
(equation 24.18), the angular dependence is given by the second zonal 
spherical harmonic P2(cos6) = (3cos” @—1)/2. 

It is seen from (31.13) that a quadrupole in a uniform electric field 
experiences neither a force nor a torque. Ina non-uniform field it first 
of all experiences a torque 


aU 3(07¢ : 
= -—-— = —/| — iS) 20 31.14 
*~ ~ 280 +(52)2 » Oran 
, , 
If the “field gradient” = = ~¢ is positive, T attempts to rotate 
Zz Z 


the quadrupole in the field direction. If the field gradient is negative, 
the quadrupole has its energy minimum when it is perpendicular to the 
direction of the field. This behaviour can be made clear with the 
example of a stretched quadrupole in the sense of figure 28). 


§32. Field energy when conductors.and insulators are present. Thomson’s 
theorem 


We now wish to determine the work necessary to charge an arbitrary 
system made up of insulators and conductors, and we would like to 
see if, in the sense of Maxwell, an energy density of the electric field 
can be given such that the total field energy reflects the work of charging. 

As a beginning we consider first the simple case of a parallel-plate 
capacitor of known capacitance. We ask how much work must be 
done in charging it. We imagine the charging process carried out by 
conveying small charge elements de’ from the negative to the positive 
plate until the charging e = CV is attained. If at sometime ‘there is 
already a charge e’= CV’, then, in carrying over a furtheg charge 

at 
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element de’, we have to do an amount of work V’de’, so we obtain 
for the total work of ete the value 


W= (= = — = }eV =4CV’ (32.1) 


Obviously, this expression is independent of the presence of a dielectric 
in the capacitor. In the first instance it is assumed only that, if there 
is a dielectric, the expression D=eE holds for it, the permittivity ¢ 
being independent of the field. 

Since V= Ed, and e = Sw = SD/4n, the work of charging can be 
written 


W =teV = Are Oe 


Since (insignificant edge effects being meslecied) E and D are constant 
inside the capacitor and vanish outside, and since Sd represents the 
space (volume) between the plates, it would appear to make sense in our 
example here to speak of an energy density of the electric field given by 

1 (we & 

=—E.D=— FE? iyeep 

81 82 eee 
If the permittivity ¢ be disregarded, this formula agrees with expression 
G12). 

We would like now to establish formula (32.2) for the case of an 
arbitrary electrostatic array of conductors and insulators. The latter 
may carry any arbitrary volume or surface distribution of charges. We 
imagine a small quantity of charge de carried from a first metal surface 
having potential @, to a second metal surface having potential ¢>. 


Since de, = —de, 6€, = +6e, the work necessary for the transfer is 
given, corresponding to the general definition of potential, by 
OW = de, $1 + 6e2 62 = 5e($2— $4) (32.3) 


We now seek to transform this expression into a volume integral 
over the whole region of the field. We therefore introduce the change 
5D in the electrical displacement occasioned by the transport of the 
charge just mentioned. From the electric-flux theorem we have 


4nde, = p 6D,dS  4nde,= tp 6D, aS 
Sa S2 
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where S, and S, are the surfaces, and n the outward-drawn normals 
of the two conductors considered. Now, for all other possible metal 
surfaces yet remaining, as well as for the surface infinitely distant, we 
have §6D,dS =0. Imagining the direction of all normals as reversed, 
we can therefore write 


bW= fle tbe 6D, dS 
4x 


where the integration is now to extend over all metallic boundaries of 
the space which contains the field, including the infinitely distant 
surface, and n signifies the outward-drawn normal of this space. 
Applying Gauss’s theorem to this expression, we obtain the volume 
integral 


6W = - [ive dD) dv 


An 
extending over all space containing the field. With this transformation 
we have no need to regard the boundary surfaces of the dielectric 
as surfaces of discontinuity, since we can think of all such surfaces of 
discontinuity as replaced by a continuous crossing from one medium 
to the other. Since 


div(@ 6D) = grad @.6D+ ¢divdD 


and since any possible remaining true charges at hand have not, by 
hypothesis, been altered or displaced (divdD = 4x6p =0), we have 
finally that 

1 

OW =— |E.6Dd : 

ie | v (32.4) 
The small work contribution 6W which we have required in the 
transfer of the charge de from the first conductor to the second appears 
again completely as a change in the energy density of the electric field: 


bW= {ou dv with éu= aa oD (32-5) 


If now we imagine the whole field as having been built up step-wise 


from small charge transfers, we arrive at the energy density 
AYR 


ee ~~ 
ral E.dD > (32.6) 
4n 0 % 
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in which E in the integral is to be regarded as a function of the D-vector 
which itself is variable. For the usual case where D = cE we obviously 
have 


u=— —=—E?=_§E.D (32.7) 


in agreement with equation (32.2). 

Thus the theorem has been proved that all work expended in 
charging up a system can be interpreted as an increase in the electro- 
static field energy. That this field energy is to be regarded (in the 
thermodynamic sense) not as internal energy, but as free energy, will 
be shown in subsequent paragraphs. 

Let us first refer, however, following Thomson, to a remarkable minimal property 
of the field energy: when the charges in an electrostatic field move under the in- 
fluence of the field strength, the energy of the field diminishes by the quantity 
of available work. The charges will therefore, so far as they are free to move, seek 
to arrange themselves in such a way that the field energy will have the least possible 
value. If, in particular, metallic conductors be given having charges whose distribu- 
tion is in the first instance arbitrary, these charges will displace themselves until the 
field energy has reached a minimum. We know on the other hand that in electro- 
static equilibrium the potential of a conductor is constant, and that the whole 
charge resides on its surface. We therefore conjecture that this charge distribution 
actually corresponds to a minimum of the field energy. 

In order to demonstrate the correctness of this conjecture we consider, along 
with the field E and D of a given arrangement, a second field E’ and D’ which, 
like the first, must satisfy the fundamental equations 


curlE =0 divD = 4zp D = cE 


excepting that in the metallic conductors E’ is not constant. We prove that U < U’ 
where 


1 
= = {E -Ddv and U’= 5 [E’- D’dv 
82 8x 
represent the energy of the two fields. For proof, we write 
EF’=E+E’ and D’=D+D’ 
and form the expression 
1 
U'-U= 5, (E+E). +D)-E. D} av 
Since D = cE, D’ = cE’, D’ = cE’, we have that E”. D = E. D” and therefore 
, 1 a 1 Me “ 
u’-U=7[E.D'do+ = [Er D'd (32.8) 


Since the first integral, owing to the presence of the factor E in the integrand, is 
only to extend over the space between the conductors where we have div D” = 
div D’ —divD = 0, it follows, since 


div(¢D’”) = grad¢. D’+ ¢divD’ = —E. D’ 
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fe. Da [ep*nas 0: 


for the surface integral here is to extend over all metal surfaces, and on these the 
electrostatic potential ¢ is constant, while the remaining surface integral over Dn” 
vanishes. Thus, with Thomson, we have 


U—-U= rally -D’dv >0 
8x, 


as soon as at any one place in space KE’ is different from E. 

Thomson’s theorem therefore deduces from a minimum principle the field 
corresponding to the equilibrium distribution of electricity. This minimum principle 
corresponds exactly to the condition of equilibrium which holds for bodies having 
mass in the field of gravity. Such bodies are in equilibrium, in fact in stable equi- 
librium, when the gravitational potential energy has its smallest value for the 
configuration in question. We see here that, in the same way, the equilibrium of 
electricity on the surface of fixed conductors is characterized by a minimum value 
of the electrical energy. Electrical energy therefore plays the same role here as 
potential energy does in ordinary mechanics. 

Remark: The chain of equations (32.1) shows that the work of charging a 
capacitor (and therewith its field energy) is also given in the MKSA system by 
4eV. Only now the energy obtained is no longer in ergs, but in VAs = Ws =J 
(joules). The expressions (32.6) and (32.7) for the energy density u require formal 
modification, however, and in the MKSA system are given by 


D 
u= | E.dD and u=4E.D = <°R? 
0 


§33. Thermodynamical considerations of the field energy 


Through §32 we have arrived at the concept of field energy, in that the work of 
charging an electrical system has been transformed into a volume integral over the 
whole space filled by field; and thus with Maxwell we could have the opinion that 
the total energy contribution, arrived at in the form of work done in charging the 
system, is completely retained by the system, stored in the form of field energy. 

The internal energy of the system in the sense of thermodynamics (we wish to 
designate it here by Urn) could now be imagined as being always increased by the 
magnitude of the field energy, temporarily designated here by Ue: for distinction. 
This assumption is certainly correct so long as during the charging of the system no 
other energy is involved than the work of charging—when, in particular, the charging 
takes place adiabatically, i.e. without any introduction or removal of heat. 

Since in this case, however, during the charging up or polarization, the system 
is in general heated, and since the polarization depends in general not only on the 
electric field strength but also upon the temperature, a rather obscure situation is 
usually attained. For this reason the experiments for testing the Maxwell theory are 
usually not carried out adiabatically but, if possible, isothermally, i.e. under com- 
plete compensation of any eventuating temperature differences within the system 
or between the system and its surroundings. But then, however, we Havé@during 
the charging process also to reckon with the passage of a quantityear heat dQ: 


dUin = dW+dQ “4 G3.1) 


& 
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Here dW means the work of charging necessary to make a small change in the 
system. It can, for example, also include a contribution of mechanical work as by 
the motion of a metallic body or an insulator in the electric field, or by compressing 
the material. 

If the change of state takes place reversibly, the process is then not one to be 
described by a hysteresis loop as for a ferromagnet, and the added heat dQ increases 
the entropy S of the system by 

dS = dQ/T (33.2) 


in accordance with the second law of thermodynamics. 
Since d(TS) = TdS + SdT, equation (33.1) permits the formulation 


d(U:, —TS) = dW — SaT (33.3) 
If the process is carried out isothermally and reversibly, the free energy changes 
F=Uin—TS 


by just the value of the work done on the system. Thus for a charging process not 
involving mechanical work 


dUa = dUt» for a process carried out adiabatically, 
dUa = dF fora process carried out isothermally and reversibly. 


In this respect the free energy F of the latter process plays the same role as the 
internal energy U;, in the former. And in general isothermal-reversible processes 
we have not to deal with an energy balance but with a balance of the free energy 
in the general form 

dF = dUa +dWmech (33.4) 


The concept of electrical field energy and its availability has now been explained 
from the standpoint of thermodynamics. 

However we now inquire further concerning the quantity of heat dQ which 
is necessary to hold the temperature of a system constant for a pure charging 
process not involving other work. To calculate this we consider a cubic centimetre 
of a dielectric and, using small letters for the energy density and entropy, we write 
for a reversible change of state with input of charging energy, according to (33.1), 
(33.2), and (32.5), 

Tds = dutn— duer = duen — z E.dD 
In order to simplify the formulation we assume further that at all times E and D 
are parallel to one another: (E. D = ED), and that s, uz, and D are unique 
functions of only the temperature T and the field strength EZ. We have then 


Since the right-hand side is the total differential of the function, the identity 
ay oes 
OE \CT, OT \OE, 

must be satisfied, where 0s/0T and 0s/0E are given through the factors of dT and 


dE on the right-hand side of (33.5). By calculating this “condition of integrability” 
we obtain 


(33.5) 


Gun 1 ,,0eD 1 _0D (33.6) 


3E 42 GE ' 4x oT 


120 BIII. Force effects and energy relations in the electrostatic field 


and thus, through integration with respect to E, since oo dE = dD, for fixed T 


1 f? T f= eD 

T, E)— T, 0) = — EdD + — — dE 33.7 

unl) an Tel, air Ge) 
in which both integrations are carried out keeping the temperature fixed. The 
first integral obviously represents the isothermal electrical charging work, so that 
the second must be the quantity of heat Q necessary to keep the temperature 

constant in the charging process: 
T fF aD E oP 
o=7/, Sde=T | SdE (33.8) 


the latter because D = E+42P. The necessary heat here vanishes in carrying out 
the process isothermally if P depends upon E, but not on T. Since in general, 
however, P diminishes with increasing temperature, heat is mostly liberated in 
isothermal charging or polarization. (Postive heat liberation.) 

If, in particular, D = cE and P = zE, thene = 1 + 4nyz, and thus from (33.7) 
we have 


€ dx 
E)- T,0) = — E2 Py pee 
ucn(T, E) — uen(7, 9) a7 +4E i 


For a whole series of substances, in particular for dipolar gases, x is inversely 
proportional to the temperature. In this case Tdy/dT = —xz, so that we have 
simply Ne 

uen(T, E) —uen(T, 9) = = E2 


The development of heat in the polarization of a dielectric also affects its specific 
heat. We can heat a dielectric (at constant volume) either by keeping its polarization 
P constant, that is without changing its electrical state, or by keeping the field 
strength E constant, as say in a capacitor kept at constant voltage. The difference 
of the corresponding specific heats yp and yz can be fully stated as soon as the 
function P(T, E) is known. From (33.5) and (33.6), and adding indices to the 
quantities to be kept constant in differentiation, we have 


OUth E /éeD T /eD 
= T — —_ _—— | == | = 
dQ agli (( aT " ae (=), os, (F). gE nee 


The expression within the curly brackets is therefore immediately equal to the 
specific heat at constant field strength: 


OT jz 4n\0T/e 


We obtain the specific heat at constant polarization from this, according to 


(33.9), by adding the term — (2) (=) 
E 


an NOT aT) since in this case in the heating 


the field strength has to be changed in order to hold the polarizationyconstant: 
NAD 


eee (3) (5) — 
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Because of the relationship 


°= (=). + Ge), (G7), 


following from P = P(T, E) by T-differentiation at constant P, we have 


ron(Qil@, ex 


From this, for the special case where P = x(T)E, it follows that 
2 
YE—Yp ==(3%) E2 


Heating at constant field strength therefore requires more energy than heating 
at constant polarization. 

For normally polarizable substances the distinction between ye and yp is 
unimportant. It is however meaningful for anomalous substances such as Rochelle 
salt and barium titanate mentioned in §26, which, in an electrical fashion, act 
similarly to, say, iron in magnetism. Analogous thermal effects become important 
for ferromagnetic substances in the neighbourhood of the Curie point. The same 
is true for all paramagnetic substances at extremely low temperatures where, by 
using the cooling effect associated with adiabatic demagnetization, temperatures 
of about 1/100°K can be reached. 


§34. Force effects in the electrostatic field calculated by means of the 
field energy; several simple examples 

In §32 we obtained the field energy from the idea that all work 
performed in charging a system or in displacing the charges contained 
in it must find full equivalent representation in the total field energy 
of the system. In a similar manner the work which we must do in 
displacing conductors or insulators in an electric field leads to an 
increase in the field energy. If this energy is known for every arrange- 
ment of the system, then, working backwards, we can conclude what 
individual forces and/or torques are present. Let us illustrate this with 
three simple examples. 


(1) The potential balance (figure 29). 

It is well known that the voltage on a parallel-plate capacitor can 
be determined by measuring with a balance the force with which the 
two capacitor plates attract one another. This force can be given 
immediately for a capacitor in a vacuum: since the field which the one 


| 


Fig. 29.—Potential balance 
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plate produces at the location of the other is equal to 4£, where E is 
the field in the capacitor, we have 


F =4eE (34.1) 


This value can also be easily derived from the energy theorem: the 
total field energy in the capacitor, amounting to E 2,Sd/8x, increases in 
proportion to the plate separation d, if at constant charge e (and there- 
fore constant field E) the plates are further separated. In the increase 
of the distance d by the small amount 6, the field energy is therefore 
increased by E?S6/8x = eE6/2. This energy contribution is introduced 
by the work £6 which has to be performed in pulling away the plate 
against the opposing force of attraction. A comparison of the two 
energy contributions leads immediately to formula (34.1). 


(2) Force on a dielectric in a parallel-plate capacitor. 


We now consider a parallel-plate capacitor between the plates of 
which a dielectric filling (solid or liquid) has been introduced. The 
value of the force with which the substance in the capacitor is drawn 
inward is. not immediately obvious. With the help of the energy 
theorem, however, we can easily calculate it: If the insulator with 
permittivity ¢ already covers an area a of the full capacitor-plate 
surface A, the total field energy is given by 

1 


1 2 


In the increase of a by da the field energy is increased by 
su =" E*6ad 
8x 


provided that during this inserting of the insulator the capacitor 
voltage V (and therefore £) is held constant, as by connecting the 
capacitor to a battery. Since however the charge 


e = E[(A-a) +e] 


also increases, the battery in this case supplies the work 
=. 


6W = V be =" B? bad “he 
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Obviously, only half of this energy contribution is necessary for increas- 
ing the field energy. The other half goes into the work F5x performed 
by the field in the displacement of the insulator in the capacitor through 
the distance 6x against the external force (e.g. a spring) which holds 
the insulator in equilibrium. We therefore have 
e—l_,0a 
F=— fp? 
8x Ox : 
We also have, for the special case of a dielectric liquid drawn into 
a capacitor (height method of determining s), 
e—1 


ao 2 
aa (34.2) 


where q is the top-surface area of the liquid between the capacitor plates. 


(3) Torque on a dielectric ellipsoid in a uniform field. 


As a third example we consider a dielectric ellipsoid suspended at 
its midpoint so as to be free to rotate in a uniform field E,. We inquire 
concerning its equilibrium position in this field. 

This question too can be answered by way of the field energy. For 
this purpose we subtract from the actual field energy U of the system 
including the ellipsoid, the field energy U, of the system before intro- 
ducing the ellipsoid: 


U-Uy = 5 | E.D~ By. Do) ad (34.3) 
We now transform this expression by means of the two relations 
[E-@-Do dv=0O and | BoD.) do=0 (34.4) 


whose correctness we show for the first equation. With E = —grad¢, 
and applying Gauss’s integral theorem to the whole space between any 
possible metal surfaces at hand (boundary surfaces between different 
insulators being here imagined as replaced by continuous transitions), 
we have 


| E.(D—D,) dv = = GpHP.— Pon dS+ i (div D—div D,) dv 
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The second integral on the right vanishes here since in space D and Dy 
both possess the same sources. The first integral also vanishes since, 
on metal surfaces, ¢ is constant and $D,,dS = 4 Do,dS holds there if 
the total charge does not change. With (34.4), (34.3) can be rewritten as 


1 
U-—U, = a D,—E,.D)dv 


Now the integrand here vanishes at all places outside the ellipsoid 
because the same interrelationships exist everywhere between D and E 
as exist between Dy and Ey. Within the ellipsoid, however, we have 
D, =E, and D=éE, so that we have 


=i 
U—U, = = [B.Byao (34.5) 


where the integral is to extend only over the ellipsoid. 

Expression (34.5), valid in the first instance for any arbitrary form 
of insulator, simplifies in the special case of an ellipsoid because when 
an ellipsoid is brought into a uniform field Eo, the field E within it 
remains uniform, as we saw in §30. Therefore, from (30.3) and (30.4) 
for E=E,+E’, we have 


E,= ale = peo = Fo: 
1+yA 1+ 7B (Pe7G 


(34.6) 


where the coordinate axes coincide with the principal axes of the ellip- 
soid, and A, B, C are the depolarization factors given by (30.10). Thus 


we have 
= 2 2 2 
U-—U, = “ee Fox afi Eoy sf Eo, ) (34.7) 


6 1+yA 14+7B 1+ 7C 


From this formula we see immediately that, since ¢> 1, it is ener- 
getically more favourable for the ellipsoid to be in the field than out- 
side it. The ellipsoid is therefore pulled into the field. Further, 
according to (30.10), if a2 b2c, then we have for the depolarization 
factor that A <B<C, and thus, since y > 0, energetically we have the 
most favourable situation when the ellipsoid is oriented with its long 
axis in the direction of the field. If we would like to know the-torque 
experienced by an ellipsoid whose longest axis makesan angle 0 
with the field and whose intermediate axis is held perpexdicular 

~ 
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to the field, we have, in (34.7), to put Eo, = Epcos9, Eo, =0, Eo, = 
Esin@, and we shall have for the torque around the intermediate axis 
(since e—1 = 4zy) 


oU (e—1)*abe C-A De: 

= FO ZG sin 20 
00 24x =(1+yxA)(1+xC) 

We thus find two equilibrium orientations, one for 9 =0, and the 
other for 9=7/2. The first of these, which is also identical with 
0=7, is stable; the second is unstable. 

If there were a substance with ¢ <1, an ellipsoid made of such a 
substance would be expelled from a field. If, however, the ellipsoid 
were constrained to remain in the field, at the same time being free to 
rotate, then, since y < 0, it would as before orient itself with its longest 
axis in the direction of the field. 


§35. General calculation of the force on an insulator in an electric field 


We now wish to investigate the force on an insulator in an electro- 
static field, and we inquire concerning the force fdv exerted upon a 
volume element dv of this medium. We can think of the force density 
here as being expressible either in the form 


1 
f' = (p+ pp)E = (p—div P)E = — EdivE (35.1) 


or in the form 
f” = pE+(P.V)E (35.2) 


in which we start either from the polarization charges ppdv in the 
volume dv, in the sense of (26.2) or (27.2), or we consider the dipole 
moment Pdv of this volume element and use formula (31.6) for the 
force of the field on this moment. 

As two quite different expressions appear equally to be suggested 
for the force density we see that in the setting up of physical quantities 
(such as the force density), which are of the second order in the field 
quantities, we have to proceed very cautiously. For example, let us 
examine critically the term (P.V)E in (35.2). Certainly Pdv = }'p,, in 
which here we sum over all dipoles p, contained in dv. Certainly, also, 
the dipole force on the element dv is equal to the vector sum of the forces 
on all dipoles in dv. But the force on the individual dipoles is by no 
means (p;.V)E. Rather here, as in §26, we have to deal with the 


126 BIII. Force effects and energy relations in the electrostatic field 


“effective” field strength F, and not with the “‘average” field strength 
E. In this connection it has to be observed that in all such product 
quantities of the second order, the average value of a product of two 
functions is not in general equal to the product of their individual 
average values. 

In order to obtain the correct value of the macroscopic force 
density f we make use of the energy theorem, as in §34. For this we 
imagine the material in the field to be in some way moved, and we 
let s(x,y,z) be the displacement (assumed always to be small) of the 
material particle located at (x,y,z). Now obviously s.fdv is the work 
performed in the movement, by the force density f, on the volume 
element dv. Then, since the work performed by the field on the matter 
in all space is equal to the decrease in the total field energy, the energy 
theorem requires that 


D 
[tae Se -a(5- [| E aD) (35.3) 
4n 0 


If it is possible to bring the right-hand side of this equation into the 
form fs.g(E, D)dv, g being a function of the electric field quantities 
and independent of s, then, by comparing the integrands in (35.3), it 
can be concluded that f = g(E,D). 

This conclusion clearly supposes that the material does not move 
as a rigid body with constant speed; for in this case we can reach 
conclusions only with respect to the total force /fdv (which would 
of course be interesting), but not concerning the force density. Nor 
does it suffice for a unique evaluation of f to limit ourselves to the 
special case of incompressible media; in this case we should have 
divs=0, and, since div(s) =sgradw, the gradient of an arbitrary 
continuous function y could be added to f, without thereby changing 
the value of the integral Js.fdv. In order, therefore, to obtain a 
unique f-value, the vector s, a completely arbitrary space-varying 
vector, has to be introduced into the calculations and the required 
variation of density of the material thus taken into account. In order 
to avoid lengthy calculations we shall limit ourselves in the following 
to the case of liquid and gaseous matter. 

Further, for the sake of brevity we consider only insulators for 
which we can write D = cE, « being a scalar permittivity independent 
of the field. Since the field in this case is uniquely~dsfined when 
e(x,y,z) and the charge density p(x,y,z) are given, and when, the net 
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charge on any possible metal bodies is known, we can trace back the 

change of the field energy U from the motion of insulators to the 

changes thus required in e and p. In these calculations we shall for 

simplification imagine the discontinuous transitions of ¢ and p at the 

boundary between different insulators as replaced by continuous 

transitions. We shall speak later of typical boundary-surface forces. 
First, since D = cE, we write U in the form 


In the motion of the material, D changes by 6D, p by dp, and « by de; 

we have therefore 

1 (DdOD 1 (D? 
d 


O& 1 1 
Se || Se ='— 6D dv—— |E’ ded 
ou 4n} ¢ : 8x} ¢ qu al i =| a 


Since E = —grad@ and divD = 4zp, the integrand of the first integral 
on the right can be transformed as follows: 


ESD = —div($5D)+¢div4D = —div(¢ 5D) +42¢ dp 


Since with Gauss’s theorem the volume integral over div(¢6D) 
can be transformed to an integral over the infinitely distant surface 
and over any possibly existing metal surfaces—and thus vanishes— 
we obtain for the change 6U in the field energy 


ésU = | dp doz [EP dedv (35.4) 


We have now to find the relationship between the change of p and 
e and the given displacement s of the material. In this displacement 
there passes through a surface element dS fixed in space and with 
normal direction n, a quantity of electricity ps,dS, bound together with 
the matter. Thus for a volume fixed in space we have the relation 


[% dv = fs AS = - [iv (ps) dv (35.5) 


the last because of Gauss’s theorem. In working with a small volume 
element we therefore obtain 


6p = —div(ps) (35.6) 
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An analogous formula holds for the change of the mass density o of 
the substance: 
6a = —div(os) (35:7) 


Within an incompressible medium (o =const) this equation would 
actually lead to divs=0. 

In the calculation of de we limit ourselves to the assumption, 
certainly true for liquids and gases, that « is a unique function of the 
density o. With (35.7) we then have 

de 


o 


fe 
da 


With this and with (35.6) we obtain from (35.4) that 
il d 
5U = — | bdiv(ps) dv+— | E? —div(as) dv 
8x do 
Now we make use of Gauss’s theorem twice, writing 
¢ div (ps) = div (gps) — ps grad @ 
E? ee div(os) = div{ E? ue os \—os grad E? te 
do do do 
Thus the integrals over the infinitely distant surface and over the metal 


surfaces (assumed to be at rest) vanish and there remains, since now 
in both terms s comes out as a factor 


50 Sir oer | ee lap 
8x do 


We have thus actually found an expression having the form of the 
work integral in (35.3), and from it we can immediately obtain the 
force density f: 


o de 
f = pE+— grad( E? — 
p ese (x z) (38.8) 
d ; 
Since grade = ass grad a, we can also write this in the form 


do 


1 1 dé 
{= ph 2 as a pe acaba 
p ae grade+ Sn grad ( ye a) — 


We wish now to examine this expression. “he 
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The first part of f in (35.8) and (35.9) gives the known force on the 
true charges. 

The second part of f in (35.9) is effective where ¢ varies in space; 
in particular, at an insulator-vacuum boundary surface it furnishes a 
force perpendicular to the surface, urging the latter into the vacuum. 
Thus it is also responsible for the force calculated in the second example 
of §34—the force with which a homogeneous dielectric, e.g. a glass 
plate, is drawn inside a parallel-plate capacitor. In this case the force 
contributions on the upper and lower sides of the capacitor act in 
opposition and there remains over only a part from the side face of the 
plate in the capacitor. Since E here is parallel to the boundary surface 
and thus has the same value inside as out, the volume integration over 


the second part of the force in (35.9) in this case gives “84, where 
Tt 


q is the area of the side face. This agrees exactly with the value (34.2). 

Finally, the third part of f in (35.9), as a gradient, leads to no 
resulting total force on the dielectric—for, the volume integral formed 
with it can be transformed to a surface integral over a surface lying 
external to the dielectric, where o vanishes. It does however become 
of decisive significance whenever a change of form or volume of the 
dielectric in an electric field comes into question. We shall occupy 
ourselves with such questions in §37. 

Before this, however, we wish by means of (35.9) to calculate the 
force exerted on a region of matter of finite size as a consequence of the 
force density f. We shall thereby become acquainted with a remark- 
able property of the electric force which is characteristic of the 
Faraday-Maxwell field theory. 


$36. The Maxwell stresses 

According to Faraday and Maxwell, there are no action-at-a- 
distance forces; instead, all force actions are transmitted in a continuous 
way from one body to another through the electromagnetic field. For 
an elastic material under stress the concept of a continuous (field-wise) 
transmission is entirely familiar to us. Now in a similar fashion 
Faraday regarded the seat of the electromagnetic force action as a 
peculiar state of stress in the space occupied by the electric or magnetic 
fields. 

Let us imagine a system in electrostatic equilibrium, divided into 
two parts 1 and 2 by a closed surface S. Then, according to the 
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Faraday concept, the total force which is exerted on 1 by 2 must in 
some manner or other pass through the surface S. It should be entirely 
immaterial whether a part or even the whole of the surface passes 
through free space. 

The rigorous development of this concept was given by Maxwell. 
He showed that the total force-effect F=[|fdv on part 1 can be re- 
presented as surface forces acting on the boundary S of this part. If, 
as in $14, we designate with T,dS a force which shall act on a surface 
element dS of this boundary, with outward-drawn normal n, then, 
according to Maxwell, it is possible to find a function T, which depends 
only on ¢ and the field quantities at the location of dS such that 


F= | fdv = it, dS (36.1) 


The transformation is furnished by Gauss’s theorem when it is possible 
to represent the components of f in the form of a divergence—for, by 
(14.4) the x-component, for example, of equation (36.1) can be written 
in the form 


F,= {pT ee (linge Ue. n,) dS 


OTL. Chen l 
= eg Es ee |) 36.2 
{( ox dy 2 z) pa 
We accordingly look for quantities T,,, T,,, T,, such that we have 
Ol, Ol amar. 
= xx x zx 36.3 
i=, * oy RE Ge) 


Corresponding relationships must also then hold for the y- and z- 
components of f. 

In order to give expression (35.9) for f, the form (36.3), we write 
for the first part of f. 


1 il 1 
| oe ae ivD = —di ee 
pE, = 7 E,.divD Te div (E, D) fe: DegradE, (36.4) 


and for the second part 


1_,a 14 ic Nel 
€ & Shay ; 
—— E? — = —— —(cE’)+—E_— ™ 
8x Ox 8x Ox ce ae ax Reo? 
awe 


2h 


§36. The Maxwell stresses 131 


Since E is irrotational, the last term here is identical with zE grad E,., 
Te 


and thus in the expression for f, it cancels with the last term of (36.4). 
For the force density we therefore obtain the desired form 


po [eBk_E'(,_ de.) , 0 [oE.B) , 0 [0B E, 
~ Ox) 4x 8x do dy| 4x “ap 4n 


and from this the component matrix of the Maxwell stress tensor 


E? d 
1E2-5 (0-0) eb, E, cE, E, 
T= Pee de 
=F cE, E, Ey > Sean eh (36.6) 
! E? de 
bE, E, i sk, E, su} (e-Z2) 


For the special case of a surface element in vacuo this matrix 
assumes the simple form 


EZR EE, © bake 
E,E, E2-3E? £,E, (36.7) 
E,E,  E,E, §E2—4E? 


It is noteworthy that the first-assumed force densities f’ and f” of equations 
(35.1) and (35.2) can in like manner be represented as the divergence of stress 
quantities T’ and T’, and that these tensors for a vacuum agree with the vacuum 
value T of the Maxwell stress tensor. If, therefore, we ask for the total force on 
an arbitrary body in an electric field, we can calculate with each of the integral 
expressions of the chain of equations 


F= [tao = [ra = [rrao 2 dT ,ds (36.8) 


I 
fT 
| 


so long as in the last integral one of the closed surfaces encloses the entire body. 


We can elucidate the stress field given by T in the following way. 
We imagine a certain surface element, and we lay out the coordinate 
system so that the n-direction of the surface element coincides with the 
positive z-direction, and the E-vector lies in the xz-plane (figure 30). 
Designating the angle between the surface normal and the field strength 
by 0, we now have for the components of the field strength 


E, = Esin®@ E, =0 iig=— Ecos 0 (36.9) 
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and, from (36.7), for the components of the surface force 
2, 

i= ee sin 20 T, 
8x 


zy — 


FE? 
0 T,,=~-cos20 (36.10) 
87 


The magnitude of the surface force is therefore equal to E?/8x, in- 
dependent of the orientation of the surface element with respect to the 
field. The force itself lies in the plane determined by E and n and, as 
shown in figure 30, forms with E the same angle as E forms with the 


Fig. 30.—The angle between the Maxwell surface force Tn and the normal n 
is bisected by the direction of the field strength E 


normal direction n. If, as a special case, E is perpendicular to the 
surface element, this also holds for the T,-vector; we then have a pure 
tensile stress. When, however, E lies in the plane of the surface element, 
T,, is perpendicular to the surface element, but is directed oppositely to 
the n-vector and therefore acts as a pure pressure. 

We illustrate these facts of the case by considering the force which 
two equal point charges exert on one another for the case where the 
two charges have the same sign (repulsion) or opposite sign (attraction). 
Let both the charges lie on the x-axis, one at x = +a and the other 
at x = —a. As volume part No. | in our system we consider the semi- 
infinite space x <0, bounded by the yz-plane and an infinitely distant 
surface. On this latter surface no stress acts since, at large distances 
from the origin, the T-components go to zero at least like 1/r*+. There 
remains only the force effect transmitted across the plane of symmetry. 

For equal charges (e, = e, =e), according to figure 3la, the field in 
the plane of symmetry is everywhere parallel to the surface; there is 
therefore a pure pressure stress exerted by the right-hand charge on 
the left-hand semi-infinite space, and therefore on the left-hand charge. 
For a point at a distance 6 from the axis, we have E = 2eb/r?, and 
therefore |T,| =e7b?/2nr°. Thus, since dS =2nbdb and r* =a?+b? 


n Zipee e2 
a —— 5 1d (b?) = — wa 
\, 2n(a* + b*)? sat) 4a? y ™ ~ 
corresponding to the Coulomb repulsion. = = 
és 
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For equal but opposite charges (—e, = e, =e) the field lines, accord- 
ing to figure 315, are everywhere perpendicular to the median plane; 
we therefore have pure tension. Indeed, E = E, = 2ea/r*, and there- 
fore |T,,| = e7a?/2nr°. We therefore again find the Coulomb force 
co e*a* e* 
a 2) 
( 2n(a? + b)? noe 4a? 
but now, however, as a force of attraction. 
Finally, let us give a simple example in which typical surface-force 
effects can be handled with the help of the Maxwell stresses. In the 
foregoing work, by way of simplification, we have imagined dis- 


So 


Fig. 31.—Repulsion of point charges of like sign, and attraction of charges of 
unlike sign, described by the Maxwell stresses transmitted across the plane 
of symmetry 


continuous transitions between different media as having been replaced 
by continuous transitions. If now, however, we ask somewhat specially 
about the force action of the charges residing on the boundary surface 
(on a metal surface, for example), we must then by some means remove 
this simplifying assumption of a broadened transition. We accord- 
ingly ask about the total force on a small region of volume having the 
shape of a flat cylinder whose base surface and top surface, each of 
area dS, lie respectively below and above the medium boundary or 
transition zone. The height of the cylinder is small compared to the 
linear extension of dS. Now this force, according to Maxwell, can be 
calculated from the stresses on the base and top surface of the cylinder, 
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while the contribution of the side surface can be neglected as a small 
quantity of higher order. Designating the values of the field quantities 
on the base and upper surface by the subscripts 1 and 2 respectively and 
choosing the direction of the vector normal to be from 1 to 2, we obtain 
from (36.2) and (36.6) for the force on the cylinder 


[ae = is} [e, E,(E,.n)—¢, E, (E,.n)]— 
Tt 


ol de 5 de 
-# {8 (:-Zo), —E} (:-e) | (36.11) 


The factor multiplying dS can therefore be designated as the force on 
unit area of the boundary surface, in which we can now without 
difficulty replace the continuous transition by one that is abrupt. 
Applying equation (36.11) to the simple case of a metal in a vacuum, 
we have inside the metal that E, = 0. We know further that the external 
field E,=E is perpendicular to the metal surface; and e,=1. We 
then obtain for the force on unit area of the metal surface the value 


[BE -n)— 2B, which, since E=4zqn, can also be written in the 
7 ’ 8x 


form Eq/2, in which @ is the density of the surface charge. The 
emergence of the factor 4 comes about, as in the first example of 
§34, from the fact that with respect to the field E existing on the 
surface, only 4£ is to be regarded as the field contribution of the net 
charges of the system, while the charged metal surface itself produces 
on both sides a field 2nw =4E; this field in fact combines with the 
field contribution of the net charges outside the metal to give E, while 
cancelling itself inside the metal, but naturally it furnishes no force 
contribution on the surface. 


§37. Electric force effects in homogeneous liquids and gases 


If an electric field be produced within an uncharged dielectric, the 
resulting electrostatic forces will produce a displacement of the in- 
dividual parts of the medium with respect to one another. This gives 
rise to elastic counter-forces. The motion ceases when these two forces 
hold each other in balance. The phenomenon in which, in the manner 
indicated, elastic stresses and changes of shape take place in. 4a un- 
charged insulator is called electrostriction. Dy 

In liquids and gases in equilibrium there is only one kind” ead 
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stress, namely the pressure p, equal in all directions. If this varies with 
position, a force —gradpdv acts on a volume element dv in con- 
sequence of the pressure change. In equilibrium this pressure force 
must be counterbalanced by the electrostatic force fdv calculated in 
§35. Thus in an uncharged liquid (9 =0), on account of (35.8), the 
condition for equilibrium is 


1 dé 
Tada = 
og (F =) grad p= 0 (37.1) 


We consider o to be expressed as a function of p through the equation 
of state of the medium. Equation (37.1) can then be written in the form 


the expression in brackets having the same value everywhere in the 
liquid. Comparing two locations designated by 1 and 0, we have 


Pidp 1 (3) (%),| 
SEE 2 | (37.2) 
{4 = ™(Z), °\do Jo 


If the contributions E, and E, of the field strengths are given, then 
(37.2) furnishes a relationship between the pressures p, and po. 

We first apply this formula to the case of a tenuous gas. We wish 
to investigate the extent to which the gas pressure in an electric field 
E, =E between, say, the plates of a capacitor, differs from the pressure 
Po in a field-free space (Ey = 0). From the equation 


(M = molecular weight, m =the mass of an individual gas molecule, 
R= the gas constant, and k = Boltzmann’s constant), it follows for the 


left side of (37.2) that 
[ dp = kT ieagex 


Po o m Po 
For a gas that is not too dense, we have further (see equation 26.11) that 


e—1 =4ny = 4nna = 4n00/m (37.3) 
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in which n = a/m is the number of gas molecules per unit volume, and 
a is the polarizability of a single gas molecule. We therefore obtain 


aE? 
- = exp (Fr) (37.4) 
i) 


We could, incidentally, have derived this formula in an entirely different 
way, directly in conjunction with formula (31.9) for the electrical energy 
of a dipole p = aE produced by the field E; since its energy is equal to 
—1aE?, equation (37.4) represents nothing more than the well-known 
formula for the barometric pressure as a function of height: 


in which the potential energy (gh) of the gas molecules in the gravita- 
tional field takes the place of the electrical energy (—4aE7). 
Equation (37.4) permits a rough estimate of the order of magnitude of pressure 
change produced by electrostriction. If gas molecules are conceived as small con- 
ducting spheres of radius a ~ 10-8 cm (the molecular radius), then from (26.6) 
we can say approximately that « = a3 ~ 10-24cm3. In a field of 3 x 107 V/m, 
corresponding to E£=1000CGS units, with k = 1:38 x 10-16erg/deg, and 


T = 300°K, the exponent in (37.4) is approximately equal to 10-5, It is always 
therefore a very small effect and great care is required in its measurement. 


For liquids, we have to proceed somewhat differently. So long as 
we remain wholly within the liquid we can employ equation (37.2), in 
which, to a good approximation, we can assume that o is constant. In 
this case, therefore, when we again take E, = E and E, =0, we have 

de 
P—Po= i qo? (37.5) 

At the boundary surface of the liquid, however, we have to deal with 
a rapid transition of the density o from its value inside to the value zero 
outside. Here, therefore, we shall revert to equation (36.11) which 
represents the electrical force on a thin surface layer, and we shall 
equate its value per unit area at equilibrium to the pressure difference 
between outside and inside. 

By way of illustration, we examine the arrangement shown in figure 
32. Between the plates A and B of the charged capacitor partially im- 
mersed in liquid, the latter has the pressure p given by (8%5), when the 
pressure in its field-free part is pp. For the exposed surface of the liquid 


8 
“ 
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in the capacitor, at which E, = E, = E are perpendicular to n, we have 
from (36.11) the relationship 
1 de 
'—p=—E?|{e-1-— 
SP ams (: ae “) (37.6) 
Equilibrium therefore exists between the external pressures po and p’ 


on the one hand, and the internal electrical forces on the other, when the 
equation 


P!— Po =—E? (37.7) 
holds. This result is in agreement with equation (34.2); our present 


consideration, however, permits a deeper view into the activity of this - 
force effect, i.e. into the spatial distribution of the force density. 


Fig. 32.—For the calculation of the pressure relations in a dielectric liquid 
in which a charged capacitor is partially immersed 


Finally, we consider the force action of the liquid on the capacitor 
plates. Here the following particular problem faces us: When the 
charged parallel-plate capacitor is in vacuo, one plate of the capacitor 
experiences from the other a force }wE, per square centimetre (with 
w =e/S = E,/4nz). If now we immerse the capacitor in the liquid while 
keeping the total charge constant, the force of attraction diminishes 
(as we can conclude from the energy considerations of §34), being 1/e 
of its former value. How is this fact to be understood? 

The field strength E in the liquid is indeed ¢ times smaller than 
previously in vacuo (Eo = &E); at the location of the metal plate, how- 
ever (where the charges reside) its value has in no way changed. The 
force exerted on the charges of the plate is therefore, as before, given 
by }@E, = E2/8x. The reduction of the force acting on the plate comes 
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into existence through the additional pressure action of the liquid in 
the field. It follows actually from (36.11), if we designate by 1 the 
interior of the liquid and by 2 the boundary between the liquid and the 
metal plate, with E, = E, E, = Epo, &,;=8, &,=1, that 


" — 1 Pa 2 23 de 
p p= q(#8 cg Beeps? (37.8) 


so that from (37.5), the pressure p” on the metal plate differs from the 
external pressure py by 


" = i 2 2 
P —Po= g, Fo &E*) (37.9) 


The net force acting on the plate is then obtained by subtracting this 
pressure from the Coulomb force E3/8z on the charges. In this way we 
arrive at the correct value for the net force cE?/8n = E2/8ne as given 
by the energy principle. 


a ne 


et 


Electric 
current 
and 

the 
magnetic 
field 


CHAPTER CI 
The Laws of the Electric Current 


§38. Current strength and current density 


Of the equations which we have used to describe the electrostatic 
field there are several which will remain valid for more general electro- 
magnetic processes. These are: the relation between the divergence of 
D and the electric charges 

div D = 4zp (38.1) 
the expression for the dénsity of electrical energy, and the relation 
between the two vectors D and E. Two relations belong exclusively to 
electrostatics; they are 


=-—grad@ and ¢=constant in conductors; 


in other words E is irrotational (vortex-free), and E vanishes inside 
homogeneous conductors of electricity. 

We wish now to give up the latter of the above two requirements in 
that, say, experimentally we join with a metal wire the two plates of a 
capacitor charged to the potential difference $, —¢,. Immediately after 
completion of this connection the potential in the wire is certainly not 
constant, since on its ends it possesses the values @, and @,. An electric 
field therefore exists in the wire and the condition for electrostatic 
equilibrium is no longer fulfilled. Actually the two charges —e and 
+e of the capacitor tend to neutralize one another through the wire. 
Equilibrium is not again established until the charges of the capacitor 
and the field have vanished. During this equalization a current of 
strength J flows in the wire, i.e. in one second a quantity of electricity J 
flows through a cross-section of the wire. Corresponding to this 
definition, the current strength is equal to the time decrease of the 
capacitor charge: iE 


| 
dt 


That during the change of the capacitor charge with time there is 


something actually going on in the wire can be inferred because a heat 
141 


(38.2) 
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development takes place in the wire, and in its neighbourhood a 
magnetic field exists. The appearance of the magnetic field represents 
a complication in the process which, in its full generality, we shall 
handle only in later chapters. So long as the current strength / is 
constant, the magnetic field which it generates does not change. Hence, 
up to a certain point, we can deal with the laws of steady currents 
(ie. currents which do not vary with time) without taking account of 
the accompanying magnetic field. In our example we can, to be sure, 
only approximate to the condition of a steady current—by making the 
resistance of the wire and the capacitance of the capacitor both as large 
as possible. The realization of a truly steady current is not possible by 
purely electrostatic means. This is only to be achieved by artificially 
stabilizing the potential difference of the capacitor plates by means of 
appliances such as voltaic cells, storage batteries, or thermocouples— 
devices which are foreign to electrostatics. We shall return to these 
devices in later sections. 

Along with the current strength J we introduce the current density g. 
It is defined as a vector whose direction is the same as the direction of 
the transport of the electricity in the conductor and whose magnitude 
is established by the fact that g,dS is the quantity of electricity which 
in one second goes through the surface element toward the side given 
by the normal vector n. We therefore have 


I= | g,4S (38.3) 


integrated over the cross-section of the conductor. 

Experimentally, electric charge can be neither created nor annihilated. 
Therefore, an electric charge can change with time only by the flow of 
acurrent. We accordingly have for the equation of continuity of charge 


d 
“({e iv) = tbs, dS (38.4) 


If, using Gauss’s theorem, we transform the surface integral into a 
volume integral, we then pass from the integral form (38.4) of the 
equation of continuity to its differential form 


Bp 2 Pa 
oP = = div wae (38.5 
Ai : nf ) 
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which we have already used in the form (35.6) in the derivation of the 
force density in the electrostatic field from the field energy. 

In particular, for a continuous current it follows from the equation 
of continuity that divg=0. In this case, moreover, the same current J 
must flow through every cross-section of the wire. And finally, for 
branching of the current (see figure 33) we have Kirchhoff’s law 


I=I1,+1, 


Up to now we have considered the motion only of the true charges. 
In addition to these, however, according to §26 polarization charges 


can also exist, being given by pp = —divP inside a dielectric, and by 
I aa a Pith 


ao Q 
Fig. 33.—Kirchhoff’s law for current branching 


®p=P, on the surface. Since P,dS was defined as the total charge 
which, in the polarization of the medium, passed through dS in the 
direction of n, it is suggested that in the steady change of the state of 
polarization a polarization current density 


Sp = (38.6) 


be introduced, in analogy with the true current density g. Clearly, gp, 

together with the charge density pp, also satisfies the equation of 

continuity 

Opp : 

—— — diy 38.7 

at Sp (38.7) 
From equation (38.5) we can now obtain a basic result which is 

important for the further development of the Maxwell theory. If we 

differentiate (38.1) with respect to the time, we find, in combination 

with (38.5) that 


(38.8) 
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is divergence-free; for this we always have div c = 0 inside, and c, 
continuous across boundary surfaces. Through the displacement current 
@D/ét the conduction current g is supplemented, giving a source-free 
total current. A simple illustration of the foregoing is given here by a 
parallel-plate capacitor short-circuited by a wire: The conduction 
current / flowing in the wire stops at the plates of the capacitor. Since 
however in the discharging of the capacitor the electrical displacement 
D = 4nq@ changes (@ being the charge density), there exists in the space 
between the capacitor plates a displacement current of total strength 
1 dD S= dw ones de 


4n dt dt dt 


Thus in the transfer of the charge e from the negative to the positive 
plate, this current, together with discharge current J flowing in the 
opposite direction, forms a source-free current circuit. 


Remarks: In the MKSA system the equation of continuity retains the form 
(38.5). The formulae for the density of polarization charge and the polarization 
current are similarly unchanged. Only the expression (38.8) for the total current 
requires changing: 
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§39. Ohm’s law 


According to Georg Simon Ohn, in all solid and liquid electrical 
conductors, the strength J of a steady current passing through a 
conductor is proportional to the voltage V applied: 


=— (39.1) 


The constant of proportionality is called the resistance of the conductor; 
it depends only upon the material and its dimensions.* For example, 
we have for a cylindrical wire of length / and cross-section qg 


=. (39.2) 


* Owing to the rather complicated relationships attending the passage of electric currents through 
gases, we must postpone the development of these relationships to the third voluméMApparently 
complicated relations also appear in resistance measurements in solid and liquid.enductors if the 
temperature of the conductor is not carefully held constant. This is due to the strong, temperature- 
dependence of the resistance and to the Joule heating which is always present. 

Va 
‘~ 
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where the quantity o depends only upon the wire material. The 
quantity o is called the conductivity and 1/o the specific resistance or 
resistivity. The resistivity is equal to the resistance of a cylinder of 
length lcm, and cross-section 1cm?. Applying equation (39.1) to this 
cylinder, for isotropic substances we obtain as the differential form of 
Ohm’s law, in vector formulation, 


g=0E (39.3) 


The current density here is proportional to the magnitude of E; it also 
has the same direction as E. 

For anisotropic solids (e.g. crystals or elastically stressed materials) 
the conductivity depends in general upon the direction of the current 
flow. The conductivity o is then not a scalar but a symmetric tensor, 
and (39.3) is to be read as a tensor equation in which the vectors g 
and E are in general no longer parallel; rather, we now have for CR, 
for example 

9x = 0,,E,+0 E er be 


ayy 


with analogous expressions for g, and g,. In the following, however, 
we Shall limit ourselves to isotropic substances. 

From equation (39.3) the integral form (39.1) of Ohm’s law can be 
concluded, that is, for arbitrary arrangements and forms of the con- 
ductor—for, owing to the linear relationship between the current 
density and the field strength, an increase of E by a factor F leads to a 
like increase not only in g but also in V and J, whereby the proportion- 
ality of these two quantities is maintained. 

Thus there remains only the occasional problem of determining the 
magnitude of the resistance. In the most commonly met case, that of 
stationary currents, we can calculate the E-field from the laws of 
electrostatics. However, we no longer have ¢ constant within the 
conductors; rather, the field in the conductors has first to be calculated. 
In the stationary case this field in the conductor is vortex-free; and, 
because of the equation of continuity (38.5) as well as the assumption 
of a stationary current (dp/0t = 0), we must have that 


div g = div(cE) = 0 
everywhere inside the conductor, while on the boundary surface of the 


conductor g, =oE, is continuous. In particular, on boundary surfaces 
bordering insulators (e.g. a vacuum) g, and also therefore £, must 
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vanish; the field strength on such boundary surfaces must therefore 
be purely tangential. (Otherwise, owing to the finiteness of the g, 
component, electric charges would be brought to the surface until, in 
consequence of the additional field produced by these charges, the 
normal component of the total field would vanish. Such surface 
charges are, for example, the reason why in all current-carrying thin 
wires, however bent, the E-field in the wire always has the direction 
of the wire.) 

Owing to the great difficulties in the solution of the electrostatic 
problems encountered, a complete calculation of the resistance is 
possible for only a few simple forms. We carry out such calculations 
in three examples: 

In thin wires, owing to the surface requirement, the E-field has the 
direction of the wire axis and, since curlE =0 or E= —grad4@, it is 
always constant over the wire cross-section g. The same holds for the 
current density g, so that we have J=qg =qoE. Since, further, for a 
stationary current, J has the same value for every wire cross-section, we 
obtain for the line integral over the field strength, taken, say, along the 


wire axis, 
V= [B-ae = [Eas = 6 
qo 


so that for the resistance R, because of (39.1), we obtain 


R= KE (39.4) 
qo 


For a straight cylindrical wire this formula clearly agrees with (39.2). 

In a coaxial cable the current-carrying parts consist of two coaxial 
cylinders, the inner having radius a,, and the outer having an inner 
radius a,; and, of course, a, >a,. Between the cylinders there is a 
layer of insulation of very small but still always finite conductivity. In 
order to determine the resistance of this insulation we neglect the ohmic 
potential drop in the metallic conductors in comparison with that in the 
insulator which is incomparably larger. In the space between the con- 
ductors, then, there is the same field distribution as in a cylindrical 
capacitor. For the radial field we have 
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and therefore for the current strength through a portion of the cable 
insulation of length /, 


I= 2arlg = 2arlcE = eerlolas 
ee er In(a,/a,) 
The required resistance is equal to 
= In (a2/a,) 


2nlo 


Let a current be led by means of a well-insulated conductor to a 
metallic sphere of radius a, from which sphere the current can flow 
off through a surrounding medium of infinite extent (“grounding”). In 
the vicinity of the sphere we have to reckon with the Coulomb field 


22) 
E=-— v={ Edr 


a 


We shall then have 
I = 4nr’cE = 4ncaV 


so that in this case we obtain for the resistance to ground 


1 


4nca 


We wish now briefly to occupy ourselves with the question of the grounds for 
the validity of Ohm’s law. Obviously the transport of true charges is effected by 
the motion of atomic charge-carriers (e.g. electrons in metals; ions in electrolytes). 
In this case the current density is given by 


g = Lerve (39.5) 


in which the summation is to be taken over all partickes which, in one second, 
pass through a surface perpendicular to g having an area of 1cm?. Since these 
particles move in an electric field they would be continuously accelerated if they 
did not at the same time (according to Drude) collide with other constituents of 
matter and thus give up again to these the energy they obtained from the field. 
This process can be treated formally as if the charge carriers move in a viscous 
medium having large frictional resistance and thus (according to Stokes) possessing 
a velocity which is proportional to the effective force. With ve ~ E we have from 
(39.5) that g is also proportional to E, and this is just the statement of Ohm’s law. 
As to the calculation of the constant of proportionality met with here, i.e. the 
electrical conductivity, this is a subject with which we shall be occupied in the 


third volume. 


Remark: Ohm’s law in the MKSA system retains the form it has in (39.1) or 
(39.3). In the MKSA system, however, resistance and conductivity are measured 
in different dimensions from the Gaussian system. While in the latter the total 
resistance has the dimension of a reciprocal velocity and the specific resistance that 
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of a time, i.e. I/o is to be measured in seconds, the MKSA system leads to a new 
typical resistance unit, namely, 1V/A = 1 ohm (). Corresponding to the con- 
version factors for voltage and current strength there is a CGS resistance unit = 
9 x 1011Q, and therefore the measure numbers of resistances in MKSA units have 
to be divided by 9 x 1011, and the measure numbers of conductivity to be multiplied 
by 9 x 1011 in order to arrive at the corresponding values in the Gaussian system. 


§40. Joule heating 


As indicated in §39, carriers of charge in their motion through a 
conductor continually lose energy, be it because of their collisions with 
other constituents of matter, or by processes summarized under the 
heading of frictional resistance. This energy reappears in the form 
of Joule heat in the current-carrying conductor. 

We first elucidate this assertion with the example of the discharging 
of a capacitor of capacitance C through a resistance R. If this dis- 
charging does not take place too quickly, it will be determined by the 
equations 

e=CV -—=/= 


having the solution 


Thus voltage, charge, and current decay exponentially, the quicker, 
in fact, the smaller are C and R. As an example, for a capacitor of 
capacitance luF =9 x 10°cm discharged through a resistance of 1Q, 
RC=1x107%s. Thus in 10~°s the capacitor is discharged to l/e 
of its initial value. 

With the decay of the capacitor charge, the electrical field energy 
of the capacitor diminishes according to the relation 


CV eve Qt 
pe ee) 


2 2 RC 
Thus in one second the part 
du 2g a . 
=") = Rea TR 2 ee (40.1) 


of the field energy disappears by being converted to Joule heat. In the 
time dt the charge Idt passes through the voltage drop V_within the 
conductor, thereby giving up the liberated potential epergy 1V dt as 
heat energy in the wire. ca 
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In an analogous way, in equilibrating processes taking place so 
slowly that the E-field can at all times be calculated according to the 
laws of electrostatics, the Joule heat can be obtained from the time 
rate of change of the electric field energy. From (35.4) we have for 


matter at rest 
dU =|¢ op dv 
dt Ot 


Thus, on account of the equation of continuity (38.5), we obtain by 
integration by parts 


dU : 
“ite | esiveds = - [a-erad = [ena 


Here, therefore, in unit volume and unit time the energy 


2 


fr = é = oF? (40.2) 


is transformed from electrical energy into heat. 

A further example in the calculation of Joule heat will be considered 
at the end of the following section. Only in §54, however, will we be 
able to give the general foundation of Joule’s law from the complete 
set of Maxwell equations. We shall show that of the three equal 
quantities (40.2) in the example just considerec, g?/o in particular 
represents the Joule heat liberated per second in unit volume. 

Remark: The Joule heat is also given in the MKSA system by /2R or g2/c. 


Now, however, the power is obtained, not in erg/s or erg/cm3s, but in watts (W) 
or W/m3. Thus, we have 1W = 1 x 107erg/s. 


§41. Impressed forces. The galvanic chain 


In the work of §§39 and 40 we always started with the idea that the 
motion of charge carriers in conductors, and thus the flow of electric 
current, was produced solely by the electric field E. Now there are 
however other non-electrical ‘“‘causes” by which a current can be made 
to flow through a conductor. We call such a cause an “impressed 
force”. If, formally, we write this as the product eE® of the carrier 
charge e involved, and an impressed field strength E© herewith defined, 
we can take this field strength into account in Ohm’s law, for example, 


through the expression 
g = o(E+E) (41.1) 
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In order to make the introduction of the quantity E© better understood 
we shall consider several examples. 

Let there be a variation of concentration within a dilute aqueous 
solution of a strong electrolyte (e.g. HCl). A diffusion process will then 
set in with the tendency of smoothing out the variation of concentra- 
tion. Now the electrolyte is practically completely dissociated into Be 
and Cl~ ions which diffuse independently of one another. The mobility, 
and therefore also the diffusion velocity of the H* ions is, however, 
much greater than that of the Cl” ions. The consequence is an electric 
current in the direction of diminishing concentration, since more ee 
ions are set in motion toward the places of lower concentration than 
Cl- ions. We recognize the motion of diffusion here as the origin of 
an impressed force, and therewith of a finite E®, This current now 
produces a positive charging of the dilute portions of the solution and 
a negative charging at the positions of concentration, and thereby 
gives rise to an electric field of such direction as to inhibit further 
diffusion of the H* ions, and to accelerate the Cl” ions. Finally, a 
state of equilibrium is reached in which, by means of the E-field, the 
difference in the diffusion velocity of the two kinds of ions is exactly 
cancelled. We then have the state of zero current, designated from 
(41.1) by E+ E® =0. 

Between the vectors E and E® there exists the following funda- 
mental distinction: E® is present only in the interior of the electrolyte, 
and indeed only at places where a concentration gradient different from 
zero exists; in the surrounding vacuum or in dielectrics E is always 
zero. By contrast, the E-field, according to the laws of electrostatics, 
exhibits itself also in the external region; and thus for any arbitrary 
closed curve we have $E.dr=0. The correspondingly constructed 
path-integral E®.dr can, however, vanish only when, first, E® can 
be written as the negative gradient of a potential function ¢, so that 
we can speak of an “impressed potential difference”; and second, 
when the path of integration lies wholly within the electrolyte. 

We wish to supplement these considerations with an essentially 
formal observation. Let n* be the number of H* ions and n™ the 
number of Cl~ ions in 1cm?, n* and n~ being functions of position. 
Further, let D* and D~ be the respective diffusion constants, B* and 
B™ the mobilities, and +e and —e the charges on the twq.kinds of 
ions. In general, the diffusion constant D and the mobility B of each 
kind of particle, of density n, are so defined that — Dgradn gives the 
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number of particles which, per second, go through an area of lcm? 

perpendicular to the direction of gradn, while BF gives the velocity 

with which a particle under the action of the force F moves through 

the liquid. The motion of the H* ions thus leads to an electric current- 

density g* and that of the Cl~ ions to a density g~ given by 
g* = e{—D* gradn* +n* Bt cE} } 


41.2 
ea —e{—D~ gradn™ —n~ BeE} ii?) 


We therefore have for the total current density 
es re” 
= —e(D* gradn* —D~ gradn~)+e?(n*Bt+n-B-)E (41.3) 
We can write this relation in the form (41.1) if we introduce the con- 
ductivity o (a function of. position) given by 
o = e*(B'n'+Bn_) 

and an impressed field strength E© defined by the relation 
D* gradn* —D~ grad n7 


— (41.4) 
Btn*++Bon 


eR = — 


The equilibrium state is reached when g* and g~ both vanish: 
D* gradnt =n*BteE D~ gradn” = —n Be 
Since E= —grad@, these equations can be immediately integrated 
giving ’ 
Bted x Bre 
pF ) n~ =const x xp( +) (41.5) 


i — const x exp(- 


Since, according to statistical mechanics (see the barometric-height 
formula) the exponents here must be equal to the negative quotient 
of the potential energy +e¢ of the particle in the E-field by the 
product kT (with k =Boltzmann’s constant = 1-38 x 107 *°erg/deg, 
T = absolute temperature), the Einstein relation 

D* D> 


ee 
Bt B 


can be concluded from (41.5). From (41.4) we therefore obtain for the 
impressed field strength 
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kT B* gradn* —B™ gradn7 
Ca ee 41.6 
£ e Btn*+Bon7 oR) 
If, as in HCl-electrolytes, B* > B~, and if everywhere there is approxi- 
mate electrical neutrality ({n* —n™ |< n* =n), equation (41.6) simpli- 
fies to 


he! = == 


kT gradn 
e on 


kT 
and therefore @° = = In n+constant 


Between two points in the electrolyte with concentrations n, and n, 
we therefore have an impressed voltage 

yo =|. E®.dr = po— p= Se Tig 
1 e "2 

The order of magnitude of this voltage can be obtained by means of 
an arbitrarily chosen numerical example. With In(m,/n,)=1, ive. 
n,/ny=2-7, T=300°K, e=e9=48x107*°CGS units, we find 
v© =8-6 x 10-°CGS units = 0-026V. 

Another example of the emergence of an impressed force is furnished 
by the contact of a metal with an electrolyte. If, for example, a copper 
bar is immersed in a dilute solution of copper sulphate, first a small 
amount of copper in the form of Cu** ions goes into solution. A 
small electric current thereby flows from the copper into the electrolyte. 
Here the solution pressure of the copper gives occasion for the existence 
of an impressed force. The current comes to a standstill when it has 
produced a negative charging of the copper and a positive charge in the 
solution such that in the immediate neighbourhood of the copper an 
electric field directed toward the copper exists. In equilibrium this field 
strength just compensates the impressed force of the solution pressure. 
Then, since E+E =0 between the interior of the metal (1) and the 
homogeneous solution (2), we have as a consequence of the impressed 
voltage an equal and oppositely directed electrical voltage 


Zz 
ee -| E.dr= Ae E® dr = —V{9 (41.7) 
1 1 


As a rule the transition region in electrolytes in which Eis s sensibly 
different from zero is so thin that, with some justificationyit i is “spoken 
of as a potential jump at the metal-electrolyte interface. It’ ison this 

aS 
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kind of phenomenon that the action of the galvanic cell effectively 
depends. 

Similar potential jumps exist at the place of contact of two different 
metals. In this case the difference in the character of the electronic 
motion in the two metals first produces a current. This is subsequently 
brought to a standstill upon the creation of a certain potential difference 
between the metals. A more detailed discussion of this process will be 
given in the third volume of this work. 


Fig. 34.—Galvanic chain AB, with circuit-closing wire BDA 


Finally, we consider here a so-called voltaic circuit, i.e. a number of 
different series-connected conductors (metals and electrolytes) which 
within themselves and at their boundaries might contain certain 
impressed voltages (figure 34). The beginning (1) and the end (2) of 
the circuit shall, however, consist of the same metal. Then, in the case 
of zero current, there exists between the ends a potential difference 
which, as in (41.7), is given by the line integral over all impressed field 
strengths, the path of integration lying everywhere within the circuit. 
As soon as the two ends of the circuit are brought together in contact 
(wire BDA), a state of equilibrium is no longer possible—for the line 
integral fE «dr, taken along the path ABDA, is different from 
zero, since throughout the homogeneous short-circuiting wire E® = 0, 
while §E.dr=0 holds because the electrostatic field strength is ir- 
rotational. A net electric current must therefore flow. 

We consider the case in which a steady current is flowing. For this 
we have everywhere that divg =0, and from (41.1) 


div (cE) = —div (cE) 


When E and o are given, this equation in combination with curl E = 0 
permits the calculation of E, and therewith of g. The relations for a 
linear current circuit (see §39) are particularly simple. If q is the cross- 
sectional area of the conducting circuit and ds a line element in the 
direction of the current path, then g.dr = Ids/q, when J has the same 


154 CI. The laws of the electric current 


value at all cross-sections. Integrating (41.1) over the complete closed 
loop, from A through B and D, and back to A, we obtain 


ds (6) eae 
I@— = O(E+E™). dr = QE?. dr = | E’? dr 
oq t 


since the line integral over E vanishes. Since, according to (39.4) the 
factor of J is equal to the resistance R of the whole conductor circuit, 
we obtain finally 


2 
IR=V® with vo =| E® dr (41.8) 
iv 


The product of current strength times resistance of the whole closed circuit 
is equal to the line integral of the impressed electrical field strength. 

On this basis the quantity V“ is usually defined (somewhat un- 
fortunately) as the electromotive force (e.m.f.) of the circuit. It is 
identical with the line integral of the open circuit only when the begin- 
ning and end members of the circuit are made of the same material. 
It depends upon the state of the individual elements of the circuit, and 
it is subject to change in circuits whose e.m.f. depends critically upon 
diffusion processes, and, even at constant temperature, where there are 
changes in concentration in the course of time. 

We now examine the heat production in a circuit in which impressed 
forces are maintaining a steady current. Since E=—grad@ and 
divg =0, we have, in integrating over the whole region traversed by 
current, 


[zeae = - [e-eraag ay = + [aoa a) 


and from (41.1), after scalar multiplication by g and integrating over 
the whole space, it follows that 


Pe 
{E dv = [e E© dv (41.9) 


The integral on the left side gives the Joule heat developed per second 
in the circuit. It is also equal to the work performed by the impressed 
forces. The energy involved comes ultimately from the process..which, 
in the first instance, is responsible for the appearance OE I Tn the 
concentration circuit it is produced at the expense of the Tag energy 


. 
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which is appropriate to the more concentrated solution as against that 
which is less concentrated. In a voltaic element it is bound up with 
the chemical processes of dissolution or separation; in the thermo- 
couple the energy comes from the heat reservoirs by means of which 
the temperature difference of the junctions is maintained. In all cases 
the power output fg.E dv is furnished by energy sources which are 
foreign to strict electrostatics, the same being true of the Joule heat 
developed. We therefore have the unique picture of a stationary field 
(not varying with time) through whose agency, however, energy of a 
non-electrical nature is changed into another form, namely heat. 


§42. Inertia effects of electrons in metals 


A further very instructive example of impressed forces is furnished 
by investigations in which the inertia of conduction electrons is made 
manifest. The first investigation of this kind is due to K. F. Nichols. 
He proceeded on the following assumption: When a metal disc is 
rotated on its axis the conduction electrons, under the influence of the 
centrifugal force, must move toward the rim of the disc; the rim thus 
becomes negatively charged, and the middle of the disc positively. 
Equilibrium takes place when the electric field due to the charges just 
compensates the effect of the centrifugal force on the electrons. The 
centrifugal force here acts like an outwardly directed impressed field 
strength of magnitude 

E® = mra?/e (42.1) 


where q is the angular velocity of the disc, and m and e are the mass and 
charge of the electron. By integrating E® over r from the centre of the 
disc (r = 0) to the edge (r = R) we find as the impressed voltage (e.m.f.) 


V© = mR*@7/2e 


For the purpose of obtaining an idea of the order of magnitude of 
this effect we let R=10cm, w=100s~', as in Nichols’ investiga- 
tion; with e=4-8 x 10°!° CGS units, m=0-9x 10727 g, we find 
VOx3x107'°V. A static measurement of this effect, owing to 
its minuteness, is hardly to be considered. Nichols therefore provided 
brush contacts at the rim of the disc and on the axis, and he con- 
nected these to a galvanometer of very low internal resistance (figure 
35). A current must therefore flow from the rim of the disc, through 
the galvanometer, to the middle of the disc, seeking to equalize the 
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negative charge on the edge of the disc and the positive charge at the 
centre. Nichols could not however establish the flow of the current 
with certainty. In addition to the expected effect there were thermal 


guail_*e 


Fig. 35.—Electron centrifuge (after Nichols) 


effects at the brush contacts and similar disturbances. These, owing 
to their irregularity and uncontrollability, did not permit definite 
establishment of the existence of the expected effect. 

By contrast, similar investigations by R. C. Tolman and his co- 
workers led to a positive result. The first series of investigations was 
based upon the idea that in the sudden deceleration of a moving 


Fig. 36.—Demonstration of the inertia of conduction electrons (after Tolman) 


metallic object the electrons, originally moving with the metal, owing 
to their momentum, continue on a bit farther in the metal until, either 
through the existence of counter-fields (charges at the boundaries) or 
because of ohmic resistance which they meet in their motion through 
the metal lattice, they are brought to rest. This persisting. relative 
motion of the electrons with respect to the metal lattice “wiagt manifest 
itself as a brief surge of current. oN 


=~ 
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For demonstrating this, a coil of wire was employed, the ends being 
connected through the axis to a ballistic galvanometer (figure 36). In 
the sudden stoppimg of the coil, initially rotating about its axis, a 
measurable deflection of the galvanometer was actually obtained, and 
so the total quantity of electricity transported in the deceleration 
process through a cross-section could be measured. 

In order to arrive at a quantitative value of this current surge we 
first consider in a general way a piece of metal moving with velocity 
v(t). If we would wish for the free electrons to share at all times in the 
motion of the metal, we must superimpose an electric field of such 
strength E® that the electrons undergo the same acceleration as the 
metal lattice under the mechanically forced motion: 


eE®) = mes 
; dt 
In Tolman’s arrangement, however, no such field exists. The electrons 
do not therefore take part in the acceleration dv/dt of the metal ions. 
This is another way of saying that relative to the metal the electrons 
experience an acceleration —dv/dt. Thus, they move relative to the 
metal as if in it an impressed force 
eR = ag ld (42.2) 
dt 
were active. In place of the purely mechanical origin of the relative 
motion of the electrons we can substitute here a fictitious purely 
electrical agency in which we introduce an impressed field strength 
E® defined by the equation above. That the theory of Nichols’ 
experiment is contained in equation (42.2) can, incidentally, be seen by 
substituting for dv/dt in the rotating disc its value — qr, the centripetal 
acceleration. In this way the relation (42.1) is again obtained. 
We can now calculate the current density g from Ohm’s law 


= (e)) — eet dv 
g = o0(E+E”’) = o(E ; ) (42.3) 
in which E is any electric field which might possibly be present in the 
deceleration procedure. It should be observed that the introduction of 
the conductivity at this point takes full account of the deceleration of 
the electrons in their motion relative to the metal, and that dv/dt is not 
the acceleration of the electrons, but the acceleration of the metal. 
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Integrating (42.3) over the complete current circuit, since E.dr = 0, 

we obtain as in §41 

IR= PE de = sll ae (42.4) 
e dt 

Here / is the length of the coiled wire. We need not know the details 
concerning the time-duration of the deceleration since we do not wish 
to know the duration of the current, but only the integral in time over 
the entire duration of the acceleration process, and therefore the total 
quantity of electricity [dt passing through a cross-section during the 
process. For this, by integrating equation (42.4) with respect to time 
over the duration of the deceleration process, we obtain the value 
mlvy/eR, when prior to the deceleration the coil was rotating with a 
velocity v9 and afterwards was at rest. 

Since the above data are known, by ballistic measurement of 
jdt the quotient e/m, i.e. the specific charge of the conduction elec- 
trons, can be determined. In the investigations of Tolman and Steward 
a value was obtained which at most differed from the accepted value of 
e/m by 10 per cent. 

In further investigations of Tolman and others, a wooden cylinder 
covered with copper sheet was made to undergo rotatory oscillations 
around its axis. Owing to their inertia, the electrons in this case, 
according to (42.4), carried out a forced oscillation 90° out of phase 
with respect to the oscillation of the metal, and the alternating current 
thus produced could be measured with the help of an inductively 
coupled pick-up coil. Here also the experimental result was in satis- 
factory agreement with theory. 


CHAPTER CII 
Force Effects in the Magnetic Field 


§43. The magnetic field vectors 


Up to the time of Oersted’s discovery (1820) of the production of 
magnetic fields by electric currents, and of Faraday’s discovery (1831) 
of the induction of currents by the time-variation of magnetic fields, the 
theory of magnetism was a subject of physical investigation entirely 
independent of electrical theory. It concerned the force effects between 
permanent magnets and the fields producing these forces. Its special 
interest was the magnetic field of the earth. There was a broad formal 
analogy between the laws of the magnetostatic field and the electro- 
static field to the extent that comparison was made of 


the electric field E with the magnetic field H 
the electric displacement D with the magnetic induction B 
the dielectric polarization P with the magnetizatior M 


The constitutive equations 
D=E+4zP and B=H+42M 


then correspond exactly, as do the differential relations 
curll—E=0 and curlH=0 


A difference with respect to the divergence equations 


divD=4zp and divB=0 


does however exist. There are no “magnetically charged” bodies; an 
iron bar can indeed be polarized, but it can never be magnetically 
charged. 

Now Coulomb’s law giving the force between two electrically 
charged test bodies constitutes the point of departure of electrostatics; 
it leads to the establishment and realization of the units of charge and 


of field strength, and it thereby affords a quantitative proof of the basic 
159 
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equations of electrostatics. For the experimental investigation of 
magnetic fields, we find the permanent magnet a substitute for the 
non-existent magnetic probe charges. While the electrical polarization 
P of a dielectric (excepting some few substances such as Rochelle salt, 
barium titanate, etc.) can only be maintained by means of an external 
electric field, the practically very important substances, iron in parti- 
cular, under certain conditions possess a permanent magnetic polariza- 
tion M (“magnetization”) even without the existence of an external 
magnetic field. A piece of such a substance (called magnetically 
“hard”) can be so magnetized that for not too strong external fields 
the magnetization M depends only to a very moderate extent upon H. 
For the subsequent considerations of these paragraphs we keep fixed 
in our minds the extreme case of an ideally hard magnetic bar; i.e. we 
consider its magnetization or its magnetic moment 


m = [Mao 


to be a firmly pre-established constant, independent of any external 
field. 

With small bars of such permanently magnetized material (“mag- 
netic needles”) we can measure a magnetic field just as well as we can 
measure an electric field with the help of electrical probe charges. In 
the choice of units we can be guided, like Gauss, by the formal analogy 
with the electrostatic field and, exactly as before with the electric probe 
charge, we can now at once make use of the magnetic needle both as 
an indicator and as a source of a magnetic field. 

As a magnetic dipole the magnetic needle experiences a torque 


T=mx H) T = mH,sin@ 


ina uniform magnetic field Ho, as for example the local field of the earth. 
Here 0 is the angle between the magnetic field and the magnetic needle. 
If, in particular, the needle is suspended above its centre of gravity so 
as to be free to rotate, and if © is its moment of inertia, then, with 
respect to its equilibrium position, the needle oscillates in conformity 
with the equation of motion 


SAR, 
do ; i 
—. = —mHysin@ oo 
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For small displacements (sin @ = 0) we obtain from this as the general 
solution: @ = @)cos2nv(t—fp), the oscillation frequency being 
1 /mH) 


y= — 


2n 2) 


Thus, by measuring this frequency, the product mH, can be determined. 

We now consider the magnetic needle itself as the origin of a 
magnetic field H. As a dipole field, and corresponding to equation 
(24.9) for the electrical case, this is given by 


and therefore 
2m m, 
H,=—z cosy Hy, = sin 
r r 
when we pass from the position vector r to the polar coordinates (r,), 


the direction of m being the polar axis. 
We now fix the needle so that it stands perpendicular to the uniform 


Fig. 37.—For the absolute measurement of m and Ho according to Gauss 


field Hy (see figure 37), and we bring a second (freely suspended) small 
magnetic needle to a point with polar coordinates r= ro, Uae the 
second magnetic needle will then set itself in the direction of the result- 
ant of H and H, at this point, i.e. deflected from the direction of Ho 


through the angle a, with 


' A 2m 
ee 


From this by measuring « and rp we now find the quotient m/Ho. 
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By combining the two results we can measure in absolute units the 
earth’s field H, as well as the moment m of our magnetic needle. 
Moreover, with the help of our needle, thus calibrated, we are now able 
to measure both the direction and magnitude of any arbitrarily given 
magnetic field, so long only as the needle is so small that in its immediate 
vicinity the field can be considered to be uniform. In particular, by this 
means the set of basic equations of the magnetostatic field can be exam- 
ined and established at the outset. 

Remark: In the MKSA system of units the magnetic units become linked with 
the volt-ampere system through the laws of Oersted and Faraday. We shall have 
to enter more fully into these questions in subsequent paragraphs. It will then be 


clear how, and with what constants, the preceding formulae for MKSA units are 
to be transcribed. 


$44, The force on a current-carrying conductor. The Lorentz force 

The electromagnetic-field force of greatest importance in electro- 
technology is the force which a magnetic field exerts upon a current- 
carrying conductor. It is this force which drives all electric motors. 
We wish now to establish a formula for this force. 

If we, bring a thin straight wire carrying current J into a uniform 
magnetic field H, the wire experiences a force perpendicular to itself 
and to the magnetic field in such a way that the current direction, the 
field direction, and the force direction (in this order) form a right-hand 
system. Thus, for example, two parallel wires in mutual proximity 
attract each other when they carry an electric current in the same 
direction, and they repel each other when the current directions are 
opposite. This is in agreement with the above statement; for, as we 
shall discuss in more detail in §46, every current produces around itself 
a magnetic field whose force lines are circles perpendicular to the 
direction of the current and whose direction relates to that of the current 
in the sense of the rotation of a right-hand screw (see figure 38). 

We arrive at simple and illuminating relationships when we examine, 
not the wire as a whole with its internally flowing current J, but a small 
volume element dv in which there is the current density g. There is 
then exerted a force fdv on this volume element in which the force 
density 

f=g x Bic (44.1) 


corresponds in direction to the rule given above. At this Boiiit the 
following is to be noted: First of all in (44.1) we have not-taken the 
VS 
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magnetic field as the magnetic field strength H, but as the magnetic 
induction B. Since in the use of Gaussian units B=H in vacuo, and 
since in non-ferromagnetic substances the difference between B and H 
is always very small compared with H, it would be immaterial here 
whether (44.1) were written with B or with H. Experiments with 
ferromagnetics, however, where B and H may differ by several powers 
of ten, show clearly that B is the quantity to be put into the formula 
for the force density. 

Secondly, in (44.1) we have introduced a constant of proportion- 
ality 1/c. In the MKSA system (see the Remark) this would not be 


Fig. 38.—Attraction of two wires carrying currents in the same direction 


necessary since for that case we can arbitrary set c=1 and thereby, 
through (44.1) establish the dimensions and unit of measure of induc- 
tion B. For the Gaussian system of units, however, the dimensions and 
measure unit of B are, in line with the discussion in §43, already 
established. The constant c thus becomes a constant of proportionality 
to be determined experimentally. That it has the dimensions of a 
velocity follows because in the Gaussian system of measure B has the 
same dimensions as E, g x B and therefore also g.E are to be measured 
in ergs/em?s, while the force density has the dimensions of an energy 
density per unit length. The measured numerical value of c, though 
to be sure not measured directly on the basis of the law (44.1), has the 


value 
c = 3:0 x 10'°cm/s (44.2) 


The constant of proportionality c is therefore precisely equal to the 
velocity of light in vacuo. We may consider this to be the first suggestion 
of the close connection existing between electromagnetic and optical 


phenomena. 
The force law (44.1) is connected very closely with the force on a 
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moving charged particle in a magnetic field. According to H. A. 
Lorentz, this particle (with charge e and velocity vy) experiences in a 
B-field the force 

F = ev x B/c (44.3) 


It is called the “Lorentz force”. If it is summed over all moving 
charged particles in unit volume of a conductor, then, since 


i YF = Dev x Bie—s x B/c 


we arrive back at (44.1). While this last law can always be obtained 
only as an abstraction from the force effect of an extended current- 
carrying conductor, the Lorentz-force formula (44.3) is immediately 
experimentally demonstrable for individual charged particles. This is 
accomplished in deflection investigations on electron beams (cathode 
rays) and on ion beams. The motion of such a particle in an electric 
field E and a magnetic field B is described by the equation of motion* 


d 
es = ert B) (44.4) 
dt c 

We remark first of all that the magnetic field has no influence upon 
the magnitude of the velocity. In fact, scalar multiplication of (44.4) 
by v gives 


d 2 
= =eE.v 
a ue e 


A change of the kinetic energy is effected only by the electric field E. If, 
further, E comes from the gradient of a static potential (E = — grad@), 
we obtain for the energy law (also when any arbitrary magnetic field 
is present) the expression 


4my? +e = constant (44.5) 


We now consider the action of a constant magnetic field alone. We 
wish to have the field lying in the direction of the positive z-axis: 
B,=B,=0, B,= 8B. In this case, from (44.4), we obtain as com- 
ponents of the equation of motion 


ae ge ene mot =O (44.6) 


ANAS PR 
* We assume here that the velocity v of the particle is small compared to the elocity-of light c. 
Otherwise, owing to the relativistic variation of mass with velocity as v approaches é, wham ust substitute 
for the term mdv/dt on the left side of (44.4) the expression md [v/VU—v?/e*)]/de. ores: see §89.) 
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The third equation states: The component of the motion lying along 
the direction of B is not affected by the field. We need therefore 
concern ourselves only with the projection of the motion on the 
xy-plane. If for this we introduce the abbreviation that 
_ eB 
aes (44.7) 
the first two equations (44.6) read 


gr ele 
at i da 
If we differentiate the first with respect to the time and eliminate 


dv,/dt by means of the second, we obtain for v, the following differential 
equation of second order: 


= —v, 


We thus find as the most general solution (with the two constants of 
integration vg and fo) 


v, = V9 COS W(t — to) Dy = —Vo Sin W(t — to) 


A further integration with respect to the time gives 
Vo. v 
X—Xp = —sin w(t—fo) y-Yo = ~ COs W(t— to) 
@ @ 


since v, = dx/dt, v, = dy/dt. 
The projection of the trajectory on a plane normal to B is therefore 
a circle centred on the point {x9,Vo}, With radius 


eee (44.8) 
a) eB 

Together with the velocity component in the z-direction, we find as 
the most general motion in a uniform magnetic field a helix with pitch 
1 =2nv,/@ = 2xmv,c/eB, which is independent of vo. Incidentally, the 
value (44.8) also follows immediately from the remark that in the 
circular motion the centrifugal force mv2/R is just compensated by the 
Lorentz force ev B/c. 

Equation (44.4) represents the theoretical basis of all investigations 
concerning the deflection of beams of charged particles in given fields. 
Conversely, from these investigations and by means (44.4) the deflecting 
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magnetic field B can be found. This method of B-determination, as 
well as determining the B-field by means of the force on a current- 
carrying wire in the sense of (44.1), makes us independent of the field 
determination and the establishment of units as described in the method 
of §43. 


We admittedly obtain in this way not B itself but the quantity B/c. It could 
therefore be held to be more useful if also in the Gaussian system this quantity 
B/c = B*, dimensionally different from E, were defined as the magnetic induction. 
This is actually done in the electromagnetic CGS system and more particularly in 
the MKSA system. However, it stands in opposition to reflections based on principle 
if we wish to hold to those Gaussian-system electrical field quantities proved in 
atomic physics—for, by introducing B* instead of B, not only would the existing 
symmetry between electrostatics and magnetostatics be disturbed, but also the 
symmetry of the complete set of Maxwell equations (see §53), not to mention the 
loss of symmetry that would be suffered in the basic electromagnetic equations of 
special relativity. In equations (44.1) and (44.3) we wish therefore to retain the 
factor c, bearing in mind, however, that without the previous establishment of the 
units of B by the Gauss method the constant ¢ cannot be determined from the 
force effect on moving charges or currents. 


Remarks: As has already been mentioned, the MKSA system does not establish 
the magnetic units by means of the Gauss method of §43. Rather, for the determina- 
tion of the induction B it makes use of the force effects on currents or moving 
charges which it expresses in the form 

f=¢gxXB or F=evxB 

Consequently, in the technical measure system v x B is dimensionally equal to the 
electric field strength, and therefore B is to be measured in Vs/m2. Since 1V = 1/300 
of the Gaussian unit of potential, 1Vs/m2 is equal to 1/3 x 106 of the corresponding 
Gaussian unit. Now, however, to the quantity B of the technical measure system 
there corresponds the quantity B* and not the quantity B = cB* of the Gaussian 
system of units. Thus, in order to transform the MKSA unit into the correspond- 
ing Gaussian CGS unit [1 gauss (G)], the MKSA unit has to be multiplied by 
the measure number of ¢ in CGS units, i.e. by 3 x 101°, Thus 1 Vs/m2 = 1 x 104G, 
and consequently the numerical value of B in Vs/m2 has to be multiplied by 104 
in order to obtain its value in ‘“G”’. 


§45. The Faraday law of induction 

In 1831 Michael Faraday made the fundamental discovery that in 
a closed wire circuit an electric current exists when a magnet in the 
neighbourhood of the circuit is in motion or when the wire circuit is 
displaced in a magnetic field. A more detailed investigation yielded the 
information that in both cases the induced current depends upon the 
change with time of the flux of induction 


iene 


®= | B,dS agp, 45:1) 
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linked by the induced current. (It should be noted that owing to the 
source-free nature of B, the flux of induction ® is independent of the 
precise location of the surface spanning the closed wire circuit.) Accord- 
ing to Faraday the induction law in general is 

1 d® id 


TR= —- — = —-- — 
a aa B,dS (45.2) 


The product of the current and the resistance in the wire circuit is at any 
moment equal to l/c times the time rate of decrease of the flux of 
induction through any surface bounded by the current circuit. The 
current is therefore to be reckoned positive when its direction of circula- 
tion is connected with the chosen normal direction n of the surface by 


d® 


the right-hand screw rule. In technical parlance the quantity = 7 
B 


is sometimes referred to’ as “magnetic decay”.* According to the 
induction law it is therefore entirely immaterial whether the “decay” 
comes from a time variation of the magnetic field with the wire circuit 
at rest, or from the wire circuit moving in a temporally constant but 
spatially non-uniform magnetic field. 

Equation (45.2) furnishes us with a new method, important in 
practice, for the measurement of a given magnetic field. For this we 
choose a probe coil which is so small that within its boundaries 
the magnetic field to be measured can be conside.ed to be uniform. 
This coil is connected by means of well-twisted wires to a ballistic 
galvanometer. So long as the coil remains at rest in a temporally 
constant field B the galvanometer carries no current. Let the initial 
flux of magnetic induction through the surface S bounded by the coil be 
®, =(B,)oS. If now we withdraw the coil from the field to a field-free 
location, there flows in the coil during the motion the current J, given 
by the induction law. The total quantity of electricity indicated by the 
ballistic galvanometer (for infinitely fast, i.e. ballistic motion of the 
coil) is then : 1 ®, 
oS [ra = ee ®,) = =, 


The galvanometer deflection thus measures directly the component B, 
of the magnetic induction that is perpendicular to the coil surface at the 
place occupied by the coil prior to its motion. 


* Ger.: “‘magnetischer Schwund” (Tr.). 


168 CII. Force effects in the magnetic field 


The technique can also be carried out in such a way that the coil 
is left at its initial location. In this case it is rotated 180° around an 
axis in the plane of S and this causes B, to change its sign, yielding for 
e exactly twice the value given above. 

If we should be dealing with an induction-law situation which 
depends only upon the relative motion between the field-producing 
magnet and the wire circuit, then, in interpreting the experiment, a 
distinction has to be made between (a) the case of a moving wire circuit 
in a static magnetic field and (5) that of a wire circuit at rest in a mag- 
netic field which is changing with time. 

In the first case, namely that of the moving circuit, we can immedi- 
ately derive the induction law from the action of the Lorentz force as 
explained in §44. Thus, if we move a metal wire, initially devoid of 
current, with velocity v in a magnetic field, the conduction electrons 
within the wire naturally take part in this motion. They therefore 
experience the Lorentz force F = ev x B/c and on this account, for the 
case where the Lorentz force possesses a component in the direction of 
the wire, the conduction electrons will move along the wire. We can 
forthwith look upon this force as a kind of applied force, and we can 
therefore speak of an “applied” field strength 


E(ind) = y x Bie (45.3) 


which, because of its connection with the induction law, we wish to 
designate by means of the index “ind”. We have thus found the con- 
nection with the ideas of §41, equation (41.8) in particular, and for the 
induced current we can write the expression 


Cc 


IR= PE dr = xpar x B) (45.4) 


We have now only to show that, for the case considered, this 
expression is in agreement with the induction law (45.2), or that we 
can write 

d® d 
dr.(v x B) = -— = -— |B,d 45. 

For this purpose we examine figure 39, which shows the location 
of the wire circuit at time ¢ (index 1) and at time +d? (index 2). These 
two positions are connected by the displacement vectors ‘Vat Of the 
individual points of the circuit. The vector product dr x ¥dt has the 


4a 


grt 
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magnitude of the surface element dS determined by dr and vdt, and 
the direction n of the outward-drawn normal. On account of the 
distribution law (6.1) for the scalar product, we have 


dupa. <BR) = pa x vd. B= [B,ds 


in which the last-written surface integral is to extend over the external 
surface of the structure illustrated in figure 39. It therefore represents 
the flux of induction ®,, through this external surface.* Now, however, 


ar 
Fig. 39.—Change of flux through a moving surface 


owing to the source-free nature of B, the total flux of induction out of 
the structure must vanish; we must have that ®,, = —(®,+,) or, if 
the normal directions on both end surfaces of the structure be chosen 
in the direction 1~2, ®, = —(®,—®,) = —d®. Equation (45.5) is 
therefore proved, and the induction law for moving conductors has been 
derived from the Lorentz force. 

Not derivable from the foregoing, but much farther reaching is the 
induction law for the case of a wire at rest in a time-varying magnetic 
field. Here we cannot speak of a current-driving force from the B-field, 
since a charge at rest in a magnetic field experiences no Lorentz force. 
There remains here no other possibility of interpretation of the induc- 
tion law than the assumption that through the change with time of a 
magnetic field there exists (or is “‘induced”’) an electric field that is no 
longer irrotational, having a non-vanishing circuital voltage $E. dr. 
We then have for the current impelled by this circuital voltage 


IR= ped (45.6) 


* Clearly ®j,, and therefore the induced current, are different from zero only when B possesses a 
component perpendicular to the wire circuit and to its direction of motion; when, that is, “magnetic 


field lines are cut by the moving wire”. 
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As a comparison of this expression with the induction law shows, we 
must in this case have that the electrical circuital voltage is equal to the 
magnetic decay: 


1d 1 { /oB 


Since the material constant R relating to the matter forming the 
wire is absent in the above formula, this suggests an extensive and 
fundamental generalization for all subsequent considerations of equa- 
tion (45.7), which at first pertained only to the wire circuit. We assume 
that for the validity of this equation the existence of the wire is entirely 
immaterial, and that for any arbitrary closed curve the circuital voltage 
is correctly given by (45.7). 

In preparation for the later justification of this hypothesis by 
proving its consequences, we can now by means of it pass immediately 
from the integral form of the induction law to its differential form. 
Thus, if equation (45.7) holds for any arbitrarily positioned surface 
element, by applying Stokes’s theorem we obtain 

\ 


1 OB 
E= —--— 
curl ae (45.8) 


A time-varying magnetic field therefore induces an electric field which 
in contrast to electrostatic fields, is no longer irrotational and thus 
cannot be represented as the gradient of a potential. The equation 
curlE = 0, valid in electrostatics, is for the general case to be replaced 
by equation (45.8). 


As an immediate demonstration of the correctness of the assertion that at any 
place where B changes with time an electric field is induced, we examine the opera- 
tion of the betatron (sometimes called the “electron sling”). This apparatus for 
inductively accelerating electrons to a very high energy consists essentially of a 
highly-evacuated non-conducting annular chamber (‘“‘doughnut”) which is placed 
symmetrically between the pole pieces of an electromagnet (figure 40). Electrons 
inside the doughnut will always travel on the given circular orbit (radius r) without 
striking the glass walls of the chamber when the magnetic field By, acting on them 
produces at all times the necessary centripetal acceleration 

2 
mre |e|<By ie. mv = lel" By ; 
r v c RGR 
“Ae 
If now the field between the pole pieces increases, there is induced” within the 
ty 


“Ss 


$45. The Faraday law of induction 171 


chamber a circuital voltage which is capable of accelerating the electrons. Thus 
we have 


< (rn) Sa7= —£ 4 [Bras 


c 2nr dt 
since gE .de = 2nrE 
Integrating the equation leads to the expression 

my = —£ ae i BrdS 
c 2nr 


At any given moment the electron momentum is therefore equal to the instantaneous 
flux of induction through the circular orbit multiplied by e/2zrc, if we have v = 0 
and ® = 0 at the beginning of the acceleration process. Thus at all times the 
orbit-condition equation 


1 
= 1B 
Be Al nds 
must obtain; if therefore the field at lesser radius and almost up to the radius of 


the vacuum chamber is uniform and of value B, then we must have approximately 
that Bg = 4B. 


Fig. 40.—Schematic representation of a betatron. G: cross-section 
through the vacuum chamber (‘“‘doughnut’’) 


Remarks: In the MKSA system the foregoing formulae have, within the factor 
1/c, the same form throughout. In place of the Gaussian induction B = B¥*c, 
the corresponding B-quantity of the MKSA system enters here. We designate it 
by the symbol B*. In integral form here the induction law therefore reads 


d® d 

IR = ane -5 | Baas 
Pion: é 0B 
and in differential form culE = —— 


CHAPTER Cll 
Magnetic Fields of Currents and Permanent Magnets 


$46. The magnetic field of steady currents. Oersted’s law 


In accordance with the discovery of Oersted, an electric current is 
always accompanied by a magnetic field. The magnetic field of a 
straight wire, infinitely long and carrying a current, consists, as already 
mentioned at the beginning of §44, of field lines which link the wire in 
the fashion of circles whose planes are perpendicular to the wire. The 
direction of H in such a circle forms, together with the direction of the 
current, a right-hand screw. This field is no longer circulation-free; 
rather, the linking line-integral }H.dr has a value different from zero. 

An analysis of the field reveals the fact that the value of this line- 
integral is always directly proportional to the current threading the path 
of integration. Thus, with the Gaussian method of establishing the 
measure unit, we have according to Oersted for the magnetic field 
strength 


Hd ~: a (46.1) 


with the same constant c as in the induction law. 


If, incidentally, it were desired to circumvent or to avoid establishing the magnetic 
units by Gauss’s method, we could start with the force law (44.1) or with the induc- 
tion law. By this means, however, B and c could not be measured separately, but 
only the quotient B/c. Since in the Gaussian measure system in vacuo this quotient 
is equal to H/c, the left side of equation (46.1), multiplied by 1/c, would also be 
directly measurable in CGS units. Moreover, since J, with its unit, is fixed, the 
quantity 4z/c2 on the right-hand side could then be immediately measured. 


As with the induction law, we can go from the general equation 
(46.1) to a differential law if we assume that (46.1) holds everywhere 
within a current-carrying conductor. Through a surface element dS the 
current g,dS therefore flows and, by applying Stokes’s law, we arrive 


at the equation o : ARS 
curl = 8 “>. (46.2) 
172 ae 
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which is equivalent to (46.1). The magnetic field therefore possesses 
circulation at any place where a finite current density exists. 

Starting with (46.1) or (46.2) we can determine the magnetic field 
of a given steady current by a variety of methods: by direct application 
of (46.1); by the method—to be discussed presently—of the magnetic 
double layer; by means of the Biot-Savart law; or, finally, by the way 
involving the vector potential. 

The first method, the direct application of (46.1), leads quickly to 
the result in those cases where, at the outset, something is known about 
the distribution of the field either from symmetry or from some other 
circumstance. As an example, we have the case of a straight wire of 
circular cross-section, of radius a. If here as path of integration we 
choose a circle of radius r, centred on the wire axis, we have 


4 oe 2] 
Per — —I therefore H = 7 outside the wire (r >a) (46.3) 


Agere Zr 
2arH = = = 2 thereiores 7 — = inside the wire(r<a) (46.4) 


For a very long straight current-carrying solenoid it is known that a 
field exists essentially only in its interior and that in that region the 
field is parallel to the solenoid axis. We therefore choose as the path 
of integration a small rectangle, two opposite sides of which are 
parallel to the axis of the coil and 1cm long, one of them lying inside 
the coil and the other outside. For this path, so long as we are suf- 
ficiently far from the ends, $H.dr is simply equal to the field H within 
the solenoid. If the coil has turns per centimetre, the current flowing 
through our rectangle is mJ. We therefore find for the constant solenoid 
field 

g 


This result is still practically correct when the wire is coiled around 
a ring (toroid), provided the diameter of the toroid (its thickness) 
is small compared to its large diameter (see figure 41, where the path 
of integration is shown on the upper left). 

The method of the magnetic double layer (magnetic shell) is based on 
the following consideration: If we examine the field of a closed 
filamentary-current path, we find that for every integration path not 
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linked by the current $H.dr =0, while for every path which links the 
current once, we have that $H.dr =+4nI/c. In the sense of §11, H 
outside the wire therefore represents a vortex-free vector field with a 
constant circulation Z = 4n//c when going round the wire. 

We can therefore derive the magnetic field of this current-carrying 
wire from a scalar potential @ which, however, in contrast to the 
electrostatic and magnetostatic potential, is no longer single-valued, 
but changes by the amount +4z//c for each complete circuit round the 
wire. In order to make the potential single-valued we imagine an 


Fig. 41.—For calculating the magnetic field through a toroidal coil 


arbitrary surface placed upon the current path so that the latter bounds 
this surface. We now require that upon passing through this surface 
the potential shall undergo a discontinuity in that (depending upon the 
direction of the passage through) the potential makes a jump of +4z//c. 
Now however such a potential relationship points (as can easily be 
made clear by the example of a parallel-plate capacitor with small 
plate-spacing) to a homogeneous double-layer lying in the surface and 
having a moment t=J/c. By “double layer” we understand a struc- 
ture consisting of two juxtaposed continuous surfaces (separation d) 
wherein the upper carries a surface charge of density +m, and the 
lower a surface charge of density —w. We designate the moment + 
of the double layer by the product wd. A surface element dS of the 
double layer, having normal n, accordingly acts like a dipole with 
dipole moment agra 
nl dS Sead, 
“=. (46.6) 


* 


dm = ntdS =: 


4 


‘a 
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Corresponding to (24.7) we then have for the potential of the entire 
double layer 
dm.(r—r'’ .(r—r’ 
ee ae Waeaa ds’ (46.7) 


Ir—r’|> oc } Jr—r']? 


We shall discuss this formula thoroughly in §47. 

As our first application of the foregoing, let us calculate the potential 
and field on the axis of a current-carrying circular ring of radius a. We 
choose the plane of the ring as the surface of the double layer and also 
for the xy-plane, the origin being at the centre of the circle. Thus from 
(46.7) it follows for a point on the z-axis that 


Iz ( 2ar’ dr’ = 4 = 


ee. (224 r2)3? = ee (22-4 r2)172 


meal lz —> z 
 e llz| (224412 
In passing through the point z=0, the quantity ¢(0,0,z) changes 
discontinuously, as required, by 4zJ/c. By comparison, the field 
dg(0,0,z) 2a a 


H=H = ea 
: dz 6 (2?4a7)'2 


oo 


r’=0 


remains continuous and for z = 0 has the value 


A(0) = ant 
ca 


This formula forms the basis of measurements made with the tangent 
galvanometer, the instrument by which the field H(0) given above is 
compared with the magnetic field of the earth. 

In order to obtain an expression for the magnetic field of a ring 
current from the general potential expression (46.7) we proceed from 
the relationship 


or. H(r) = —or. grad d(r) = —d(r+6r)+ (1) 


For #(r) here we imagine the value (46.7) to have been substituted, 
where the surface integral is to extend over any definite surface bounded 
by the ring current. We can obtain ¢(r+6r) from ¢(r) either by 
advancing from r to r+o6r, or by keeping the field point fixed and 
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displacing the entire current ring by —6r. In the latter case the surface 
S, goes over to the surface S2 parallel to it. Let So be the band-shaped 
surface generated by the displacement of the current ring. Now in 
#(r) we can transform (without altering its value) the surface integral 
over S, into another surface integral over the surface Sp+/S2, so that 
we have 

n.(r—r’) s! 

[r—r’|* 


Hee | 
C JSo 
Since, obviously, in the displacement of the current ring by —dr the 
surface ndS’ = or x dr’ would result from the ring element dr’, we 
obtain finally, owing to the arbitrary choice of dr and because of the 
distributive law for the spar product, that 


Hin) = Sa (46.8) 


(Pots 


where the integral is to extend over the entire current path. 

Equation (46.8) is called the Biot-Savart law. It suggests that the 
total field H be thought of as decomposed into the field contributions 
of individual current elements Jdr’, even though such isolated elements 
do not exist physically. The field contribution at the point r of such 
a current element is always perpendicular to the direction of the 
current as well as to the connecting vector r—r’ extending from the 
source point to the field point. With increasing distance from the 
current element the contribution falls off inversely with the square of 
the distance. 

Finally, we consider the method of the vector potential—for the 
general case of an arbitrary stationary distribution of current density g. 
We have here to determine the field from the two equations 


cul =o OB 0 (46.9) 
(6 


where, for the case of a vacuum (which we assume here), B=H. For 
this, however, the example in §12b of the determination of a source- 
free vector field from its vortices has exactly anticipated us. As in 
§12b, the second of the equations above can be solved in general (since 


div curlA =0) by the statement that a 
“FoR 
B=curlA ~~ (46.10 
346.10 


& 
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in which A is an arbitrary, sufficiently continuous, and differentiable 
vector field. The vector A is called the vector potential belonging to 
the magnetic induction vector B. 
If, since B=H, we introduce A into the first equation (46.9), then, 
having regard for (11.17), we obtain 
curlcurl A = graddivA—V72A = an g 
c 


For simplification we now arbitrarily set 
divA =0 (46.11) 


which is always allowed, since every vector field A is fully determined 
only when both its vortices and sources are specified. We therefore 
obtain for the determining equation 


ga (46.12) 
c 


On account of its similarity to Poisson’s equation (19.10) of electro- 
statics (for the scalar potential @), equation (46.12) corresponding to 
the ¢-representation (19.11) is solved by the integral 


_ 1 [e(r’) ao’ Hs 
A(r) = = = (46.13) 


Since g(r’) dv’ = Idr’, expression (46.13) goes over, for the special case 
of a linear current distribution, to the expression 


A) = sf (46.14) 
cJ|r-r’| 


Owing to the equality of B and H assumed here, and because also 


curl ar) _ grad - ! — Xx g(r’) = g(r’) x ae 
|r—r’| jr—r’| jr—r’| 


we obtain from (46.10) and (46.13) for the magnetic field itself as the 
generalized form of the Biot-Savart law 


H(r) = - eee dv’ (46.15) 


Stale 


while from (46.14), by the same calculations, we arrive at equation 
(46.8). 
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Remark: In the MKSA system the constant of proportionality in equation 
(46.1) is arbitrarily set equal to 1; the relation is therefore written in the form 


oH wae 7 (46.16) 


and the unit of magnetic field strength is thereby connected with that of current 
strength. Accordingly, H is to be measured in A/m, so that altogether we obtain 
for the electromagnetic field quantities the following symmetrical unit scheme: 


1 As 


2 ee 
Bee. DES 0 = 4x9 x 109 Vm 
Vv. 
H[A/m] B[Vs/m2] bo = 42 X 10-7 on 


The last-mentioned quantity 0, to which the vacuum permittivity constant € 
corresponds, is defined as the constant of proportionality in the constitutive equation 


B=y0H (46.17) 


of the magnetic field quantities for the case of a vacuum. It is called the vacuum 
permeability or the induction constant. The numerical value of yo follows, according 
to the definition of the unit of current, the ampere, given in §18, from the attraction 
of two parallel wires carrying equal currents. In fact, the current in each wire is 
1A when the force of attraction between the two wires, separated by 1m, is 
2 x 10-7kg/s2 per metre length of wire. Now the magnetic field at distance r from 
a straight wire, infinitely long, carrying current J is, corresponding to (46.3), given 
in the MKSA system by H = I/2zr. The force on the other wire per metre of 
wire length therefore becomes F = IB = yol?/2xr. If now we put Fh 2x05? 
kg/s2, 1= 1A and r = 1m, then, as indicated above, wo = 42 X 10-7 Vs/Am = 
1-256 x 10-6 Vs/Am. 

The physical quantity H of the MKSA system, which we wish temporarily to 
designate by H*, again does not agree exactly with the corresponding quantity H 
of the Gaussian system. Rather, from a comparison of the two defining equations 


: 4 . 
(46.1) and (46.16), it follows that H = = H*. Together with the calculation of 


induction B = cB* given on p. 166, the constitutive equation (46.17) of the MKSA 
system, which now reads B* = yoH", leads to the corresponding equation 


of the Gaussian system. Here, since in empty space B = H, we have in this system 
that 
4x 4x 52 
=— Vv — X =20 

Os es 10 eae (46.18) 
We can easily convince ourselves by means of the conversion factors for the units 
v, A and m, of the agreement of this o-value with the above given MKSA system 
value. (See table, p. 431). 
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§47. The ring current as a magnetic dipole 


As was shown in §46, the magnetic field of a filamentary ring 
current of strength J is completely equivalent to the field of a uniform 
magnetic double layer extending across and bounded by the current 
ting, the magnetic moment of a surface element dS of this double layer 
being given by (46.6) as dm=n/dS/c. At distances which are large 
compared to its linear dimensions, this ring current therefore produces 
the same magnetic field as a dipole of total moment 


m= {nas =is (47.1) 
c c 
where S denotes a vector whose components are equal to the projec- 
tions on the coordinate planes of the surface defined by the current 
ring. 4 

Now in like manner, however, according to Ampére, any other 
stationary ring current with arbitrary current-density distribution 
g(r) acts, at sufficiently great distances, like a magnet of moment 


m= al x g(r’) dv’ (47.2) 
m2c 


(It should be observed that for the case of a filamentary current distribu- 
tion this formula leads back directly to equation 47.1.) 

For proving Ampére’s assertion we start with the fact that the 
magnetic field of a dipole m, namely 


m 3(m.r)r 


=-s 47,3 
H = a (47.3) 
can be represented in two different ways: 
H=-—gradg with g=—.* (47.4) 
r 
H=culA with A==** (47.5) 


re 


We must therefore show that for the case of stationary ring currents 
and for large distances (r>r’), expression (46.13) for the vector 
potential of an arbitrary current distribution can be written in the 
form m x r/r?, the value of m being given by (47.2). 
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Now for large distances we have 


me! a 
ror] or’ Pe 


From (46.13) we first therefore obtain 
1 if f ff if 
A(r) = = |e dv’ sale al g(r )du'+... (47.6) 


Here, for a stationary current distribution, the first integral on the 
right vanishes. We see this immediately if we multiply the equation of 
continuity divg(r’) = 0 by say x’ and integrate over all space; it follows 
then by partial integration owing to the vanishing of the surface 
integral that 


0= |r div g(r’) du’ = - [s: dv’ (47.7) 


by which the above assertion is proved. On multiplying the equation 
of continuity by x’? or x’y’, however, we obtain in an analogous way 
XN, 


Qs [> div g(r’) dv’ = [29s dv’ 
(47.8) 
O= [xy div g(r’) dv’ = —[o'st%99 dv’ 


We make use of these relationships for transforming the second integral 
of (47.6). Neglecting terms in 1/r of higher power, we obviously have 


1 1 
A(r) = sa | Je) g+(r.g)r’} do’ + = Kc r')g—(r.g)r’} dv’ 


2c 
Here, on account of (47.8), the first integral vanishes, as may be im- 
mediately shown by writing out in components. With the expression 
(47.2) for the magnetic moment m, the second integral meanwhile can, 
as asserted, be written in the form 


1 mxr 
A= — t a 
NE iG x g) x rdv = 


The equivalence, however, between a stationary ring.curfent and a 
magnetic dipole goes even further: We inquire concerning -the torque 
AN 


“a 
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T which the ring current experiences in a uniform external magnetic 
field B. Because of the Lorentz force we obviously have that 


1 
Joe afr x (g x B)dv’ (47.9) 
If, similarly to the above, we write that 


il 
T= alg x (g x B)+g x (r’ x B)} do’+ 


+x | x (g x B)—g x (r’ x B)} do’ 


here also, on account of (47.8), the first integral vanishes, and, having 
regard for (6.6), we obtain 


1 
=5,| x ® x Bas’ = mx (47.10) 


which is just the value of the torque which we also expect for a magnetic 
dipole. 

In a similar manner it can be shown that the ring current in a non- 
uniform magnetic field B experiences the force (also valid for a mag- 
netic dipole) 

F = grad(m.B) = (m. V)B (47.11) 


the latter equality holding because curlB =0. For proof, the magnetic 
field at the location of the ring current is developed in a power series 
in the components of r and the series broken off after the terms of 
first order. 

Thus, corresponding to the Ampére conception, the magnetization of 
matter can always be regarded as a consequence of the magnetic moments 
associated with the orbiting of electrons in the individual building blocks 
of matter. With regard to the origin of the magnetic field of a magnet- 
ized body, we therefore arrive at two pictures which are identical in 
their consequence but different in their concept, according as we look 
upon the elementary magnets as dipoles or as ring currents. We illustrate 
these two conceptions in the example of a uniformly magnetized circular 
cylinder (figure 42): Let us imagine the magnetization to be due to atomic 
magnetic dipoles. Thus, within the framework of magnetostatics (see 
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§43), owing to the absence of true currents g, we must start with the 
equations 
curlH = 0 div H = div(B—4nxM) = —4ndivM = (47.12) 


The H-field is everywhere irrotational and (for uniform magnetization) 
has its sources in the form of magnetic charges @y = M,, on the two 


| 
\ 


Fig. 42.—Field of a permanent magnet: (a) shows the. lines tor 
sources on the end-faces, (b) the B-lines with eddies (vorticeS}on the 
side-wall - 


$47. The ring current as a magnetic dipole 183 


end faces of the cylinder. We thus arrive at the field-line picture shown 
in figure 42a, there being continuity of the tangential component of 
H on the side of the cylinder. 

If, however, we start from the concept of the molecular current, then, 
of necessity, we observe the B-field which (in conformity with 47.12) is 
described by the equations 


curl B = curl(H+42M) = 4xcurlM divB = 0 (47.13) 


The B-field is therefore source-free throughout, but it has vortices at 
the places where curl M #0, ie. for uniform magnetization, on the side 
of the cylinder. We have there, in fact, for the discontinuity in the 
tangential component of B 


(Bz outside . (B;) inside = —4nM (47. 14) 


We now therefore arrive at the field-line picture (figure 425). Since 
B=H in the external regions, this picture at those places agrees with 
figure 42a. Inside the cylinder, since B= H+4xM, the two pictures 
are different from one another. 

If then, as mentioned, the two concepts described lead to the same 
result, we must make it clear that in looking back on the Ampére 
interpretation of atomic magnetic moments (which is known through 
modern atomic physics to be correct), the second concept is in accord 
with the natural character of magnetism. The induction B, and not the 
field strength H, is the fundamental quantity, and we must consider 
the vector H = B—4xM, as well as its sources appearing in figure 42a, 
only as quantities for calculation which, exactly as with the electrical 
displacement D, are utilized for more convenient formulation of 
equations. 

This concept, however, now leads to a noteworthy reinterpretation 
of equation (46.2), namely 


4 
curlH = —g (47.15) 
In its place we have now to write 
4 ' 
curl B = = (8+2u) with gy = ccurlM (47.16) 


Thus, while the vorticity of H is given by the true current density g, the 
vorticity of B is determined both by the density g of the true current 
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and by the density gy, of the magnetization current. The latter is every- 
where source-free and it is different from zero where the magnetization 
has vorticity—in particular therefore (as in the example of figure 42) 
on the surface of magnetized bodies. 

We give now an intuitive picture of the mechanism of the magnetiza- 
tion current on the basis of a highly simplified atomic model. Let the 
individual atoms consist simply of identical plane ring putieas of 
surface S and current-strength J. Let their number per cm? be n. We 
ask what is the total current which passes through a rectangle which, in 
the y- and z-directions, has the lengths of side a and b (figure 43). We see 


Zz 
Fig. 43.—For calculating the magnetization current 


immediately that only those atoms can contribute to a resulting current 
abg, through the rectangle, whose surface S is penetrated by one of the 
four sides of the rectangle—for only in such atoms does the ring current 
make but one passage through the surface of the rectangle. 

First we calculate the contribution of the atoms encountered along 
the side AB, of length a. We assume that, for all atoms, their projec- 
tions S, on the xz-plane are of equal magnitude. Then, on the side 
AB, at atoms are penetrated whose mid-points lie within a cylinder of 
cross-section S, and with axis AB. The number of such atoms is 
naS,, and their ‘contribution to the total current through the rectangle 
is InaS,. If the S,-values are not all equal, we must then take the 
average value, ee the magnetization through 

InS = cM 
gr, 
and obtaining as the contribution of the side AB the vahi®acM,,. 
In a similar way we find as the contribution of the side,CD the 
AY 
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value —acM,, in which the value of M, y at the location z = b is naturally 
to be taken. Thus the two sides of the rectangle that are parallel to the 
y-axis furnish the quantity 


ac(M,),=9—ac(M,),.,— —abcdM,/6z 
Correspondingly, we obtain from the other two sides of the rectangle 
— be(M,),=9+ be(M,),24— abc 6M,/éy 


Combining, we therefore have 


abg, = abc 6M, _0M, 
oy Oz 
or, in general, 
g,= ccurlM 


in agreement with equation (47.16). 

We now wish, however, to supplement this intuitive consideration 
with a mathematically more rigorous and generally more valid deriva- 
tion of gy. We calculate the field of a magnetized body by means of the 
vector potential A, by the summation of formula (47.5) over all element- 
ary magnets in the matter: 


m, x (r—r;) M dv‘ x (r—r’) 
A re" pe ee ee 
) 2 {r—r,|* {r—r’|° 


in which in Mdv’ we have combined the magnets lying within dv’ with 
the magnetization M which in general depends upon r’. If now we set 
(r—r’)/|r—r‘ |? = grad’1/|r—r’|, in which grad’ means differentiation 
with respect to the components of r’, we can transcribe the above 
equation to 

dv'+ ey 

ca | [r—r'| 


A(r) = — | curl’ 


The first integral here can be transformed into a surface integral 
extending over the surface of the body, or preferably (considering the 
discontinuous transition on this surface to have been replaced by a 
continuous one) over a surface outside the body where M vanishes. 
In this case only the second integral supplies a finite contribution, and 
this contribution corresponds exactly, as a comparison with (46.13) 
shows, to the current density gy in (47.16). 
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Remark: In the MKSA system the fundamental equations of magnetism read 
curlH=g divB=0 B= 40H+M 


The magnetization current density here is accordingly given by 


gu = ple curl M 
Ho 


For the magnetic moment M of a circular current we have instead of (47.1) or 
(47.2) 


m= polS or m = 2/r x a(t)do 


We can easily convince ourselves that the MKSA system quantities M and m, 
here introduced, are equal to 4z/c times the similarly named quantities of the 
Gaussian system:. (See table, p. 431.) 


§48. Magnetization and magnetic susceptibility 


If we group all materials according to their magnetic behaviour, we 
arrive at the following classifications: 


(a) The magnetization is proportional to the magnetic field. 


In this case we write 
} M = KH (48.1) 


with the magnetic susceptibility x, which may be proportional to the 
temperature, but is independent of the field strength. We then also have 


B=H+4nM= pH with p=1+42K (48.2) 


The quantity yu is called the magnetic permeability. 

For materials characterized by these simple equations the two 
following groups merit special mention: 

(1) Diamagnetic bodies —For diamagnetic bodies y is less than 1, 
and x is therefore negative and in general independent of the tempera- 
ture. Indeed x is always very small compared to 1; it has, for example, 


the values 
Hydrogen x = —0-2 x 10-9 


Water — 0:72 x 10-6 
Gold —2-7 x 10-6 
Bismuth —13 x 10-6 


In diamagnetic substances M is therefore directed oppositely to the 
field H. Qualitatively, diamagnetism can be explained by the.concept 
that in the application of an external magnetic field therg,are induced 
in the individual atoms ring currents whose magnetic moment ig directed 

a 
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oppositely to the field H. The quantitative description must, however, 
be deferred to the appropriate sections of Volumes II and III of this 
work. Diamagnetism is a general property of matter and as such is 
present in all substances. However, it is so small that it is almost never 
observed when the substance in question is, in addition, paramagnetic 
or ferromagnetic. 

(2) Paramagnetic bodies.—In paramagnetic bodies p is greater than 
1, and thus x is positive and, as a rule is inversely proportional to the 
absolute temperature T (Curie’s law), and proportional to the density o: 


Ca 
c= — 48.3 
a (48.3) 
At room temperature (20°C) we have as examples the following numeri- 


cal values: ’ 
Oxygen Kk = 0-14 x 10-6 
Platinum 21 x 10-6 
Manganese 54 x 10-6 

The phenomenon of paramagnetism can be represented as follows: 
Already beforehand, the individual molecules possess a fixed magnetic 
moment, and when an external field is applied these tiny elementary 
magnets become partially aligned. The aligning action of the external 
field is opposed by the disordering tendency of thermal motion. Thus, 
in conformity with Curie’s law, the same external field at lower tempera- 
ture produces a higher degree of order than at a higher temperature 
(see the corresponding interpretation of y in the electrical case in §26). 

The magnetic field in the neighbourhood of diamagnetic or para- 
magnetic bodies can be calculated in full analogy with the electric field 
in the neighbourhood of normally polarizable media (see chapter BII, 
in particular §30). In addition, the formulae for the field energy and 
for the force effects in the field (chapter BITI) can be immediately taken 
over to the magnetic case. In particular it follows from considerations 
such as those in §34, example 3, that paramagnetic bodies are attracted 
into a magnetic field, while diamagnetic bodies are expelled. Never- 
theless, in both instances, in accordance with equation (34.8), a freely 
suspended ellipsoid aligns itself with its longest axis in the field direction. 


(b) The magnetization is not proportional to the field strength. 


To this classification belong generally the ferromagnetic materials 
iron, cobalt, nickel, the Heusler alloys and other alloys, as well as the 
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non-conducting ferrimagnetic manganese compounds (¢.g. *‘ferrite’’). 
Just why this substance is magnetic is a very complicated matter and is 
in large measure dependent upon factors which often appear to be 
trivial. Because additional details are involved, this subject is deferred 
to Volume III. 

We shall have to content ourselves here with some very sketchy 
notes on ferromagnets. Their most striking characteristic is that the 
magnetic moment is substantially greater, often more than a million 
times greater, than that of other substances, for the same field strength. 
M therefore no longer changes linearly with H; moreover, at relatively 
low and easily produced field strengths a saturation is reached. The 
saturation magnetization M which, even for very strong fields, cannot 
be markedly exceeded, has for example the following values: 


Iron 4nM = 22,000 G 
Nickel = 6,000G 
Cobalt = 18,000 G 


These saturation values are nearly independent of the state or degree 
of “working” of the material and also of the quantity of minor chemical 
impurities present. In contrast, however, the “‘magnetization curve”, 
i.e. the manner by which M increases with increasing H is in the most 
intimate way dependent upon the prior treatment of the material. Here 
again, two different extremes can be distinguished. 

(1) Magnetically soft substances are those in which M is at least a 
single-valued function of H. In typical cases the graph of this function 
has the shape shown in figure 44. At the outset M increases steeply 
with H; later the climb becomes steadily flatter, and finally (at satura- 
tion) becomes practically horizontal. When the curve commences with 
an almost straight-line rise, we may speak of an “‘initial susceptibility”, 
which can be defined either as M/H or else as 0M/0H. Its value for 
different kinds of iron lies between 50 and 1000. Completely soft, i.e. 
absolutely reversible, ferromagnetics are probably not to be found in 
nature. We can speak only of “softer” or ‘‘harder”’ substances accord- 
ing as their hysteresis loop is less or more broad (see below). 

(2) Magnetically hard substances.—In these M is in general not a 
single-valued function of H; instead the magnetization is largely 
determined by the field strength to which the test sample was-previously 
exposed. The typical shape of a magnetization curvesig, shown in 
figure 45. If on the initially unmagnetized sample an increasing field 
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H be allowed to act, then M at first follows a curve AB which, qualita- 
tively, is not basically different from the curve (figure 44) of a magneti- 
cally soft substance. If now however H be allowed to diminish, then 
M at first decreases very much slower than its former rate of rise (curve 
BCDE). For the field H =0 we have a “remanent magnetization” of 


5 10 15 20253035 H 
5000 


Fig. 44.—Magnetization curve for magnetically soft iron 


value AC. Indeed, it is only by applying the “coercive force” AD, in 
the opposite direction to H that we arrive at a zero value for the 
magnetization. Remanence and coercive force constitute a kind of 
measure for the magnetically hard substance. Then finally, for large 
negative values of H, we arrive again at saturation, E. From there up- 
wards, with appropriate values of H, M pursues the curve EFGB, 
whereby the “‘hysteresis loop” is closed. If the field H be allowed to 
vary back and forth from saturation in one direction to saturation in 
the opposite direction, M in general retraces the same loop. 

Quite a different result is however obtained if we go only to a certain 
place on the curve, say to D’, and then allow H to increase again. For 
not too great an increase of H, an almost straight line is obtained, such 
as the dashed line D’C’E’ in figure 45. It can also be followed back- 
wards again unchanged. (More accurately stated we have, according 
to Rayleigh, small ellipses with major axis in the direction of D’C’E’.) 
If in all further magnetic applications of the material we remain within 
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the limits D’E’, we can speak within those limits of a reversible magnet- 
ization, and we can characterize the material by means of a ** magnetic 
equation of state” 

M = k’H+M, (48.4) 


where x’ is the slope of the line D’E’, and M’, is the interval AG. 

In the absence of currents and other magnets, the field H within a 
permanent magnet has, substantially, a direction opposite to that of the 
magnetization. Such a magnet would therefore correspond to the part 
of the hysteresis curve CD and can, for example, be represented by the 
point D’ already considered. However, the field in its interior depends 
upon the shape of the magnet. 

Thus if a magnetized body, in particular a ferromagnet, be brought 
into an otherwise uniform field Ho, the resulting magnetization M and 
the field H existing inside the magnet (plotted as abscissa in figures 44 
and 45) both depend upon the geometrical shape of the magnet. As in 
the corresponding problem in electrostatics (see §30) we arrive at easily 
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Fig. 45.—Magnetization curve for magnetically hard steel 


handled relations only for the case where the body (magnet) has the form 
of an ellipsoid, or one of its special cases: a cylinder, sphere, or plate. 
The components of H are then connected with those of H, and M, 
according to (30.1) and (30.3), through the relationships thea 


H, = Ho,—AM, H,=Ho,—BM, H, = Ho CM,» \(48.5) 
iS 
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in which A, B, C are the demagnetization factors of the ellipsoid, cor- 
responding to equation (30.10). Owing to the large value of M in 
comparison with Hy it is necessary in ferromagnets to be specially 
mindful of this demagnetization. 

All ferromagnetic materials show the property emphasized by the 
name only so long as their temperature remains under a certain value 
©, which is characteristic of the material in question, and is called the 
Curie point. For iron the Curie point is 774°C, for nickel 372°C, and 
for cobalt 1131°C. Above the Curie point all ferromagnetic materials 
show normal paramagnetism, with this difference, however, that in the 
Curie law (48.3) the absolute temperature T has to be replaced by the 
interval T—© from the Curie point: 


(48.6) 


(the Curie-Weiss law). 

To explain this law Pierre Weiss made the assumption that an 
“inner” field (which is proportional to the existing magnetization M, 
say NM, but is of non-magnetic origin) acts on the individual elementary 
magnets in addition to the external applied field H. We call N the 
Weiss factor of the inner field. Its theoretical interpretation was given 
very much later by Heisenberg with the help of quantum mechanics 
(see Volume III). The resulting field H+NM now, according to 
Curie’s law (48.3), fixes the magnetization 


M = << (H+NM) 


Solving this equation for M, we have 


_ oe as 

T—CoN 
We find the susceptibility given by equation (48.6) with the value 
© = CoN for the Curie point. 

Remark: In the MKSA system the expression (48.1) is written in the form 

M = KuoH 
while for equation (48.2) we must substitute 
B = woH+M = wuoH with »=1+k 


Thus in the magnetic case, as in the electrical, the susceptibility in the MKSA 
system is defined as 4x times the susceptibility in the Gaussian system. 
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CHAPTER CIV 
Electrodynamics of Quasi-stationary Currents 


§49. Self-induction and mutual induction 


The great practical importance of (preponderantly linear) arrange- 
ments of current systems in physics and engineering provides ample 
justification for our occupying ourselves in a special section with such 
arrangements. We limit ourselves here to quasi-stationary currents and 
by this we understand alternating currents of such low frequency that 
the laws of electric and magnetic fields which we have already found 
can be applied to our problems. Because of the corrections which, for 
high-frequency alternating currents, have to be applied to the equation 
curlH = 4ng/c, and the fact that their consequences lead to high- 
frequency techniques and to the electromagnetic theory of light, we 
defer a study of such currents to Section D. 

The essentially new concept with which we must occupy ourselves 
in the following work is that of self-induction and mutual induction. We 
consider the flux of induction 


a, = [s. dS 


which, in a system of current-carrying conductors, passes through or 
is linked by the first current circuit. In our system the vector B is 
uniquely defined at any point by the currents J,,,,...,J, in the 
various conductors. Let us assume further for simplification that the 
permeability 4 is everywhere independent of H. Thus the contribu- 
tions of the individual currents to the resultant vector B are directly 
proportional to the respective currents. We can therefore write 


1 
-®, as Lyi, t+Lhy.Int+...¢ Link, 
c 


Correspondingly, for each of the m current circuits we have 


n SARS 
*O,= Y Lali ‘ay (49.1) 
c a ~ 
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The L,, are called the inductance coefficients. We speak of the self- 
inductance of the kth circuit for the case k=/, and of the mutual 
inductance of the two circuits k and J, when k £1. 


(a) Mutual inductance of two linear current circuits 


The L,, with k #7 obviously depend only on the relative positions 
of the current circuits k and /. If in the entire region occupied by the 
magnetic field we can say to a good approximation that p~ 1, it is 
possible to give a general formula for the mutual inductance L,, of 
the two circuits 1 and 2. L,,J, is indeed defined as 1/e times 
the flux of induction which is sent through circuit 1 by the current J, 
flowing in circuit 2. Denoting by dr, a line element of circuit 1 and by 
dr, a line element of circuit 2, we have (since B =curl A) that 


“ 


] ] 
L,,1,= = |G, dS, = “OAs ary 


in which A, is the vector potential at the place denoted by dr,, due to 
current 2. For this, however, we have previously found the value 


I, dr, 
A,(r,) = —O———_. 
2(1) ot nS 
Thus we obtain that 
1 dr, . dr, 
pe poesia (49.2) 
ee ppm 


To calculate the mutual inductance we have therefore to take the scalar 
product of every line element of the one circuit by every line element 
of the other; to divide by the distance between the two elements; and 
to integrate over both circuits. Thus the symmetry condition L,,=Ly, 
is obviously always fulfilled. 

As an application we treat the case, important in practice, of two 
parallel coaxial circular current loops. Let a, and az be their respective 
radii, and let A be the distance between their planes. For calculation, 
we fix in our minds two line elements dr, and dr, inclined to one another 
at an angle 0. Their separation is 


[r,—T2 | = JM(h? +5 +az—2a, a, cos 8) 
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Further, introducing the azimuth y, of r,, so that |dr,|=a@,dy,, and 
analogously wy, with | dr, | =a,dy,, and noting that py, =,+06, we 


obtain 
fz 2% 4, 4,008s0dy, dy 
12 2 o \(h? +47-+a3—2a, a,c0s 8) 
- a,a,cos@d@ 
- (a) Cece a,cos 0) 
the latter after substituting the integration with respect to @ for the 
w-integration, and after carrying out the y,-integration. In order to 


work out the remaining integral, given in tables of complete elliptic 
integrals of the first and second kind, 


~ nf{2 do 
us J(1—k? sin? ¢) 
and E(k) = | ee db ./(1—k? sin? $) (49.3) 
(0) 


we set = 26+7, and introduce for brevity 


4a,a h? +(a,—a2)? 
o) il al 5) 1 2 
esata Gee ES ee 
h? +-(a,+a,)* h? +-(a,+a,)? ae 
We have, then, after some rewriting that 

_ 4nk —cos2¢ dd 

rane > JG —k sin? 4) 
4x 2 2 
= alae (49.5) 


We consider further the two extreme cases k << 1 and k ~1. In the 
first case we must consider that the integral in (49.5) vanishes when, 
there, we set k=0. If, however, we develop the denominator of the 
integrand in powers of k? and break off after the term of the first power, 
we find 


n7k3 
Ly,= Ger VG a») (49.6) 


as the value for the mutual inductance of two widely sepagate id coaxial 

circular loops (k % 2(a, a,)?/h). 

bi. 
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If, however, k= 1, ie. ay Xa, xa, h<a, the integrand in (49.5) 
then has a very sharp maximum at ¢ =4z and for k=1 would itself 
become infinite in a non-integrable fashion. For calculating the 
integral we first substitute py =4x—¢ for ¢. We then break up the 

y-integral into two component integrals 


ib __—c0s 2p dg _ -( cos 2 dy 2 cos 2 dy 
JG =k? sin? 6) k?sin?) Jo./(1—k* cos?) | /(1—k? cos? p) 


with ¢ so chosen that 1—k? <e? <1. In the second integral we can 
then substitute 1 for k, and thus we obtain for the value of this integral 


[ ‘este [intansy-+200sy [= —Inde—2 


In the denominator of the first integral we set cos? ~1—wW?; we 
neglect the wa in the numerator, obtaining 


iP a ket+./(1—k? +k7e ae 2e 
Ja- a ky) k Jd—k?) ” G—k) —k?) 


in which we have set ke xe and we have taken into account that 
1—k? <«*. We therefore find altogether (¢ drops out) that 


ae ~ e 4na 8a 


in which a is the shortest distance between the 
two circular loops. 


(b) Self-inductance 

We apply the above result in the calculation of the self-inductance 
of a circular wire ring. The radius of the circle is a, and the radius of 
the wire rg, it being assumed that rp <a. In this case we are no longer 
permitted to assume the wire to be filamentary (diameter vanishingly 
small) since with such a filament the magnetic field, and therewith the 
total flux of induction ® would become infinite. If, however, we 
calculate with a finite wire thickness, there appears at first to be an 
indeterminacy with regard to where within the wire we must place the 
boundary curve for the calculation of the flux of induction. 

We get around this difficulty by picturing the wire, of cross-sectional 
area q=ar2, as subdivided parallel to its length into many very thin 
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current-carrying threads of cross-sectional area dS,, dS,,... We then 
obtain the self-inductance L of the whole wire as the mutual inductance 
L,, between the individual threads of the bundle of which the wire is 
considered to be composed. 

We now assume at first that the current strength I is uniformly 
distributed over the whole cross-section of the wire, and that therefore 
in a thread of cross-section dS, a current /dS/q flows. We then have 
for the flux of induction ®; through the ith thread 

1 I I 
-®; = Fie dS, Ae dS, (49.8) 


in which we have substituted a surface integral over the whole cross- 
section of the wire for the summation over all remaining threads. 
For the induction law we now need however, not the flux of induction 
through a particular thread, but the average value of the fluxes through 
all threads 


1 1 
= -) 9; dS; = “Io, dS; (49.9) 
q q 
for, by applying the induction law in the form of (45.2), say, we have 
for the current induced in the entire wire 


Ly 1 do, 1 340, , 1 d® 


l= ee eee eee 
dW ci R; at gReT dt Rc dt 
in which R; =qR/dS; means the resistance of the /th thread. If, now, 


corresponding to the definition of self-inductance, we set ® = cLI, we 
find from (49.8) and (49.9) the expression for L: 


1 
L — Faller asi dS, (49.10) 


Thus for our circular loop, with equation (49.7) for the mutual induct- 
ance of two almost equal coaxial current loops (a, a, ~ a), and with 
the smallest distance of mutual separation b,, = b, we have that 


4 8 4 
p= i = = — {In8a—Inb— =o 


which, in the sense (49.10), is to be averaged over all b- vabigs. wn order 


to carry out this averaging we introduce into the cross-sectiogal plane 
as 


We 


“a 


849. Self-induction and mutual induction 197 


the position vectors r,; and r, of the two surface elements dS, and 
dS, reckoned from the centre of the circle, and thus we have to evaluate 
the quantity 


= 1 
Inb= saz |[ as: dS, Inb 


(¢) 


ro ro 2n 
-=-| ridry | ry dr, | doin /(r?-+1r2--2r, r2. cos) (49.11) 
0 


~~ 4 
rot Jo i) 
Now for r, >r2, since 


In(l—x) = —- s = 


n=1N 


we have the following series development 


1 ‘ : 
In. /(r} +13 —2r, r, cos ¢) = Inry +5 {Hn (1-2) +10 ( | 


ry ry 
ioe) qn 
eS “) pos 
n=1 ry n 
If this development, or that corresponding to r;<r,, be put into 
(49.11), the contribution of the summation over n vanishes because 
2n 
| cosn¢dd = 0 
0 


Then, by splitting the r,-integral into the two component integrals 
with r,<r, and r,>r,, we have 


nb= 5) "ran} | redratnri+| redraloy} 
To Jo tt) rn 
1 ro 2 
0J0 ro 


and after carrying out the remaining integration 


Inb = Inrp—4 


a 


Thus we find for the self-inductance of the wire ring 


he ins — 7 (49.12) 
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As an example, for a wire ring made of non-magnetic material, in air, with 
a =S5cm and r = 0:05cm, we have 


L = 3-44 x 10-19s2/em = 3-10 x 10-7henry (H) 


We introduced the assumption above that the current is uniformly 
distributed over the cross-section of the wire. Actually, however, for 
alternating currents the current density tends to increase toward the 
outer boundary of the wire, and this the more so the higher the fre- 
quency of the alternating current and the greater the permeability of 
the wire material. For high-frequency alternating currents, and also 
in the case of soft iron wires (u> 1) even when the frequency is low, 
the current confines itself to a thin layer on the conductor surface. We 
shall have a fuller discussion of this phenomenon, known as the skin 
effect, in §60. We shall then see that the skin effect is hardly noticeable 
for non-magnetic wires (and thus our foregoing calculation of LZ is 
justified), so long as the frequency of the alternating current lies below 
the value c?/4nr2o (with ro = wire radius, and o = conductivity of wire 
material). For our wire, having rp = 0-05cm, this frequency (if we cal- 
culate with the conductivity of copper, namely o = 5-14 x 10!7s5~') 
comes out to be 5:6 x 10*s71. 

A much simpler calculation than that for the circular loop is that 
of the self-inductance Z of a long coil (solenoid) of cross-section a and 
length /. Let n be the number of turns per cm, and let py be the per- 
meability of the core of the coil. Inside the coil H = 4znlI/c; thus the 
flux of induction through one turn of the coil is 4zynla/c, and that 
through the whole coil is therefore ® = 4zpn*Ila/c. For the self- 
inductance we therefore obtain 
4npn?la 


—S— (49.13) 


L= 


Remark: Since in both the Gaussian unit system and the MKSA system the 
self-inductance is defined by the equation 


Vind) = —Ldifdt 


in order to obtain an L-value in Vs/A, i.e. in henrys (H), the Z-value in the Gaussian 
system has to be multiplied by 300 x (3 x 109) = 9 x 1011, 


§50. Circuit with resistance and self-inductance. The vector diagram 
We consider a system of n closed circuits, the ohmig. 3 resistance of 
the kth circuit being R,, the applied e.m.f. being V“), andthe flux of 
at 


a) 
be 
‘a 
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induction ®,. The behaviour of the current J, is in general given by 
the relation 
1 d® 
1,R, = Vio’ -- —* 
k*~k k C dt 
If the special conditions of §49 are satisfied, so that in particular 
the permeability is everywhere a constant of the material, independent 
of H, then ©, is a linear function of the current strength, or, from (49.1), 


1 n 
-, = y Lyt, 
c a 


with the induction constants L,;, the circuits being assumed to be at 
rest. The induction law therefore gives the n equations 

dl, 
dt 


I,Ry+ ¥ Ly = VO (50.1) 
1=1 
These are 7 equations for the » derivatives d/,/dt. If at time t the values 
I, and V© are given, then, through (50.1), the values of the J, at time 
t+dt are determined. The whole “run” of the currents with time is 
therefore established by (50.1), provided the applied e.m.f.s V@ are 
known functions of the time. 
We wish to discuss this in greater detail using several examples. 
Circuit without applied e.m.f—We have here only one equation 
this being with V® =0: 


dl 
IR+L—=0 
dt 
Its general solution is 
ee (50.2) 


The current existing at time zero decays away exponentially in a 
manner such that after the lapse of a time L/R (the time-constant of 
the circuit) it has fallen to the eth part of its initial value. 

Circuit with periodic applied voltage V) =V,cosmt. (Here Vo = 
amplitude of the periodic applied voltage; w =the circular frequency 
of same.) We have then that 


dl 
IR +L = V.cosat (50.3) 
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We can find a particular solution of this non-homogeneous equation 
by putting 
I =I,cos(wt—¢) (50.4) 


Equation (50.3) then becomes 
{I9(Rcos $+ aL sin b)— Vo} cos wt+Io(Rsin 6 -wL cos ¢) sin wt = 0 
This equation must be satisfied for all values of ¢; the coefficients of 


coswt and sinwt must therefore vanish separately. We thus obtain 
two equations for J) and ¢ with the solution 


Vo 
~ (R? +072) w*I?) 
The quantity ./(R?+«7L’) is called the impedance of our circuit, and 
¢ is called the phase angle. 


and tang@= - (50.5) 


Fig. 46.—Complex representation of the strength of an alternating current 


The calculation of the unknown quantities in alternating-current 
work becomes shorter and more readily visualized if we make use of 
complex quantities and a graphical representation. If in place of the 
real expression (50.4) for the current we substitute the “complex” 
current* 

I =I, ei!-?) (50.6) 


we can represent (figure 46) this quantity in the complex plane as a 
vector with the components 


Re{I} = Ip cos(wt— ) Im{J} = Igsin(wt—@) (50.7) 


The vector thus has length J) and makes an angle wt—@ with the real 
axis. In the course of one period the end-point of this vector describes 


“nh oo 


* Here we use j for +/(—1) as is the custom with electrical engineers. Later Se Rshall feel free to 
use i for the same quantity, as this is the symbol more familiar to physicists. 


“a 
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a circle around the origin such that at any moment the projection OA 
of this vector on the real axis gives the real value of the current. 

For calculating with such complex vectors we have the following 
rules: Addition of two quantities Ae!* and Be* consists in a geo- 
metrical addition of the corresponding vectors (by the parallelogram 
rule). Multiplication by the imaginary unit j= e/*/? means a rotation 
of 90° in the positive (i.e. counterclockwise) sense. Differentiation with 
respect to ¢ for processes having circular frequency w is equivalent to 
multiplication by ja. 

With (50.6), our alternating-current equation (50.3) takes the form 


RI+joLI = v© 


which connects the complex vectors J and V) (figure 47). For an 
arbitrary value of J let JR equal OA at a certain time. The vector 
Ldl/dt is then perpendicular to it (line OB). V© is obtained from 
OA and OB by geometric addition (line OC). If this whole figure is 


Fig. 47.—Vector diagram for a circuit with self-inductance and resistance 


imagined to rotate as a rigid structure around the origin, with the 
angular frequency w, then at any moment the projections of OA and 
OC on the real axis (or on the imaginary axis) give the values of current 
and voltage. The values given in equation (50.5) for the impedance 
and phase angle can obviously be directly read from figure 47. The 
(in general complex) ratio V“/J is called the apparent resistance, R. 
Thus in the foregoing case R= R+jo@L. The impedance is therefore 
the magnitude of R. The real part of R is called the effective resistance 
and the imaginary part the reactance. 

As a further example we consider two coupled circuits in one of 
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which there is a periodic e.m.f. V“—the case of a transformer (figure 
48). In this case equation (50.1) reads 

dl, 
dt 


dl, 


dt E 


IRit Ly, thy = VO 1p RytLay T+ Ly? =0 


For an alternating applied emf., V© = V,e/, these equations can 
be completely solved by a method analogous to the one just used, thus: 
We put J, =I, ,e"*) and I, =I,,e-*. We limit ourselves 


Fig. 48.—Schematic diagram of a transformer 


to a direct discussion of the relations in an ideal transformer connected 
to a purely ohmic load. This is characterized by vanishingly small 
resistance in the primary winding (R,<q@Z,,) and ideal “tight” 
(leakage-free) coupling between the primary and secondary circuit. 
This latter condition means that all lines of magnetic induction linked 
by one of the circuits are linked by the other circuit as well. To a high 
degree of approximation this condition can be realized by arranging 
the two windings on a closed magnetic-circuit iron core in which almost 
all the lines of induction travel. Denoting by ® the flux of induction 
in this core, and by n, and 7, the total number of turns on the primary 
and secondary windings, then n,® and n,® are the fluxes of induction 
through each of the two windings. For R, =0 we therefore have 


n, dO n, d® 

——=ye) I,R,+—-——=0 

c dt 22 ey 

From these equations we have, first, 
n 
I,R,=-—Vv© 
o “AES 
SA. 


for the current flowing in the secondary circuit. A most important point 
1 


. 
. 
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is that, as we see from the first equation, the flux ® is determined by the 
primary voltage V alone (independent of the load): 


Jom g _ yo 
c 
Moreover, the magnetic field strength, and therefore also the flux in 
the iron core, are at any moment proportional to the sum n,J,+n2Ip, 
thus 
ny1Iy+n,1, = k® 


where k is a (real) constant of the transformer. We therefore have the 
vector diagram for the ideal transformer shown in figure 49. There is 
a vector V“) for the primary voltage, the vector k® lagging 90° behind 
this, and the vector n,/J, with a further lag of 90°. The vector n, J, 


“a OZ 


Fig. 49.—Vector diagram of an ideal transformer 


for the primary current is then determined as the vector difference 
k®—n,1,. For decreasing R—therefore increasing J, and thus increas- 
ing load on the transformer—n,J, rotates in the positive sense away 
from k®, in such a way, however, that the projection of n,J, in the 
direction of kD remains always equal to k®. While in this case the 
effective resistance in the primary circuit therefore increases, the 
reactance is independent of R,. 


§51. Circuit with resistance, self-inductance and capacitance 


When a capacitor is included in an alternating-current circuit, the 
current ceases to be source-free, i.e. it loses its solenoidal character, 
since the plates of the capacitor act as sources or sinks for the 
current. Then, however, the equation curlH = 47g/c, which was set 
up for steady currents and was used in §49 for the calculation of 
inductances, also commences to lose its validity since its divergence 
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leads to divg=0. We shall be occupied with a thorough-going dis- 
cussion of the necessary corrections to this equation in §53. So long, 
however, as the separation of the capacitor plates is small we can 
neglect this correction. As we shall soon see, in the application of the 
induction law we shall be obliged to reckon with an uncertainty, but 
one of no practical importance. 


+A 
R 
yee 7 
L 
B Cc 


Fig. 50.—Circuit with self-inductance, resistance, and capacitance 


We consider (figure 50) a series connection of ohmic resistance R, 
capacitance C and self-inductance L, under the influence of an alternat- 
ing voltage V“ applied between the mains points A and B. The current 
I flowing in the circuit is then given by 


2 
Ris | (E+E). dr 
il 


where the line integral is to extend from capacitor plate 1, over BARL, 
to plate 2. Now we obviously have 


2 
E® dr = VO 
1 
we have, further, that 


: (ind) dl 
E.dr = $¢,—¢2+ E Nee 


1 


in which ¢,—@, = Vj, is the electrostatic potential on the capacitor. 
Since for the induction term, however, the path of integration must be 
a closed one, the contribution to the integral from the portion of path 
between capacitor plates on the right-hand side has to be subtracted. 
We thus obtain, altogether 


dl (e) a 
RI+L——Vi2 =V “my, (51.1) 


Tt 


“ 
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Furthermore, the current / is equal to the time-rate of change of the 
charge on the capacitor. If C is the capacitance of the capacitor, we 
then have that 


dV. 
ie — Ce 51.2 
Tt (51.2) 
Thus, for an alternating current of period w 
Rip oli- 1 = Vo (51.3) 
ac 


Thus we have the connection between V® and J illustrated in the 
vector diagram (figure 51). 

The apparent resistance of our arrangement is given by the vector 
R= R+j(@L—1/mc), and the impedance’ by J/[R? +(@L=1/@C)?]. 
The latter, for @* = 1/LC, has a minimum which for small values of 
R is very sharply defined. Thus if the applied voltage V consists of 
a combination (superposition) of all possible different periods, then, 
in the main, the current will contain only those periods which are 
close to this fundamental frequency 1 ik (LC). We have before us here 


olf aC 


GO) 


Fig. 51.—Vector diagram for circuit of fig. 50 


the case of resonance between the period of the applied voltage and the 
period of the characteristic oscillations of the circuit, presently to be 
discussed. 

If we connect the points A and B of the terminal leads (figure 50) 
by means of a heavy wire (short-circuit), V© becomes zero, and our 
equations (51.1) and (51.2) give, after elimination of Vj, 

Gel dI 1 


add cere eG EAC 51.4 
L,+Ro+e (51.4) 
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The general solution of this equation (with the two constants of 
integration c, and c,) is 


R R\?_ 1 
T=ce+e,e with k.=—-—+ /i(=) -— 
oe ee x ||(5) ce 


We find, therefore, a periodic discharge when R/2L <1 If (LC), and an 
aperiodic discharge for R/2L > 1/,/(LC). Designating for brevity 


R 1 
5a 8 ea ee 51.5 
1h a AEC) ee 


then, for the periodic case, 
I = Ae~*sin[(w2 —6)'/?t+ b] 
while for the aperiodic discharge 
I = Aexp—[6+./(6?—w?)]t+ Bexp—[6—,/(6? —@ )]t 


In practical applications, weakly damped oscillations are of special 
importance. These take place when 6 is so small compared to @ that 
62 can bé neglected in comparison with w3. We then have 


I = Ae~*sin (@o t+) 


The time for one oscillation (the period) is 


T=2=% J(Lc) 


while the /Jogarithmic decrement D, as the logarithm of the ratio of the 
amplitudes of two consecutive oscillations, is 


—a(t+T) Wo 


ew 
D = log - ST ose ar |f (51.6) 


1/D gives the number of oscillations in the duration of which the 
amplitude falls to 1/e of its original value. 


As a numerical example we consider a Leyden jar of radius Scm, wall thickness 
0-2cm and height 20cm. From the formula for the parallel-plate capacitor 
C = eS/4nd we obtain with e=5 (glass) and S=22x5 x 204 7% 25) em? 
altogether C = 1400cm = 1-5 x 10-9F. As the short-circuiting con ndu ctor we take 
a copper wire bent simply into a circle of the dimension’ S used in §49 
and thus having the self-inductance found there, namely L = 3-4 x IONS s2/cem = 

“8 


“Ss 
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3-1 x 10-7H. For the resistance R of the wire we first take the ordinary d.c. resist- 
ance R= 68 x 10°3Q. With these values, from (51.5) and (51.6), we get 


me O0nees, 65-1 —~R_). 45-1 
Vo = 7:2 xX 106s and 6 Td 1-1 x 1045 


This frequency would correspond to a wavelength 4 = c/vo = 42m. The number 
of oscillations for a damping to 1/e is vo/S5 = 650. If the oscillations are excited 
by a discharge across a spark-gap, we should naturally expect decidedly stronger 
damping on account of the increase in R due to the added resistance of the spark-gap. 

Even without a spark-gap, however, an essentially higher value of R is to be 
expected on account of the skin effect (already mentioned in §49), in which for such 
rapid vibrations the current is displaced toward the surface of the wire. In cases of 
this type we cannot use the whole cross-section of the wire for calculating R, but 
only the cross-section of that layer near the surface which is occupied by the current, 
its thickness being a function of the frequency wo (see §60). 


§52. The energy theorem for a system of linear currents 


In order to complete our observations on the electrodynamics of 
quasi-stationary currents, we wish now to occupy ourselves with a 
consideration of the energy relations in such systems. We start with 
the basic equations valid for a system of linear currents. Corresponding 
to (50.1) and (51.1), we write the equations in the form 

d 
VO = Rht Ay, with I, = -¢,o (52.1) 
Since V‘@J, is the power from the applied voltage (e.m.f.) in the kth 
circuit acting upon the current flowing in this circuit, we obtain the 
total energy input per second of all applied e.m.f.s in the system by 
multiplying the first equation (52.1) by J, and summing over all circuits. 
There then emerges as the first term on the right-hand side the total 


Joule heat, y R, 1? produced per second in all circuits. Carrying this 
k=1 


quantity over to the left side, we obtain as the energy per second 
supplied to the current system by the current sources, /ess the Joule 


heat, 


" n ii n a® n 
= iMeti—») Roi? sey FoF LV. 622 
Ww 2 k k 2s k+*k pe k d t 2, Kak ( ) 


The last term on the right is known to us from electrostatics: 
dv, _ da 


ES aes eee Oey. C,V2 (623 
2 bli Pal dt a Wi 1 tudes k Vk ( ) 
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The quantity U,, represents the electrical field energy which at times 
is stored in the electrical capacitors of the system. A part of W is 
therefore used for increasing this energy. There is thus the suggestion 
that the remainder of W comes out as an increase in the magnetic field 
energy U,, and, in addition, if need be, as mechanical work Wrech which 
the field performs in a displacement of current-carrying wires (as, for 
example, in the electric motor): 


Si I,— = ass eee (52.4) 


The energy theorem (52.2) then immediately assumes the illuminat- 
ing form Z 
W= dt (Uns Un} a Vy ech 


We must now find out the meaning of U,, and Wiech 

We first imagine the current-carrying wires of the system held fixed. 
Then no mechanical work is performed (W,,,.,, = 0). In addition, the 
inductances L,, of the system remain constant, and from (49.1), namely 
‘0, = Y Lal (52.5) 
e 1=1 


as well as from (52.4) it follows in this case that 
1 d®,, a dI, d : 
Sf — = a 
tye = SS bat = S48 SD, Dale 
and therefore, for the quantity U,,, we have the expression 
Un = 2 > Saleh (52.6) 


We shall see in §55 that this quantity actually represents the mag- 
netic field energy. It is perhaps sufficient to refer here to the example 
of a straight coil (solenoid) for which, since H = 4znI//c, and with the 
value (49.13) for its self-inductance, we find the expression 

My 2nn? yl 2 
Oe a ea 
7 


5 a (52.7) 


Since /qg =volume of coil, equation (52.7) agrees withthe expression 
that would be expected by analogy with the electrostatic field energy. 
VN 


be 
a 
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Let us also mention here the energy relations in an oscillation cycle 
of the type considered in §51. Let the resistance be small giving small 
damping. From (52.2), with W~0, W,..,=0, the electromagnetic 
energy oscillates to and fro between the energy content of the capacitor 
and that of the inductor (the coil). With J= I,coswt, we have from 
(52.3) and (52.6), account being taken of the second equation in 
(52.1), that 


iP LE 
Of OE U,, = —cos?@, t 
el 202 C 0 m 2 (9) 


and thus, since wj=1/LC, we actually have here that U,,+U,, is 
constant. 

We now consider the case in which the individual current circuits, 
or (non-ferromagnetic) material parts of them, are in some way capable 
of motion with respect to one another. Let the momentary location of 
the movable elements of the system be designated by certain parameters 
@4,42,...,4;. If, for example, a part of a wire is capable of displace- 
ment parallel to the x-axis, then a, can simply be the x-coordinate of a 
certain point on this portion of wire. We now define the force F, 
belonging to the parameter a, by establishing that Fda, shall be the 
work expended by the system for a change da, of a,. If a, is a length, 
then F, is a force in the ordinary sense; if, however, a, is an angle, 
then F, becomes a torque. For one of the changes of length in 
the system, described by the functions of time a,(t), a,(t),..., 4,(t), 
work 
da, 
dt 


Woech = 3 E, (52.8) 
r=1 
is expended. 

For determining the F,, we draw upon the energy theorem (52.4). 
We introduce the value (52.5) for the ®, and (52.6) for U,,, taking into 
consideration that the Z,, are functions of the a, and thus also 
depend upon the time. We therefore find that 


eo, dUe 7 dia oli Sinn ciee 
=- = —l ie == 
ee renee we = da, dt 
As a comparison with (52.8) shows, we have also that 
i 0U 
=e hn een (52.9) 


k,l=1 0a, 0a, 


210 CIV. Electrodynamics of quasi-stationary currents 


The algebraic sign in equation (52.9) merits special attention. When, 
in this connection, in ordinary mechanics the potential energy is given 
as a function of the position coordinates, the forces are found, as we 
know, as the partial derivative of the negative of the energy (or the 
negative of the potential) with respect to the corresponding coordinate. 
Hence, according to (52.9), the negative of the magnetic energy plays 
the role of the potential. While in mechanics the forces act in such 
directions that the potential energy is diminished by their action 
(‘work done at the expense of potential energy”), our electrodynamic 
forces behave in the opposite way: they act in such directions that the 
energy of the field increases. A particularly clear example of this 
behaviour is shown if the currents are maintained at constant strength 
during the motion, say by suitable changes in the applied e.m.f.s 
(batteries switched on or off). In that case d/,/dt = 0 for all k, and we 


obtain simply 
Ss dU,, da dU 
W. etd r = oe 
ee r=1 ‘0a, dt ( dt ee 


In this case the energy of the field increases by exactly the amount of 
the work done. Thus the double energy gain of amount 2 W,,.., per 
second is balanced by the work performed by the applied e.m.f.s which 
maintain the constancy of the currents. 

On account of the directional sense whick we have established for 
mechanical forces, it follows from (52.9) that every current-carrying 
wire tends to move so as to link the greatest possible flux of magnetic 
induction. Thus, if the first circuit can be displaced parallel to, say, 
the x-axis while all other circuits remain at rest, and if we describe this 
displacement by the parameter a,, then, from (52.9), we have for the 
x-component of the force acting on the first circuit, 

DO Lay Ons | I, 6, 


—I,I —- 1,1, =— — Ds 
©, Ga, ae c 0a, nin) 


ao 


since here only those L,, depend upon a, for which either k or / is 
equal to 1. 

The force on the first circuit “in the direction” of the coordinate 
a, is therefore, to within the factor J,/c, equal to the space rate of 
increase (in the direction a,) of the flux of induction ®,, the.current 
in the circuit being held constant. cae 

In a similar manner we can calculate the force on a currentecarrying 


‘Nf 
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conductor (mentioned already in §44), With the help, say, of brush 
contacts, let a portion dr of a conductor be freely movable in the 
direction of the unit-vector s. Let its displacement in this direction be 
given by as, a being a variable parameter. In the motion of ér through 
the distance as, the surface as x ér is swept out. Thus the flux of 
induction increases by a(s x 6r).B. Equation (52.10) therefore gives 
for the s-component of the force on the piece or 


I I 
oF = zfs x or).B = ~8.(or x B) 
and thus, for the force itself, in agreement with (44.1), 
oF = ae xB 
c 


In this derivation of the forces on current-carrying wires—a deriva- 
tion employing the energy theorem—we have made essential use of the 
induction law for the case of movable (or deformable) current loops in 
a magnetic field. Conversely, on another occasion (in §44), we directly 
concluded this form of the induction law from the Lorentz force. Thus, 
in order to avoid reasoning in a circle, we must make it clear that, as an 
independent and self-sufficient experimental law, we must choose either 
the force law (44.1) or the induction law for movable (or deformable) 
current loops as the more fundamental; the other law is then derivable 
from it. 

In conclusion, let us make a remark concerning calculations. Total- 
energy expressions in (52.2) are of second order in the quantities 
determining the electromagnetic field. Thus, for relations concerning 
alternating currents, and particularly in looking back on the application 
of complex vectors described in §50, special consideration is necessary. 

The time-average of an alternating current J=J)cosqt is, of course, 
zero (I =0), while the average value of the square of the current (J?) 
is obviously equal to 4/2. In this case, then, in the energy loss due to 
Joule heating, RJ? =4RI2. Thus, in engineering discussions, instead 
of the current amplitude Jo, the “effective” current* I,p p= Io/,/2 is 
often given; with it the Joule heating is equal to RIZ,,. 

If in a circuit such as in figure 47 we have, in addition to an applied 
voltage V = V,coswt, a current I= Iycos(wt—¢) lagging behind the 


* Also called the “r.m.s. current”. 
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voltage by an amount equal to the phase angle ¢, the power supplied 
by the seat of e.m.f. becomes 


V©] = VoIy cos wt cos(wt—) = 4VoIy cos ¢ 
the latter because 


cos(wt—¢) = coswtcos P+sin wtsin d 


For the a.c. circuit of figure 47 having self-inductance and resistance, 
this power from the voltage source must, of course, be equal to the 
dissipation, per second, of Joule heat. Mathematically this follows by 
multiplying equation (50.3) by J and averaging over a period. In this 
case the inductive term LJdI/dt vanishes for alternating current. In 
a.c. engineering parlance the quantity VJ =4V,I)cos@ is called the 
effective power, while the quantity V“dI/d(wt) =4V Ipsin¢@ is called 
the virtual power in agreement with the splitting (mentioned in §50) 
of the complex resistance R=R+/wL into an effective resistance R 
and a reactance wL. 

If the current is not given as a real function of the time, but rather, 
in the sense of a vector diagram, as a complex quantity, say J = I,e/, 
and correspondingly for the voltage V=V,e’", the foregoing con- 
siderations can immediately be applied to these complex representa- 
tions. We have only to take into consideration that the real quantities 
for current and voltage are given by 


Re{I}=40+1*)  Re{V}=4(V+V*) 


in which the stars means the transfer over to complex-conjugate 
quantities. We thus have 


(Re {I})? = 377 +211* +1) = 41l* = fy Ik 


since, in their time average, J* and I** vanish on account of their 
t-dependence. Analogously, we have 


Re {V} Re {I} = }(VI+ VIF + V*14V*1") = (Vol + Velo) 


Thus in this method of calculating the power it is not necessary to 
determine cos¢ separately; rather, the phase displacementabetween 
current and voltage is already contained in the complexamplitudes 
Va cand eles as 
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CHAPTER DI 
Maxwell Theory for Stationary Media 


§53. Completing the Maxwell equations 


We wish now to assemble the Maxwell equations in their final form, 
for the case first of media at rest. As was often mentioned in Chapter 
CIV, the law of Oersted, 


curlH = a (53.1) 
for the magnetic field of a steady-current distribution, needs to be 
essentially and decisively extended in order to cover the case where the 
current filaments are not closed but terminate, for example, on the 
plates of a capacitor. At such places the divergence of g is not equal 
to zero, whereas the left side of (53.1) is always source-free (divcurl = 0). 
If, therefore, an equation of general validity is desired, either an entirely 
new relationship has to be sought, or else the right side of (53.1) has 
to be made source-free by the introduction of an additional vector. 
Maxwell chose the latter way, already intimated in §38, in which for 
the current density g in (53.1) he substituted the vector 


as in equation (38.8). This vector is always source-free since 


1 ddivD 0p 
i — i SS SS = il —=0Q0 
dive aU xy WW 2 ti 


oD, 
Introducing the “displacement current” == into the fundamental 
4 


electromagnetic equations forms the nucleus of Maxwell’s contribution to 
electrical theory. This is intrinsically the only place, but also the 
decisive place, at which, in its basic assertions, Maxwell’s theory differs 


from the old theory of action-at-a-distance. 
215 
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Thus, in place of equation (53.1), Maxwell substituted the relation- 
ship 


4 1 éeD 
ii (53.2) 
Cc c at 
which we can write in the form 
4n oP 1 dE 
curl B = *(e+F a + ecurlM ) +2 A (53.3) 


which is a more meaningful form from the standpoint of electron 
theory. The curl of B is thus determined not only by the density of the 
true current g and of the magnetization current gy =ccurlM, but also 
by the polarization current gp=0P/ét; and in addition the term 


ic enters. While the emergence of the polarization current on the 
c ot 


the right side of (53.3) is immediately understandable and can be readily 
proved experimentally, the term involving the change of E with time 
appears as something new and unexpected. At first it appears to be 
required only for purely mathematical reasons. Owing to its smallness 
it cannot be immediately verified, as, for example, in a discharging 
capacitor. However, it finds its brilliant and irrefutable confirmation 
in the propagation of electromagnetic waves (see chapter DII); for, 
as we shall see, this only becomes possible through the additional 
Maxwell term which, in contrast to the other terms on the right-hand 
side of (53.2) or (53.3), can be different from zero even in vacuo. 

Along with the augmented equation (53.2) we now take the induc- 
tion law (45.8) as well as the two statements concerning the sources 
of D and B, and thus we obtain the four fundamental equations, of 
remarkably symmetrical structure: 


7) : 
(1) curlH = u ote (If) divD = 4zp 
(It) curlE'= -* (IV) divB =0 


as the final form of the Maxwell equations for media at rest. We notice 
that these four equations are not entirely independent of one another. 
Thus, by taking the divergence, it follows from III that “the. time 
derivative of div B must vanish; equation IV, along with LI, ris,gatisfied 
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for all times if IV is satisfied in all space only at one particular moment 
Correspondingly, it follows from I by taking the divergence and making 
use of the equation of continuity of electric charge, that the time- 
derivative of II is satisfied. Conversely, in consideration of the dis- 
cussion at the beginning of these paragraphs, it is obvious that by 
eliminating D from I and II we arrive at the equation of continuity. 

The equations I to IV, however, become a complete system in which 
the temporal course of an electromagnetic phenomenon can be uniquely 
calculated only when three other equations are introduced. These three 
equations, called constitutive equations, relate the three vectors D, B, 
and g to the two field-strengths E and H. The simplest (and up to now 
exclusively considered) form of these equations, valid for isotropic, 
normally polarizable and magnetizable media, read 


(VY) D=cE (VI) B=pH * (VID g = o(E+E) 


These three equations, V to VII, are required in view of the special 
properties displayed by matter in the presence of a field. They are by 
no means rigorous and general, except in vacuo, in which case we have 
exactly that e=y=1, o=0. In particular, they fail completely for 
ferromagnetic and ferroelectric substances with their non-linear 
constitutive equations between B and H or between D and E. But the 
relationships V to VII are also fallible even for a linear dependence of 
the field quantities. This is the case when the fields change very rapidly 
with the time, as with light waves, and also when we attempt to describe 
after-effect phenomena in polarization and magnetization. In what way, 
in these and similar cases, the constitutive equations require modifica- 
tion we shall learn in §58. We shall also attempt there to obtain from 
electron theory laws governing the frequency dependence of the per- 
mittivity and the electrical conductivity. 


Remark: In the MKSA system the Maxwell equations possess the simpler form: 


dd) cul =O +g aq divD=p 
(i) curl E = -& av) divB=0 


Along with these we have for normal isotropic media the following constitutive 
equations: 


(V) D= eéE, (VD B= wpoH, (VI) g = o(E+E) 
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§54. The energy theorem in Maxwell’s theory. The Poynting vector 


From the system of Maxwell equations I to IV it is possible to 
derive a very important expression which we shall recognize as the 
energy principle in the electromagnetic field. If we multiply equation I 
by E, and equation III by —H and add the equations obtained, we 
have first 

—H.curlE+E.curlH = g.b4 1B. ae 
c c Ot Ot 
From the identity 


H.curl E—E.curl H = div(E x H) 


after multiplying by c/4z, we obtain the equation 


1 oD OB c 
—-—/E.—+H.—}=g.E+—div(ExH 54.1 
\ at” nt ee 

Since this equation derives solely from the rigorously valid field 
equations I and III, we must look upon it as an exact expression for 
bodies at rest. For brevity we write it in the form 


—S (att) =w+divS (54.2) 


in which we introduce* the well-known energy density of the electric 
field (from (32.6)), 


1 
Ma = E.dD>ug=—E.D for D=cE (54.3) 


and the correspondingly constructed energy density of the magnetic 
field (see §52) 
1 


u,--|H.dB>u,=—H.B for B=sH (54.4) 
4n 87 


Thus (54.2) affords an insight as to the whereabouts of the energy 


involved in any decrease with time of the total energy density of the 
electromagnetic field. The first term on the right-hand side 


yw=¢.E (54.5) 
DIRE TR 
be Accurately regarded, as we have seen in §33, duei/ét concerns a change in the Aspsity, not of the 
ordinary internal energy, but of the free energy, since isothermal activity has been assumed. For the 
purpose of this chapter, however, this distinction can be ignored. “ — 


ay 
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obviously represents the work from the field expended upon the electric 
current density. For the case where VII is valid, and on account of the 


fact that 
2 


g.E == ~g.E° (54.6) 


the quantity of energy injected into the current stream in this manner 
is recovered (a) in the Joule heat produced per cubic centimetre and 
per second, and (6) in the work expended against the applied forces. 
We call the two quantities taken together the thermochemical power of 
the field. Entering in addition, as a further cause of the energy decrease 
of the field, is the divergence of the vector 


S=-<ExH (54.7) 
4n 


Thus the law of conservation of energy requires that, in the cubic 
centimetre considered, there shall be liberated per second a certain 
amount of energy which proceeds outward through the surface A of 
this volume. We see this particularly clearly if we integrate (54.2) over 
an arbitrary volume and then apply Gauss’s theorem: 


~5, | +u,,} dv = fv dv+ $s, dA (54.8) 


Accordingly, S,dA gives the energy which passes per second through 
the surface element dA in the direction of its normal n. We call S the 
Poynting radiation vector. We shall have to deal more fully with this 
vector in the theory of electromagnetic waves. The Poynting vector is 
thus the immediate expression of the possibility of an energy transfer in 
the form of radiation (also through empty space), and therefore of the 
possibility of an electromagnetic interpretation of optical phenomena. 
On account of its importance we shall now endeavour to become 
acquainted with its characteristics by means of an elementary example. 
(See also §61.) 

We consider therefore a portion of a straight cylindrical wire (figure 
52) of radius a, carrying a steady current of strength 7. A quantity of 
Joule heat EJ is produced per second and per unit length in this wire, 
where £ is the voltage drop per unit length along the wire. We ask now 
how the electrical energy converted into heat actually arrived at its 
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place of conversion. That it was transported there by means of the 
conduction electrons appears from the outset to be extremely unlikely— 
especially since the electrons, despite their large number, move through 
the wire (even for the strongest current densities) with only a relatively 
small average velocity (a few centimetres per second). 


I 


Fig. 52.—Orientation of the E and H vectors on the surface 
of a current-carrying conductor 


We obtain the answer to our question from (54.8) by considering 
the Poynting vector S. Since E lies parallel to the wire axis and H 
circles round the wire, S is directed against the surface of the wire. 
Its value at the surface of the wire, using (46.3), is therefore 

c € 22l El 

age or ~ 2na 
The total energy flow into a 1-cm length of wire, namely 2za5S, is thus 
quantitatively equal to the heating EJ developed in this length of wire. 

Thus, at the place in the current system at which electrical energy is 
required, this energy flows out of the field and into the wire, and the 
density of this energy flow is given by the Poynting vector S. It can 
in like manner be shown that at the place where an applied force is 
active, there is a corresponding flow of energy out of the current 
system and into the field. 

It should also be mentioned that the above definition of the, Poynting 
vector is not a mandatory one. Since this vector has beensintroduced 
only by way of its divergence, the curl of an arbitrary vecton can be 

+ 
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added to it without altering the physical facts of the ease. On various 
grounds, however, the definition of S given in (54.7) is especially 
convenient, particularly for the electromagnetic theory of light. 


Remark; In the MKSA system the relationship (54.1) reads 

oB 

at 

Thus for the Poynting vector, instead of (54.7), we have the expression 
S=ExH 


-(p2+n \=e.E+dv@&x™ 


This leads to the already familiar quantities for the energy density, namely 


ua = [E.dD > ua = 3E.D for D = cegE 


tm = [H.dB— un = $H.B for B= puoH 


§55. Magnetic field energy. Forces in the magnetic field 


We wish here to investigate in a more detailed way the magnetic 
field energy and the forces derivable from it. According to (54.4), this 
energy is given by 


n= [nd with in = [Ha (55.1) 


We have derived this equation in §54 in a general way from the Maxwell 
equations. We now go back to this derivation for a specially simple 
physical arrangement, as follows: 

A bar of length / and cross-sectional area g has been bent into a 
circular ring. Let a conducting wire of resistance R be wound uniformly 
at m turns per centimetre on this ring. With a battery supplying an 
applied voltage V, a current J flows in the wire. The battery then, 
in the time dt, performs work dW=IV dt. Now, first, from the 
induction law we have that 

ine yen dB 
c dt 


and, second, the magnetic field within the ring coil is determined by J 
alone: 


H=—nl 
C 
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Thus the work performed is equal to 
I I 
dW = PRdt+*"14B = VRdt+ LH 4B 


Since gl is equal to the volume of the bar, we find, along with the Joule 
heat, as equivalent to the power from the battery, an energy contribu- 
cion per unit volume of HdB/4z is supplied to the field in agreement 
with (55.1). 

Further, we have to show that the energy value (52.6) derived in 
§52 for a system of linear currents is in agreement with (55.1). The 
latter, in the absence of ferromagnets (since B = »H) leads to 


i z, [HB (55.2) 
8x 


Since B has no sources, by introducing the vector potential A the 
induction B can be replaced by curlA, giving 


H.B=H.curlA = A.curlH+div(A x H) 


In integrating over all space the surface integral originating in the 
divergence vanishes so that, for the case of quasi-stationary currents 
(ie. with curlH = 42g/c) we obtain 


a  |eAae (55.3) 
2c 


Now, for a linear current of strength J and cross-section q, if dr is 
a line element of the conductor, gdv = Jdr. Since J has the same value 
at all places on a current-carrying wire, we have for n circuits 


1 n 1 n 1 n 
Ue = — Y ole@eA. dt see Lakes dS — — a) 
Hs 2c 3 ‘ b 7 ZC » ‘ \ is 2¢ 2, sala 


Taking account of (52.5) we have thus found equation (52.6) for the 
magnetic field energy of a system of quasi-stationary currents. 

From the expression for the electrical field energy we have calcu- 
lated in §§34 and 35 the forces to be expected to act on material media, 
by equating the decrease —dU,, of this energy for an arbitrary dis- 
placement s of the medium, to the work Jf.sdv performed, by the 
field in this displacement. We were able there to determing a ‘unique 
value for the force density f when s was actually taken as ‘the most 

my 
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general possible displacement. By restricting ourselves to incompressible 
media, or even to rigid media, we would have been able to evaluate f 
only to within the gradient of a completely arbitrary function, or to 
calculate the total force F = Jfdv on the body displaced as a whole. 

In an analogous way we could attempt here to calculate the force 
density obtaining at every point of matter in a magnetic field from the 
magnetic field energy (55.1). For non-ferromagnetic and non-conduct- 
ing substances the considerations of §35 can actually be taken over and 
lead here to the force density 


f= -—W? grad p+ ~ grad (w 2 s) (55.4) 
where we regard the permeability as a single-valued function of the 
density o. The term pE coming from the electric field finds no counter- 
part here owing to the non-existence of true magnetic charges.* 

In carrying out corresponding arguments for ferromagnetic bodies 
or electrical conductors, certain characteristic difficulties appear. In 
the first case these difficulties originate in that in a displacement, which 
we might designate by s, in a ferromagnet, the magnetization curve 
will in general vary in a non-calculable way from place to place and 
from one element of the material to another. Thus, for example, the 
phenomenon of magnetostriction can be quantitatively calculated only 
in very special cases (such as in an ellipsoidal body). We can expect 
only general statements for the total force F on ferromagnets, in so far 
as we displace the body as a whole and inquire concerning the con- 
comitant change in the field energy. 

For the case of conducting media a characteristic difficulty presents 
itself through the application of the law of induction. In the displace- 
ment of a metal in a magnetic field a current is always induced. Accord- 
ing to the arguments of §45, however, this current has its origin not, say, 
in the appearance of an induced field, but in the action of the Lorentz 
force. This force, being foreign to the Maxwell equations, is not found 
in them. Now, we might propose to derive it from the Maxwell equa- 
tions by means of energy considerations of the foregoing nature. In 
§52 we were in fact able to carry out such a derivation for linear 
current systems. But this was only possible because we made use of 
the induction law in the technical form which is the only form 


* With equation (55.4), the considerations of §37 can now be adapted to the case of force effects 
on diamagnetic or paramagnetic non-conducting liquids and gases. 
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permitting the change of the flux of induction to be taken into account 
through the motion of the current path. With the Maxwell equations 
for media at rest, assembled in §53, we would in principle not have 
been able to handle this problem. For the same reason we are not now 
able with these equations to calculate the force on spatially extended 
conductors in a magnetic field by displacing the conductor and then 
considering the change of field energy accompanying this displacement. 
This would only be possible through a knowledge of the Maxwell 
equations for moving media (see §70). 


§56. The momentum theorem in Maxwell’s theory. The momentum 
density of the radiation field 


In spite of the difficulties described in §55 we can calculate the force 
on conducting and magnetizable bodies in a given field if, instead of 
the energy theorem whose calculation of force requires a displacement, 
we make use of the momentum theorem. 

For an easier understanding of what follows, we first consider the 
special case where in all space, besides the electromagnetic field, there 
exists only a moving charge. The total force on this charge is given from 
the force density 

f=pE+2xB (56.1) 


by volume integration. For carrying out this integration it is convenient 
to transform equation (56.1). 
Upon eliminating p and g by means of the Maxwell equations, we 


find 
i= i EdD + curl x BE - x a 


Adding, for reasons of symmetry, the relationships 
1 1 OB 
0=—*4-Dx culE-—-Dx—> and 0= ana 
4n c ot 4n 
we arrive finally at the equation 


1 
= 4, EdivD—D x curlE+HdivB—B x cul H}— 7S 


5 eB 
& 2) 
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Since for our special case D = E and B= H, we can write, say, the 
x-component in the form 


— OTs OTe OT, 1 2 


Is dx ° dy dz 4ne ae ee ey 
in which for brevity we have placed 
1 
T.. = q, Est Hi-E?+B’)}, eee 
(56.4) 


1 
Try = 7 1Es Ey+ Hy H,} res gc ee 


If now we find the total force on the charge by integrating over a 
bounded region, we have then that 


jaa 
a= fra» = prids—2( 2 [et x H), do) (56.5) 


As is shown by comparison with the considerations in §36, we can 
look upon this equation, excepting the last term, as if the force on the 
charge were calculated from Maxwell stresses which act upon a surface 
enclosing the charge. In fact, for the case of a vacuum, these stresses 
agree exactly with their electrical counterparts, the stresses of equation 
(36.7). 

The appearance of the term with the time derivative is, however, 
something essentially new. We can understand this as soon as we 
remind ourselves that the calculated force leads to a change with time 
of the mechanical momentum Jy,: 

d 
F= 7 Jar (56.6) 

Writing, now, the term in question on the left side of equation 
(56.5), we then obtain, for the case of a vacuum, the momentum theorem 
of Maxwell’s theory in the form 


d 
9 ut Is) = qT, dS (56.7) 
Thus to the electromagnetic field, as to the particle, we can ascribe a 
momentum 
: : . ExH S 
Js = [is dv with Js = TP — a (56.8) 
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such that the time rate of change of the sum of the particle momentum 
and the field momentum is equal to the total force which would be exerted 
by the Maxwell stresses on the region considered. 

The appearance of a field momentum becomes understandable when we con- 
sider that it is possible for electromagnetic radiation to convey not only energy 
but also momentum from a source of radiation to an absorber, and that this con- 
veyed momentum is measurable as “radiation pressure” on the absorber. 

In the calculation of this radiation pressure for the stationary case (as a time- 


average) the second member on the right in (56.5) drops out and, for a surface- 
element with normal in the positive x-direction, we have that 


Praa= — Tzz = — = {E2 + H2 — 2(E2 + H2)} (56.9) 


For a light-wave at normal incidence we have that Ez = Hz = 0, as will be 
shown in the following section. We then have here that 


Prada = 4, with uw = Ue + Um (56.9a) 


For isotropically incident radiation (uniform from all directions, as for example 
in Hohlraum radiation), we have for the average that E2= E2/3, H2 = H2/3. 
In this case then 

Praa = u/3 (56.9) 


We now go on to the general case of an arbitrarily shaped body in 
a vacuum. We assume with Maxwell that the momentum theorem in 
the form (56.7) holds also in this case, ie. when the surface integral 
extends over the surface of the body and the stress components (56.4) 
are those valid for a vacuum. There is now the problem of representing 
the total force F on the body, and the field momentum in the body. 
Going back to formula (56.2), we put in the f-value (56.1). We now 
integrate its x-component over the volume of the body, and we imagine 
the discontinuous transition on the surface replaced by a continuous 
one. Thus we find that 


g 1 6D OE oB oH 
E+= x B} dv—-—|,E.— -—D.— .—-B.—}dvt 
\\e ae i i alt 0x ae Ox w mt : 
fee é (D x B), dv = OT, dS 56.10 
A4nc dt nme Ts Ce 
(For this, from the expression on the right side of (56.2), let the part 
consisting of the second integral be split off; the remainder can be 
transformed into a surface integral and gives then exacfly T., since 
there D=E and B=H.) ~ 
If now the above-mentioned question concerning the splitting off 
os” 
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of the left side of (56.10), in the sense of (56.7), cannot be uniquely 
answered, then the form (56.10) suggests defining the quantity 


: _DxB 


= (56.11) 


4nc 


and correspondingly, regarding the first line of (56.10) as the total force 
on the body. This interpretation is supported by the fact that for nor- 
mally polarizable and magnetizable bodies, ie. for D=cE, B= pA, 
F assumes the expected form 
1 
F= [fone x B-- © grad e+H? grad} dv (56.12) 
This now justifies our assuming that also in the general case, i.e. for a 


medium with arbitrary field dependence of the polarization P and 
magnetization M, the force is given by the first line in equation (56.10). 


CHAPTER DII 
Electromagnetic Waves 


§57. Electromagnetic waves in a vacuum 


We wish in this chapter to consider electromagnetic fields which 
change rapidly both in space and time—in particular, electromagnetic 
waves. For this purpose we therefore start out with the differential 
equations of the electromagnetic field (§53). 

We first restrict ourselves to the case of wave propagation in vacuo. 
In this case D=E, B=H; moreover g =0, p=0, so that we work 
with the Maxwell equations in the form 


curlH 2 divE=0 
Ss ia (57.1) 
lee divH =0 
c at 


From this system of equations we can easily eliminate one of the two 
vectors E or H. If, for example, we take the curl of the first equation, 
and then make use of the third equation, we arrive at the relationship 


1 dcurlE _ 1@?H 


curl curl H = 


at Tene 
From the calculation rule (11.17) it follows, since divH =0, that 
1 @H 
VH => — Sn 2 
c* ot? ey 


If, in like manner, we eliminate H by forming the curl of both sides 
of the induction law we find correspondingly 


1 @E 
VE=—, — 57.3 
Ge he he) 
IR 
Both vectors E and H thus satisfy the same differential equation. It is 
called the wave equation. ~ 
228 4s 
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We now seek particular solutions of the field equations (57.1) or the 
wave equations (57.2) and (57.3), and we ask specially for solutions 
which correspond to plane homogeneous wave trains. We describe a 
wave train as plane when it is possible to place a family of parallel 
planes so that along each one of these planes the magnetic field strength 
does not change; each plane is called a wave plane, and their normal 
direction is called the wave normal. We wish to place the x-axis in the 
wave normal so that the wave planes lie parallel to the yz-plane. Since 
E and H have to be constant along the wave planes, all partial deriva- 
tives with respect to y and z vanish. The x-components of the two curl 
equations and the two divergence equations then read 

OE, _ oH, OE, OH, 


ase a 


Thus the longitudinal components £, and H,, are constant in both space 
and time. If they should be different from zero, it could only be a case 
of a static field superimposed upon the wave process. Since such a 
field has no influence upon the wave propagation, and hence is of no 
interest to us, we say that 


E,=0 H,=0 (57.4) 
The remaining components of the curl equations then read 
0H, 10, dH, 1908, 
6x ¢ at ‘Ox c at 
%  C x. (57.5) 
Che mci, 0E,  _ 10H, 
ax ¢ at ax sc: Ot 


Connected through these four equations are, on the one hand, the 

components E, and H,, and on the other E, and H,. It thus suffices 

for us to consider the first pair of equations by themselves; the cor- 

responding solutions for the other pair result from a 90° rotation of the 

coordinate system around the x-axis. By eliminating H, and £, 

(respectively), we are led from the first pair of equations to the relations 
G28 i acle, Mie Ge 


ax? cc? at? ax2 sc? «At? 


These also follow directly from (57.3) and (57.2), respectively, if there, 
corresponding to the assumption of homogeneous plane waves in the 
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x-direction, the derivatives with respect to y and z are deleted. These 
partial differential equations are known from the theory of the vibrating 
string. Using (57.5) we write their general solution in the form 


E, =f(x—ct)+g(x+ct) H, = f(x—ct)—g(x+ct) (57.6) 


in which f and g are arbitrary functions of their arguments x—ct and 
x+ct. Obviously, they represent waves which travel in the direction 
of the positive and negative x-axis respectively. 

We limit ourselves in the sequel to those partial waves which are 
given by the function f(x—ct). The form of the function is given by 
the wave curve at time t=0. This wave is displaced with velocity c in 
the direction of the positive x-axis undistorted and independently of 
the wave form. When using Gaussian units we had introduced the 
quantity c as a constant of proportionality both in the induction law 
and in Oersted’s law concerning the magnetic field of currents, and we 
found its numerical value to be equal to the velocity of light. We there- 
fore see that in empty space the velocity of plane electromagnetic waves 
is equal to the velocity of light c=3 x 10?°cm/s. 

Equality of velocity of propagation is not the only feature shared in 
common by light waves and electromagnetic waves. Electromagnetic 
waves, like light waves, oscillate transversely. We find, in fact, that 
neither E nor H possesses a periodically changing longitudinal com- 
ponent. Both vectors are perpendicular to the wave normals. In 
empty space, therefore, electromagnetic waves and light waves display 
a completely corresponding relationship. 

These consequences of his field equations were what led Maxwell 
to the formulation of the electromagnetic theory of light. The electro- 
magnetic theory of light looks upon light rays and heat rays as electro- 
magnetic waves. It is superior to the old mechanical theory of light in 
that it permits calculation of the velocity of propagation from purely 
electrical measurements and in that from the outset it allows only 
transverse plane light waves. It was only with difficulty that the old 
theory, which looked upon light as a wave motion in an elastic medium, 
could account for the absence of longitudinal light waves. The electro- 
magnetic theory of light excludes “longitudinal light” at the outset. 

If light is actually an electromagnetic process, then all optical pro- 
perties of matter must be fully determined by its electrical coustants. 
It follows, in fact, from the Maxwell theory that the index ofxefraction, 
in essence, goes together with the permittivity, and the absongtivity 
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with the electrical conductivity. In the following paragraphs we shall 
be thoroughly occupied with this fact, which explains the basic distinc- 
tion between the optical properties of insulators and metals and is to 
be regarded as one of the strongest supports for the electromagnetic theory 
of light. 

As a preparation for this we wish once again to consider the case of 
plane waves in vacuo. Since, in the presence of matter, it will always 
turn out to be convenient to calculate with wave processes that are 
purely harmonic in time, or with superpositions of such waves, we 
wish here in the case of a vacuum to concern ourselves with such 
waves. According to Fourier, every wave train of the form f(x—ct) 
can actually be decomposed into an integral over such waves: 


+00 
E, =f{(x el) = | A(a) e@&-*!9 day (57.7) 


In this the coefficient A(w) is obtained from f(x—ct) by a Fourier 
transformation: 


1 + 00 ee ae 
A(o) = = | f(x—ct) e109 di 


= A weloce dr (57.8) 
PX ae 


In order for E, to be real, we must obviously have that 
A(w) = A*(—@) (57.9) 


Then, since £, is real, in going over to the complex conjugate in the 
integrand in (57.7) we have the relation 


+00 ae 
| A(o) giat—x/c) do = | A*(o) e7 iott—x/c) do 
=O. Heo ai 

which immediately leads to (57.9) when in the second integral —@ is 
everywhere substituted for o. 

We now consider one particular Fourier component from the 
development (57.7). At once, however, using the complex formulation 
of chapter CIV, we put it into the more general form of a wave travel- 
ling in an arbitrary direction 


E = Eyexp i(@t—k.r) H = Hoexpi(@t—k.r) (57.10) 
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Actually E and H are constant on all planes perpendicular to the 
vector k. As a comparison with (57.7) shows, we must have that 


22 (57.11) 


where v is the frequency and A is the wave length of the undulatory 
process. 

In order to increase our confidence in the complex formulation 
(57.10) of the general plane electromagnetic wave, we wish to derive 
from the Maxwell equations (57.1) the relations holding between E 
and H on the one hand, and between k and w on the other. For this 
purpose we establish the fact that differentiation of the functions 
(57.10) with respect to time leads to these functions being multiplied 
by the factor iw. Correspondingly, differentiation with respect to x 
means multiplication by —ik,. With this rule 


Ss io Vo>-—ik (57.12) 


A 


by putting the functions (57.10) into the Maxwell equations (57.1) and 
by cancelling i’s, we obtain the algebraic relations 


” (57.13) 
ye ern 
c 


From these it first of all follows that both E and H are perpendicular 
to k, and the waves are therefore transverse. But E and H are also 
always perpendicular to one another, so that, in fact, the directions of 
k, E, and H (in that order) can be chosen as coordinate directions of a 
right-hand Cartesian system. Corresponding to this, we specially chose 
the x-direction above to be in the direction of k, E to be parallel to y, 
and H parallel to z. Finally, from (57.13), in which we pass over from 
the vector equations to the equations for the magnitudes, we find not 
only that E = H, but we also again find the relationship (57.11). 

Returning once again to the real general representation (SA6);-with 
the direction of propagation parallel to the positive x-a%i-(f-wave), 
we inquire concerning the energy density uw in the wave, aid also 
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concerning the Poynting vector S valid for it. For the first we have 
1 1 
= —(E?+H’) = —f? 
ss an! ae ra 


for the latter, since only the x-component of the Poynting vector has a 
finite value, 


c c 
S=S.=—-£,.H. = —/f? 
bes yi ee 


Thus for every electromagnetic wave travelling in vacuo 
S— cu (57.14) 


i.e. in one second just that quantity of energy passes through 1cm? of 
the yz-plane which is found in a cylinder of cross-sectional area | and 
of length c x 1. Correspondingly, according to (56.8), the momentum 
j;«c=u= S/c goes through this square centimetre. 


Remark: In the MKSA system the vacuum equations written with E and H 
have the form 


OE 
it H = a i — 
cur £0 a divVE=0 
oH 


1E = — po — i = 
cur Los, divH =0 


Thus, as can be easily shown, there enters here in place, say, of the special f-solution 
in (57.6), the solution 


which corresponds to a wave travelling with velocity 


1 107 Vm Am 
i ONES 2) Ee A aah 
aay = Vn x9 X10 dala Ve =) 3 x 108m/s 


in the x-direction. 

We see here in an especially striking way how, out of the quantities e9 and 
fio Which are obtainable from purely electrical or magnetic measurements, the 
equality of the velocity of light to the propagation velocity of electromagnetic 


waves results. 


§58. Plane waves in stationary homogeneous media 

We would like now to investigate the propagation of electromagnetic 
waves in homogeneous media at rest, restricting ourselves to normally 
polarizable and magnetizable substances without applied forces, having 
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linear relationships between the field quantities D and E, B and H, 
g and E. Further, we at first assume that throughout p=0; for the 
case where p #0, see p. 239. Taking now the constitutive equations 
V to VII of §53, namely, 


D=c<E B=ypH g=cE (58.1) 


and the material constants ¢, , o known from electrostatics, magneto- 
statics, and the theory of steady currents, we arrive at the equations 


cul == 4 ter: divE=0 

- G (58.2) 
curl E = pa OE divH = 0 

c Ot 


which will constitute our point of departure. From these equations 
there follow by elimination of H and E, respectively, 


ell OE 4nyo dE va =e CH 4xpyo OH 


58.3 
oo ce at ea ce at 253) 


VWE= 


which now enter in place of the wave equations (57.2) and (57.3). They 
are known as “equations of telegraphy” from the role they play in the 
theory of the transmission of electromagnetic waves along wires. 

For the special case of insulators (¢ = 0), equation (58.3) reduces to 
the ordinary wave equation; but now, however, we have as wave 
velocity no longer the vacuum velocity of light c, but the velocity 


ere 
J (eH) 

Thus, from the rules of optics for the refractive index, we have the 

**Maxwell relation” 


ee (en) (58.4) 
which, because p ~ 1, can usually be written in the form 
SENS (58.4a) 


Thus for insulators the permittivity should be approximately equal to the 
square of the optical refractive index. For long waves (radio-frequency 
and slow infra-red oscillations) this relationship is actuall cotifirmed 
by experiment. In the visible region of the spectrum it Is“also fairly 
well satisfied for some substances, for example, H,, CO,, N3,- ted QO,. 


“NS 
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But for many other substances it fails, when, as a rule, the substances 
show infra-red selective absorption. With water the failure is especially 
marked; the static permittivity ¢ is 81, but the refractive index (n) in 
the visible region is only 1-33. 

The failure of the Maxwell relation (58.4) when calculating with the 
static e-value obviously has its basis in the dependence of the polariza- 
tion of the material on the electrical field strength which is quite 
different for the extremely high frequency of light waves from what it is 
for the static case—for, in the rapid oscillations of light waves, the 
existence of polarization must be treated as a dynamic process because 
of the inertia of the electrons. In such considerations the frequency of 
the incident waves plays a decisive role. We shall develop this dynamic 
theory of the permittivity, and a corresponding theory of electrical 
conductivity, in the second half of this section. Experiment has now 
shown that Maxwell’s theory of light, with this addition, furnishes a 
completely concordant description of the optical properties of most 
material media. 

As we shall see shortly, the electron theory leads to a dependence upon frequency 
of the constants ¢ and oc, hitherto defined through the constitutive equations (58.1). 
Cn the following, the dynamic theory of the permeability 4 will remain beyond 
our consideration.) Since ¢= e(w), c= o(w), equations (58.1) become meaning- 
less unless we restrict ourselves to special time-dependent Fourier components. If, 
as in §57, we set 


+00 +00 +00 
D() = I Doe'da EQ =[ Evedo g()= { guetdey 
—00 —00 


0 


then, instead of the constitutive equations (58.1), we must write 
Do = e(@)Eo 2a = 0(@)Ea (58.5) 


Taking account of the inversion 
+00 
Eo i E(t)e* dr 
2nJ —c 
Instead of the simple relationships (58.1), we arrive now at the integral relationships 
1 ft +00 
noe f (ao) da | E(2) ett) de 
22) —co 00 
(58.6) 
1 rt2 +00 
a) = 5 I o(w) do { E(z) et(t-*) dr 
We shall later evaluate these on the basis of the formulae derived for e(w) and o(a). 


For the time being it suffices for us to establish that, owing to the 
dependence of ¢ and o upon frequency, equations (58.2) are no longer 
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of general validity, but are valid now only for the temporal Fourier 
components of E and H. In this case, however, we can substitute 
multiplication by iw for the time derivative (in the manner of (57.12)), 
so that in place of the first equation (58.2), for example, we have the 


relationship 
curlH,, = (+e = (e+e, 
c c c iw 


Permittivity and conductivity appear here, and therefore also in the 
following, always in the combination 


st+-— =n (58.7) 


We wish however to go at once a bit further in that, instead of 
calculating with the time-dependent Fourier components, we work 
immediately with the space-and-time-dependent Fourier components, 
i.e. we write E and H in the special form of plane waves, as in (57.10): 


E = E, exp i(wt—k.r) H = Ho exp i(@t—k.r) (58.8) 


We then find from the Maxwell equations, using the calculation rule 
(57.12) and dividing by i, that instead of (57.13) we have 


-k x H=<1E k.E=0 
> (58.9) 
-kxE=- pH  k.H=0 


First, from these relationships it again follows that k, E, and H stand 
pairwise perpendicular to one another. They can therefore be used as 
base vectors of a right-hand system. Further, since 4 is now in general 
complex, there will exist between E and H a complex interdependence, 
i.e. a phase displacement, in contrast to plane waves in vacuo, in which 
E and H always oscillate in phase with one another. 

Further, for real w, both 7 and k become complex; thus, by elim- 
inating E and H from equations (58.9), as by vectorial multiplication 
of the first equation by k and by making use of the third and fourth 


equations, it follows that 
ies laa 
“>. (58.10) 
Ny 
. 
a 


2 
a ma and therefore k= = /(nu) 
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For insulators (¢ =0) and slow oscillation processes (¢% static per- 
Mittivity) the speed of travel of the wave thus becomes 


ee ee 


ken) on 


with the (here real) value of the index of refraction n given by (58.4). 
For complex y, however, the general index of refraction c/c’ =p be- 
comes complex. We write it in the form 


p=J/(np) = n-ix (58.11) 


n and x being real and positive. (That x is always positive follows for 
real ¢ and o from (58.7), but in the following this will also turn out to 
be so for complex ¢ and a.) In order to see the significance of the 
complex index of refraction p in (58.11) we place the x-direction 
in (58.8) in the direction of the k-vector. Then, on account of (58.10) 
and (58.11) 


exp i(@t—K.r) = exp iw(t— px/c) = exp iw(t—nx/c) exp(—wkx/c) 


Thus in the direction of its travel the wave decays away exponentially; 
in fact, in the space of a wavelength (wnx/c = 2n) by the factor e~ 2**/". 
The quantity x is therefore called the extinction coefficient. 

For further discussion we must first investigate the frequency 
dependence of ¢, and more especially that of o. In order to distinguish 
them from the static value of &, which we wish here temporarily to 
denote by &) = e(w = 0), and from the d.c. conductivity o9 = a(w =0), 
we speak here of the dynamic values of ¢ and a, having in mind their 
dependence upon @. We begin with a consideration of o. 

1. The dynamic value of the conductivity. Since, with increasing 
frequency of the alternating electromagnetic field, the conduction 
electrons, owing to their inertia, follow the field with increasing diffi- 
culty, we expect a steady decrease of the conductivity with increasing 
w. For a quantitative pursuit of this consideration we take up the idea 
indicated in §39 concerning the frictional resistance experienced by 
electrons in their motion through a conductor, and we investigate the 
electron motion in the changing field on the basis of Newton’s equations 
of motion. For the kth electron the equation reads 


dv 
lide: = eE— Ev, 
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The constant € in the Stokes friction term can be related to the 

d.c. conductivity ¢9. If we sum this equation of motion over all N 

electrons in unit volume, then, since }ev,=g, we obtain as first 
k 


approximation (as regards the left-hand side) 


og 
== Nek 
5, Gee 
In the stationary case (ég/dt = 0) it follows from this that g= Ne?E/é, 
50 we must have that Ne?/E£=o . We thus find as an extension of 
Ohm’s law 


m og g ég g Ne? 
tll gles = 58.12 
Ne? Ta, ee ( ) 
when we introduce a new constant t of the dimension of a time where 
N ps 
52 sor = and hence® ¢, == sds) 


(For example, for copper we have Ne?/mog =1/t=41 x 10'*s™*, 
t=2-4x 107/4s,) 

If, specially, E and therefore g have the time-dependence e!, then 
from (58.12), we have 


(iat+ lg =o ,E ie. g=oE 


* For some metals (superconductors), upon cooling below a certain temperature, the d.c. resistance 
suddenly vanishes completely. If we wished to describe phenomenologically this hitherto entirely 
unexplained effect, we might attempt to assume that o, and therefore t, in the above formulae were 
infinitely large for temperatures below the point of discontinuity. In this case, however, we could not 
start with the usual form of Ohm’s law, g=ooE, for from this we would have that E— 0. Rather, 
the extended Ohm relation (58.12) would have to be taken. According to this, for superconductors, 
instead of Ohm’s law g= 0E, the equation 


ae Ne? Ne* 
Coe Neo AR with te (58.14a) 
et m m 


must hold. If we take the curl of this equation, then, for homogeneous material, because of the in- 
duction law we find the relation 
é curl g A cB 


Or = AcurlE = me oe 


which, in the case of a purely harmonic alternating current is identical with the relationship 


A 
curlg = — —B (58.146) 
c “RR 
In the phenomenological theory of superconductivity this relationship is assutned, to be generally 
valid. It is called the London equation. ie 
Further details of the phenomenon of superconductivity are postponed to Volume TNs 
Gey 


“Na 


§58. Plane waves in stationary homogeneous media 239 
the dynamic conductivity being 
oo 
l+iot 


CG¢= 


(58.15) 


So long as w<1/t, o remains nearly real and equal to go. As 
co increases, o develops a negative imaginary part in increasing 
measure, and, for w>1/t, becomes nearly purely imaginary, cor- 
responding to the fact that now it is not g but dg/dt that has the 
same phase as E. 

If the dynamic value of o, equation (58.14), is put into the relation- 
ship (58.7) for the effective permittivity 7, then 


Ano wt 
a 2) coe 58.16 

fw gee ( cme) oe 
with the abbreviation : 


2 
opm [ae [AR (58.17) 
ET em 


This frequency quantity a, is called the plasma frequency.* (Its value 
for copper is 1-6 x 101571.) 


In order to make the concept of the plasma frequency clearer, we shall investigate 
the dispersal of a local accumulation of charge within a conductor, i.e. the case, 
hitherto excluded, where p #0. For this purpose we form the divergence of the 
extended Ohm’s law (58.12) and in this we consider the quantities a9 and ft in first 
approximation as being constant in space and time. Since 


: op , 4xp 
divg = ms, and divE = — 
we obtain for the charge density p the relationship 
o2p 1ép 
aes LAN sci tak Dip = 
WD) ap roe + @p2p =0 (58.18) 


This is the equation of a damped oscillation with damping constant 1/t, and with 
the eigenfrequency w» defined through equation (58.15). 


2. The dynamic value of the permittivity. The inertia of electrons 
affects not only conductivity but also the electrical behaviour of atoms. 
This leads, in the latter case, to a frequency dependence of the atomic 


* A plasma is described in physics as a system containing a large number of mobile statistically 
assembled charge bearers. In gas discharge tubes as well as in the uppermost layer of the earth’s 
atmosphere (the “ionosphere”’) there are gas plasmas consisting of negative and positive ions as well 
as free electrons. In metals we have to deal with pure electron plasmas existing within the metallic 
lattice of the rigidly bound ions. 
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polarizability «, and thus to a similar dependence of the permittivity «. 
Although the dynamic processes in the atom can be completely under- 
stood only within the framework of the quantum theory (see the 
corresponding considerations in Volume II), it is possible, according to 
Thomson, to give something of a description of the optical behaviour 
by means of the concept in which the atomic electrons are elastically 
bound to the atomic nucleus. Without giving an exact account of the 
details of this atomic model, we assume that each individual atomic 
electron satisfies the equation of motion 


2 di 
m (Ga arty g + oir) =F (58.19) 
We have here written the restoring force on the electron in the form 
—moir, and, further, we have introduced a damping force —mydr/dt 
(with y<@,) proportional to the velocity and oppositely directed. 
We have brought both of these forces over to the left side of the 
equation. The electrical force eF remains on the right-hand side. 
Here F, as defined in §26, is the effective field strength at the location 
of the atom. Now the atomic dipole has the moment p=er; thus 
from (58.19) we obtain for this the determining equation 

d’p dp e? 

7 +75 + ofp =—F (58.20) 
From this, for the polarizability a defined by p=<aF, it follows im- 
mediately for the case of a static field that 
2 


a= kf = 


is? (58.21) 
In an alternating field, in which both p and F have the time depend- 
ence e, we obtain from (58.20) for the dynamic polarizability 


e?/m 
= 


a eer (58.22) 


Figure 53 shows the behaviour of the real and imaginary parts of 
« in their dependence upon @. Thus & possesses a resonance at 
@=@,. It changes very rapidly within the small frequency.,.cegion 

—y<@<@,)+y and therewith goes through veryspronounced 
oe values in both real and imaginary parts. Away dgom the 


S 


“A 
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resonance « is approximately real. It is positive for @<W, and negative 
for @>@ . In the latter case the atomic electron oscillates, as in any 
other resonance process, in opposite phase to the applied force. From 


5 7 
eV 2 weal 
ag-w*iwy 


(a) 


(6) 


Fig. 53.—Shape of (a) the real part, and (6) the imaginary part of the 
polarizability in the neighbourhood of a resonance 


the polarizability (58.22) we find for not-too-dense gases (with N 
atoms per cm’) 


4nNe? 
e=144nNa=14+ 5 TNE (58.23) 


2 — w* + iwy 
For dense gases and liquids, another correction term would appear in 
the denominator because of the difference between F and E (see 26.8), 
but we shall not take these complications into account here. Since the 
real and imaginary parts of ¢ have an analogous behaviour to those of 
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a (figure 53), ¢ is real and positive except in a small region around the 
resonance point Wo. 

Thus in insulators the index of refraction increases with increasing 
frequency (“‘normal dispersion’’) and behaves “anomalously” only in 
a small region around the resonance point. This behaviour is in no 
way altered in that we have to reckon in general, not with only one 
resonance frequency @o, but with many resonance frequencies w,, and 
that then, in place of the simple formulae (58.24) and (58.25), a sum 
over all resonance points w, is involved. (For details, see Volume II.) 

For metals the situation is somewhat different, since in conductors 
every electrostatic field immediately adjusts itself so that here, for 
example, the usual methods of determining 9 are basically inapplicable. 
Electric alternating fields, though penetrating through to the ions, are 
however so strongly attenuated there by the screening action of the 
conduction electrons that, except at the resonance points of the ions, 
their polarization can be practically neglected and we can calculate 
approximately with e=1. 

3. The frequency dependence of the index of refraction. In insulators 
(in which ¢ =0), the complex index of refraction, from (58.11) and 
(58.7), is given by 

p=n-ik = ./(ep) (58.24) 


but in general x <n, and the refractive index becomes n ~ J(en). A 
significant absorption is to be expected only within the individual 
resonance lines. (For this, see Volume II, chapter EIT.) 

The situation for metals is substantially different. With exp 1, 
and with (58.15), we have here approximately 


ny ee ee Anco e Ort 
ae iE ‘ io(il+ mal ri S ia(1 | Shier 


So long as w <1/t <@,, i-e. for sufficiently long waves, iwt in the 
denominator can be neglected in comparison with 1, and then the 1 
preceding the conduction term can be dropped. We then have, 


approximately, 
2 
ne ee Is = en (58.26) 
o 20 


Thus in the space of one wavelength an electromagnetic waye becomes 
attenuated by the factor e~?*~0-028. The penetration depth d is 
—d 


& 


“~ 
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designated as the distance in which the wave has become attenuated 
by the factor l/e. From (58.26) it is 


ee e 
ox /(2nd9w) 
For copper, for example, (a9 = 5:4 x 1017 s~!) for the vacuum wavelengths 


4o= I1cm Im 100m 10 km 
d=0-37 u 3-7 yu 37 0-37 mm 


(58.27) 


These d-values also provide something of an estimate of the metal thickness necessary 
for screening or shielding against the respective wavelengths. 


If, however, w > 1/t, then, neglecting the 1 in the denominator in 
comparison with the term iwt, we obtain the relationship 


2 
pSn-ik ((-2) (58.28) 
w 


We have also in this region, so long as w < @,, to reckon with a strong 
absorption 


oor 


7) 

which now leads to a frequency-independent penetration depth 
d= c/w,. (For copper this is about 0-02.) If, however, w increases 
beyond w,, the refractive index becomes practically real. In this region 
the metal becomes almost transparent.* The reason for this is that 
for the case w>w,, the displacement current becomes significantly 
stronger than the conduction current; for such high frequencies, there- 
fore, the conductor behaves like an insulator. 

Since, in the frequency dependence of ¢ and w, the connections between D and 
E and between g and E are now apparent, let us in conclusion evaluate for illustration 
formulae (58.6), with the expressions (58.23) for e(a@) and (58.15) for a(@). We wish 


to begin with the g-formula, as the simpler. First, by substituting o(q) in (58.6) and 
by exchanging the order of integration, we have 
Ne2 p+ +© explia(t —1t)]daw 
a(t) = 2nim | -2 E@)ae I -« @—iNe2/mao 
The change in order of integration is possible since E(‘) can always be so chosen 
iat it is different from zero only in a finite time-interval.) We now evaluate the 


* The same considerations are applicable to the gas plasma in the ionosphere. Here, owing to 
lower electron density, wp becomes considerably smaller (about 10 to 100Mc/s), so that the inception 
of transparency at w—wp, can be conveniently followed even in the high-frequency region of the 
radio spectrum, 
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«-integral by complex means. Obviously, in the complex w-plane the integral has 
only one pole at @ = iNe2/moao. If the path of integration, originally lying along 
the real axis, be displaced downward into the negative-imaginary half-plane, we 
encounter no pole; thus, for the case —t < 0, we can go with the path of integra- 
tion to negative-imaginary infinity where, because of the exponential function, the 
integrand itself so strongly vanishes that the entire integral has the value 0. Thus 
we need extend the t-integration only from — 0 to ¢. For positive t—7 we find 
it advantageous to take the path of integration upward to positive-imaginary 
infinity, where again the integral contribution vanishes. This time, however, the 
integration path becomes involved with the pole @ = iNe2/mao, so that the integral 
has to be taken around this pole. This gives 2zi times the residue, or 27i times the 
value of the exponential function at this place. Thus we find in all 


ONE < { , E(t) exp [= (| @ (58.29) 


[For proof we can put this equation into (58.12), bearing the upper limit of integra- 
tion in mind in the differentiation.] 

Thus in our dynamic theory, in place of the simple Ohm’s law g = ooK, an 
integral interrelationship exists in which the g-value at time 7 is conditioned by the 
value of the field strength for all times t<z. Our calculational treatment leads 
automatically to an after-effect of E in the future, but not to a reaction into the 
past. From (58.29), for E constant in time, in carrying out the t-integration we 
find again the old Ohm’s law g = ooE. For E = Eoe** we find the dynamic 
Ohm’s law g = cE with the value of o given by (58.15). 

In an analogous way, by putting (58.23) into the first equation (58.6), there 
being now two poles: w = +4iy-+V(wo2 —4y2), we find the somewhat com- 
plicated relationship 


D—E = 42P 
4nNe2 


~ my (@o2—4y?) 


Here also for the polarization P we automatically obtain an after-effect with an 
average after-duration 2/y, in which y represents the damping constant of the atomic 
oscillation process. 

That here, and in the more generalized Ohm’s law, we obtain only an effect in 
the future but not a similar one in the past connects mathematically with the fact 
that the integrands appearing have poles only in the positive-imaginary half-plane. 
Physically this means that for the time-dependence e*¢ assumed above, the complex 
index of refraction p can be written in the form n — ix, with x > 0 and that the waves 
are therefore always attenuated in the direction of their travel. 


ie E(t) exp [—4y(t—1)] sin (@o2—492)1/2(¢@—t) dt (58.30) 


§59. The reflection of electromagnetic waves at boundary surfaces 


We now consider a plane electromagnetic wave which, having 
travelled in vacuo, enters perpendicularly into a surface (chosen as the 
yz-plane) of a non-ferromagnetic medium. Experimentally, this wave 
is split at the surface into (a) a reflected wave which goes ig.ugcuo in 
the direction of the negative x-axis, and into (6) a penefyating wave 
going in the medium in the positive x-direction. ~~» 


+ ~ 
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In conformity with (58.11), the medium can be described by its 
complex index of refraction p=n—ik. Ina vacuum p=1. We note 
here that, corresponding to the Maxwell equations, at the boundary 
surfaces under all circumstances, continuity of the tangential com- 
ponent of E and of the normal component of B is required, while D, 
and H, are only continuous if, as in the foregoing case, no surface 
charges or surface currents appear. 


Having regard for equations (58.8) and (58.9), we satisfy the 
Maxwell equations with the following statement: 


Incident wave (x <0): 

E = aexp iw(t—x/c) H? = aexp iw(t—x/c) 
Reflected wave (x <0): : 

EY = —a'expia(t+x/c)  H® =a’exp io(t+x/c) 


Penetrating wave (x > 0): 


E, = a" exp iw(t— px/c) io Pa “exp iw(t— px/c) 
yt 


Herewith, on account of (58.10), we would set k= w/c in a vacuum, 
and k=pw/c in the medium. For fulfilling the boundary conditions 
at x the initially undetermined amplitudes a, a’, a” must now satisfy 
two relations which follow from the 


continuity of E,: 
EO+EM=E,  a-—a'=a" 
continuity of H,: 
HY+HP=H, ata’ =a"plp 
Solving for the amplitudes of the reflected wave and the penetrating 


wave, we find 
(op ale ey 22 (59.1) 


The ratio of the reflected intensity to the incident intensity is called 
the reflectivity R of the material. Since both the reflected wave and 
the incident wave travel in vacuo, we can set the ratio of the two 
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Poynting vectors equal to the ratio of the square of the absolute 
magnitude of a’ and a: 


a’a’* (p—uy(p*—p) _ (n—p) +k (59.2) 
aa*  (p+pp*+h) (ntu)?+K? 


For a transparent medium (x = 0) we have the well-known relationship 


_ (np? _ a1)? 
= nay” (ey ae 


With increasing absorption the reflectivity also increases. For metals, 
where the frequency of the incident radiation is not too high, ie. in 
the region of validity of equation (58.14), with n=x> 1, yu 1, the 
reflectivity becomes equal approximately to 
Zz 
gall nto oe 20 (59.4) 
2n*+2n+1 n Oo 

This reflection formula was examined experimentally by Hagen and 
Rubens for different metals (e.g. silver, copper, nickel, bismuth). For 
long-wave infra-red, up to about A = 25y, quantitative agreement with 
the formula was good. The optical properties of metals up to this 
wavelength region are therefore determined by the d.c. conductivity ao. 
For shorter wavelengths the observed reflectivity becomes substantially 
smaller than that calculated from (59.4), corresponding to our consider- 
ations in §58 concerning the dynamic conductivity. Owing to their 
inertia, the electrons are no longer able to follow exactly the rapidly 
changing field. This inertia effect is more pronounced in electrolytes 
(e.g. H,SO, in water) which display superior conductivity statically but 
which at the same time are completely transparent. Since here the 
carriers of the current consist of ions whose mass is more than a 
thousand times that of an electron, it is understandable that, with 
respect to the electric field of light waves, electrolytes behave like 
insulators. 

Returning again to the above formula, we first establish that, on 
account of (59.1), for real p, i.e. x =0, the E-vector of the reflected 
wave at the boundary surface is directed oppositely to the incident wave, 
and that in this case, therefore, the E-vector undergoes in the, reflection 
a phase jump of 180°. This consideration continues ta-fall approxi- 
mately within the region of validity of equation (59.4) even for reflection 


& 
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from metals, for here a’ x a(1—2p/p), a" x 2au/p. The fields of the 
two waves in the external region therefore largely compensate one 
another at the boundary surface, so that in the metal only a relatively 
weak E-field penetrates. (For very good conductors ju/p goes to zero.) 
In contrast to this, the two H-vectors of the waves in the external 
region both have the same direction and are of approximately equal 
magnitude so that a strong magnetic wave penetrates into the metal. 
It is however very quickly weakened by the magnetic field of the 
volume current from the E-wave—in a distance, in fact, of about the 
magnitude of the depth of penetration d considered in §58. 

Reflection at oblique incidence can be handled in a manner similar 
to that used above in calculating the reflection for normal incidence. 
We have then to reckon with the three phase functions 


exp [i(@t—k.r)] exp[i(wt—k’.r)] and exp[i(@t—k”.r)] 


in which k, k’, and k” are the propagation vectors of the incident, 
reflected, and transmitted waves. In order for the continuity conditions 
to be fulfilled not only for all times, but also for all points of the 
boundary plane, the three vectors k, k’, and k” must lie in a plane, and 
must have equally large tangential components. If we designate the 
“‘angle of incidence”’ between k and the surface normal by a, the ‘‘angle 
of reflection”? by a’, and the “‘angle of emergence” by B, we must 
have that 
ksna=k'sine’ =k" sinB (59.5) 


Since k =k’ we thus find not only the reflection law « =a’, but also, 
since k” =kp, the law of refraction 


sing = psinp (59.6) 
which, for light entering transparent media, assumes the usual form 
sing = nsinB (59.7) 


(For absorbing media f, through p, becomes complex, and thus in this 
case it loses its clear and simple meaning.) 


We now state without proof the reflectivity formulae for the two cases of polar- 
ization: E parallel to the plane of incidence, and E perpendicular to it: 
pcos «-— pcos B/2 


pcos «-+pcos B 


pcos B— pcos «|2 (59,8) 


Al) = pcos B+ pcos « 
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For the special case of reflection of light from transparent non-magnetic media 
(p =n, » = 1), and when we set n = sin a/sin B, these formulae go over to the 
Fresnel formulae 


_ /tan («— B)\2 _ fsin (« — B)\? 
a= (Sep) = - Gera) ae 


With increasing «, Ry increases monotonically from the R-value given by equation 
(59.3), (where « = 0), to the value 1 (where « = 90°). Rj), however, for « increasing, 
at first falls to the value 0, reaching this value for «+f = 90°, ie. at tana =a 
(defining the so-called Brewster polarization angle), and it then increases monotoni- 
cally to the value 1. We close the discussion here, referring the reader interested 
in other optical phenomena at boundary surfaces (e.g. total reflection) to textbooks 
on optics. 


§60. Current displacement or the skin effect 


We consider a straight metal wire with circular cross-section, having 
radius ro. Let this wire carry an alternating current of frequency . 
On its surface we then have an electric field in the direction of the wire 
axis, and a magnetic field perpendicular to it but also parallel to the 
surface. This gives qualitatively the same relations as we have con- 
sidered above ($58 and §59) for a light wave meeting a metal surface 
at normal incidence and penetrating within. For the penetration of 
such a light wave, in the case of a plane metal surface, and for not too 
high frequency, we have calculated in §58 a depth d, being the distance 
in which the wave amplitude is attenuated to the eth part; that is, 
according to (58.27), 

c 


Om J/(2ncmp) 


We expect similar results for the cylindrical wire surface. Although 
in any particular case the calculation here is somewhat more compli- 
cated than for the plane surface, we can already foresee the following 
two extreme cases: 

1. ro <d: The alternating field, upon penetrating to the wire axis, 
is not appreciably attenuated; the current density remains almost 
uniformly distributed over the cross-section of the wire. 

2. ro > d: The alternating field is completely attenuated away before 
having penetrated (from outside in) an appreciable fraction of the wire 
radius. The current density is therefore sensibly different fagm-~zero 
only in a thin surface layer (“skin”), while the whole insittof the wire 
is practically current-free. : “Sa 


(60.1) 
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In order to follow quantitatively the penetration of the alternating 
field into the wire, we go back to the telegraphic equation (58.3). For 
our case only the component E, = E, parallel to the z-axis, is different 
from zero, and equation (58.3) then has the form 


2 
grit eee gto CE (60.2) 
Cc 


We limit ourselves further to frequencies so low that the first term on 
the right side of (60.2) (the term coming from the displacement current) 
can be neglected in comparison with the second term, which comes 
from the conduction current. We thus arrive formally at the same 
differential equation as that upon which the entire theory of heat con- 
duction is constructed. Finally, on symmetry grounds we assume that 
E depends only on the distance r from the wire axis, and in addition 
we express its time-dependence in the usual form e!“. 
It follows then from (60.2), with the abbreviation (60.1), that 


Woe OE 4nopoi 2% 
¢ 7) c? “ a (50) 


This equation is rigorously solved by the Bessel function of zero order 
with complex argument (2i)!/*r/d = (1+2)r/d. We wish here, however, 
to content ourselves with finding directly approximate solutions for 
the two extreme cases of interest to us, namely rp <d and rg >d. For 
weak skin effect it is convenient to develop E in a series of even powers 
of r/d. As can be readily verified by substituting in (60.3) and compar- 
ing coefficients, we obtain 
2 


ir de) te 
=E EE ee oe 60.4 
E ofltsat +op(ae) + i (60.4) 


For strong skin effect all processes take place so close to the wire 
surface r ro that the r explicitly appearing in (60.3) can be regarded 
as being constant, and can be replaced by ro, i.e. the wire surface can 
be considered as plane. The partial solution from the wire boundary 


inward then reads 
18, wk | i (60.5) 


We consider further the total current J = o/Edg through the wire. 
Substituting here the value of £ from the differential equation (60.3), 
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we can carry out the r-integration with dq = 2ardr, and so obtain in 


general * 2 
I= 2n0 | Erdr = age = (F) (60.6) 
r=ro 


0 i or 
For direct current, i.e. with no skin effect, we would have found for this 
Ip = m1r3.0E 
with the field strength value E) constant over the wire cross-section. 
The d.c. resistance per centimetre of wire length is therefore equal to 


E 1 
R=— =a (60.7) 


Correspondingly, we define the complex resistance of the wire per 
centimetre for alternating current by 


: E(r) é] E 
R=R oe eS 60.8 
nl I no d’ro\ OE/Or Jar, ce) 
since, because of the skin effect, it only makes sense to relate the 
current strength to the field which has access to the wire surface from 
the outside. R is then the effective resistance per unit of length of the 
current-conducting regions in the wire; and L(@)—L,O) means the 
supplemental inductance per unit length due to the skin effect to be 
added to the normal self-inductance L already considered in §49. 
Instead of going by way of equation (60.8) we could also calculate 
Rand L, from the idea of inhomogeneous current distribution (g=cE), 
in particular, by a corresponding modification of equation (49.10); we 
would then, however, come to the same results as are given by equation 
(60.8). 
In the case of weak skin effect, if to simplify the formulae we 
introduce the abbreviation 
7 = 10 _ Foy Anoop) (60.9) 
2d 2c 
it follows from (60.8) and (60.4) in retaining the first four series terms 


es Fee ye 


Jom Td Ajz? —42* —4j2°/3+22°/9+... 
AOS 
1 : . 
= (1+jz?+42*-4jz°+...) ot 
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Here also we find an increased resistance per unit length 


4 
R=R,(1+32'+...) =R a 
o(l+3 ) o(14 tee, ) 


and a self-inductance contribution per centimetre 


4 
L 4 LM ro 
L;==—5(1- J =asl 1-— G+... 
: dei | Be) c (1 96d* * ) 
As an example, let us consider a circular wire loop of loop radius a, 
and therefore of circumference 2xa. To be added to its self-inductance 
(49.12) calculated in §49 for quasi-stationary currents, we now have 
the expression 
4. 
ma bro 
2na {L;(@, u)—L;(0, 1)} = (0-24... 

since in §49 we specially calculated with »=1. For soft-iron wires 
with, say, » = 500 the w-influence upon the total inductance becomes 
considerable even for small z-values. 

For strong skin effect, with (60.8), (60.5), and (60.9) we obtain 
simply 

d To 
R+joL, = —>— —=R,1+)—=R 1+) 

Here, therefore, the ratio of the a.c. resistance to the d.c. resistance is 
z:l=rén:2rond, i.e. it goes inversely as the cross-sections of the 
current-carrying layers. We therefore obtain the dependence of the 
quantity R/Rp upon z given in figure 54. With the d-values for copper 


by SD 


~~ 


7 2 3 42 


Fig. 54.—Skin effect. Increase in the ohmic resistance R with respect to 
the quantity z given in equation (60.9) 
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calculated in §58, we have the following table for the z-values in their 
dependence upon the given wire radii, wave length, and frequency: 


Values of z from equation (60.9) for copper wire of radius 1cm, 
0-1cm, and 0-01cm, for different wavelengths 


r= | 1 01 | 0-01 | ee 
| j 2x =O 
A =6x108cm 0:53 0-053 00053 50/s 
A =6 x 105cm 5:3 0:53 0-053 5000/s 
A =6 x 104cem 53 533 0-53 5 x 105/s 
A =6x 102cm 530 53 533 5x 107/s | 
A=6 


em 5300 | 530 53 | 5 xX 109/s | 

The so-called induction heating of cylindrical bars is an applied 
practical phenomenon related to the skin effect. This consists in 
placing the bar to be heated in a longitudinal alternating magnetic 
field, usually of high frequency. This field produces in the bar an 
electric field whose force lines are circles concentric with the bar axis. 
The Joulé.heating of the ring current thus induced produces the 
required temperature rise. We have here, therefore, the same electro- 
magnetic situation as would be produced by a linearly polarized wave 
incident normally upon the surface. Now, however, the H-vector 
oscillates parallel to the wire axis. As opposed to the skin effect, the 
electric and magnetic field strengths now have their roles exchanged; 
in particular, equation (60.3) for the penetration of the magnetic field 
H into the bar to be heated ceases to be valid. 


Remark: In the MKSA system, in which the telegraphic equation (60.2) has 
the form 
o2E oE 
2E —_ — — 
Vv eeoullo > + oHlO 
the decisive equation (60.3) for calculating the skin effect remains the same as in 
the Gaussian unit system if the depth of penetration d and the auxiliary quantity 
z be defined, instead of through (60.1) and (60.9), by 


- 2 _ to |[(uHog@ 
d= a|(s-5) pt ae) ( 2 ) 


§61. Electromagnetic waves along ideal conductors 


, : : : AHA RN 
We consider two long straight cylindrical conductors pagallel to one 
another, e.g. two parallel wires (a regular parallel transmission Une), or 
eS 


Say 
a 
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a cable consisting of a central conductor and an insulating sheath, the 
whole immersed in sea-water. In the latter case the wire constitutes one 
of the two conductors, and the sea-water the other. Let the resistance 
of the conductor at first be set equal to zero, so that an ohmic voltage 
drop along the conductor does not take place. Let there be between 
the conductors a homogeneous insulator with the material constants 
e and yp. 

We now seek the field in the insulator as a special solution of the 
Maxwell equations, being the solution for which the electric field as 
well as the magnetic field is everywhere perpendicular to the wire axis. 
If we choose the latter as the z-axis, then we shall have everywhere that 
E,=0, H,=0. Following then from the two divergence equations, 
as well as from the z-components of the curl equations, we have 


OE, OE OH, OH 
za 7=0 x 


ca a 4 = (0) 
ox oy OX Oy (61.1) 
OE, OE, _ 0 GH CH. 0 ‘ 
Gx | Ova Comey w 
while the other components of the curl equation then read 

dH, ¢ OE, dE, woH, 
Gee Oh a i 

61.2 
OH, 206, OE, __w AH, an 
éz cc Ot CpG! 


Now these equations are in general solved through the lemma 


ary a 
x x dz yay dz 

6 Ow 8 aw oe) 
x “¢ dyat » ¢ dx at 


if the as yet arbitrary function ¥ = V(x, y,z,#) satisfies the equations 


Oy ov 
ee ae 61.4 
Gxc) Ove ee 
and 
Oy eer? 


oe (61.5) 
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Obviously WY, according to (61.5), represents a wave process which 
propagates itself in a dielectric with the well-known wave velocity 
c 
y= (61.6) 
J(en) 


in the direction of the positive or negative z-axis, that is, in either 
direction along the transmission line. With two completely arbitrary 
functions f and g we can therefore write 


V(x, y, 2, f) = Wx, vy). {f(2- wt) +92 + wo} (61.7) 


Then, on account of. (61.4), the function w which is independent of 
these propagation phenomena must satisfy the two-dimensional 
Laplace equation 


i (61.8) 


It must, in addition, satisfy the boundary conditions of the electrostatic 
potential on the conductor surface. 

The field E, H, to be derived from (61.3) with (61.7), differs from 
that of a plane wave in a homogeneous medium only in that in the 
wave plane (xy-plane) both the field direction and the field intensity 
are functions of position. Since the intensity is essentially different 
from zero only in the close neighbourhood of the wire, we have the 
picture of a wave on, and guided by, the double conductor. 

The description of the field for any specific case is given by the form 
of the function y, that is, by the solution of equation (61.8). Restricting 
ourselves for the present to the wave travelling in the positive z- 
direction and writing 

GED eee 
dz 


we have from (61.3) with (61.6) that 


e.= |()n,--Zr B,=— |(£)a.-—Fr (61.9) 
E Ox é oy 


In this case also, then, as for the plane light wave, E and-Ebare always 
perpendicular to each other, and we always have, as there, eB pH’. 
~~ 


“ 
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Applying the electric-flux theorem to a 1-cm-high cylindrical portion 
of the surface of one of the conductors, we obtain that 


ecb, dS > ends =4ne= ~eF Ge ds 
n 


in which e is the charge on the conductor per centimetre of length and 
in which the line integral goes once around the conductor on its surface. 
Correspondingly, for the line integral of the magnetic field strength 
along the same curve we have 


pHedr=git, ds = 
c 


for the term with the displacement current on the right-hand side 
vanishes since E,=0. Since now on account of (61.9) we obviously 
have that e’/?E,=y'/?H,, it follows from the two foregoing equa- 


tions that 
ex VG) _1 _ _aF fv, (61.10) 
c w 4n | On 


If, further, we form the line integral of E from the first to the 
second conductor, we obtain the voltage between the conductors: 
2 
v =| E. dr = (iy —Wo)F 
1 
The same line integral over B, (B = pH, and B is perpendicular to E) 
gives the flux of induction ®, per centimetre, through the space between 


the two conductors. Thus, again because of the proportionality 


between E and H, we have 
® 


LTR 


Now the capacitance C and the external inductance L, of the arrange- 
ment, per centimetre, are defined by 
e ® 


Ss ee 
V * te 


(U1 —W2)F (61.11) 


Thus, on account of (60.10) and (60.11) we have that 


Cie with C = 
Ww 


= ee (6112) 
IcV cc? 


€ 
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The product: capacitance times external self-inductance per unit length 
is therefore equal to the reciprocal of the square of the velocity of light in 
the surrounding medium. (The designation ‘“‘external self-inductance”’ 
and the subscript a shall mean here that for calculating the total induct- 
ance L, the contribution L; of the magnetic field within the conductor, as 
found in §60, would also be taken into consideration.) 

The Poynting vector in our arrangement is everywhere parallel to 
the z-axis, and thus, according to (61.9), we have 


c c Ife\_, [avy . (evV 
s.= gett 6t1)~ 5/3) G)| 


From (61.8), Green’s theorem gives for the total energy flow through 
the xy-plane as the contribution of the conductor surfaces (using A 
here for surface area). 


c a es ow ow 
|s.aa -£/(2)F {f wear vhash 


Since y on the two conductor surfaces is constant, we obtain with 
(61.10) and (61.11) 


[s.aaaav 


that is, just the Joule heat which is obtained when an ohmic resistance 
of value R= V/I is annexed to the (resistance-free) parallel line. This 
result was immediately to be expected from the considerations of §54 
with respect to the Poynting vector. 


Let us mention, parenthetically, the values of C found in two simple but ex- 
plicit cases: 


1. The parallel transmission line: If the distance d between the two conductors 
is large in comparison with their radius 5, then, for an arbitrary field point we have 
that y =k In (r2/r1), where k is a constant independent of voltage, and r; and 
rz represent the distance of the field points from the two wire axes. On account 
of (61.9), this formula can be obtained as the electrostatic potential of two charged 
thin wires, or as the vector potential of two current-carrying wires (see figure 55). 
Thus we have yw; = —W2~ k In (d/b), and $1 (@y/an) ds = —2nk, so that on 
account of (61.2) we obtain 
& 


Oe ain (d/b) 


RES, 
2. The coaxial cable: (Central conductor of radius a; conductii*euter sheath 


of radius b >a). In the insulation between the two conductors we have that 
ae 


Ww 


“ 
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yw ~ 1n (r/a), being the basic solution of (61.8) in plane polar coordinates. It 
therefore follows from (61.12) that 


= € 
~ 21n @/a) 


By making use of the concepts of capacitance and self-inductance 
of our parallel transmission line we can also obtain the fundamental 
equations for waves along wires as follows: The charge on an element 


eae 
cra 


Fig. 55.—Field lines between two parallel wires. If the wires carry 

currents in opposite directions, then the circles a,b,...g give the 

positions of constant vector potential, and, conjointly, the magnetic 

field-lines. If however, the wires are electrostatically charged, the same 

lines give the equipotentials. The electric field-lines are then given by 
the circles 1,2,...10 


dz of one of the conductors can only change if the current entering the 
element differs in amount from the current leaving. The connection 
between e and J gives the equation of continuity 


mea (61.13) 


at az 
which, since F = F(z— wt), is in agreement with the relationship (61.10). 
Next, we may apply the induction law to a strip, of breadth dz, lying 
between the two conductors (the area abcd of figure 56). The flux of 
induction (divided by c) through this strip is, according to the above 
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definition of L,, equal to L,/dz, while for the line integral over the 
field strength we have 


OV 
E.dr = Vi,— Veg = =~ 42 
abcd Oz 
and therefore 
(61.14) 


Now, however, from (61.13) and (61.14), by elimination of e and V 
by means of the relation e= CV, and since CL,= 1/w*, we obtain 
immediately the wave equation (61.15) for 7 


eo lalee 
pee ee 61.15 
az? w* at? ( ) 
and also analogously for every other electrotechnical quantity associated 
with our arrangement. 

Of the many possible applications of waves along wires we shall 
discuss only the following: A parallel pair extends from z=0 to z=/. 


Fig. 56.—For applying the induction law to the parallel twin-pair 


Let an alternating-current source V= V,e/” be connected at its 
beginning (z= 0), and let an ohmic resistance be connected at its end 
(z=1). The general solution of equations (61.13) to (61.15) here is 
obviously 


V = V, elott-2¥) 4. y, eiotttz/™) . 

ne ig (61.16 

1 = Cw{V, elatt-2) _y, elmtetsiw) mer’) 
= 1 2¢ } > 
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in which V, and V, are two constants of integration to be determined 
from the boundary conditions. From the boundary condition at z=0 
it follows that V; +V,=Vpo, and from the condition at z = /, it follows 
that 

V, e Jol 4 V, efOll™ = RCw{V, e JOl™— V, ef@> (61.17) 


By inserting into (61.16) the values of V, and V,, we obtain for each 
R-value explicit expressions for voltage and current. We discuss here, 
however, only two special cases: 

1. R=oo. The circuit is therefore open at its end. The expression 
in parentheses in (61.17) must vanish. With the values thus obtaining 
for V,; and V, we have from (61.16), introducing the wavelength 
A= 2nw/o, 
jor COS 22(1—z)/A 1 =j¥ Cwei sin 2n(1—z)/A 


V = Vo e 
cos 2nl/A cos 2n1/A 


V and J are therefore displaced everywhere by 90°. At points z= /, 
]—A/2,... we have I=0, and at the points z =/—A/4, 1—3A/4, ... we 
have V=0. We thus have standing waves with nodes of J and maxima 
of Vat the ends of the line and at points /—m4A/2, where m is a whole 
number. 

2. If R=1/Cw=./(L/C), we immediately obtain from (61.17) that 
V,=0. The reflected wave thus disappears and the terminating resist- 
ance completely absorbs the waves incident upon it. Thus, from (61.16), 
V and J/Cw have everywhere equal magnitude and equal phase. We 
designate as the wave impedance Z that complex resistance with which 
a finite transmission line must be terminated so that with respect to 
incident waves the terminated line behaves like a line of infinite length. 
For the case here considered, 


Z = |(L/C) = 1/Cw = Lw 


$62. Waves along wires of finite resistance 


For practical telegraphy there is the fundamental question: What 
modifications are required in the wave propagation on ideal conductors, 
as described in the foregoing paragraphs, in order to take into account 
the ever-present ohmic resistance of the conducting wires? It is clear 
from the outset that the Joule heat which would be developed in the 
wire would have as a consequence a damping of the waves. In addition 
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to this—as we shall see—both damping and wave velocity will depend 
upon the frequency, producing a distortion of the signals (of speech, 
for example) being carried on the conductor. 

For a preliminary orientation we consider an infinitely long parallel- 
pair transmission line at the beginning of which (z=0), a source of 
alternating current is connected, commencing at a certain moment. If 
the conductors are without resistance, the power output of the current 
source has as its sole function the building up of the field between the 
two conductors; for, in this case, since 


V =Voeiot-2™ | J = 1, e!t-2) with Vo = Ip Z=IoVJ(L/C) (62.1) 


we have for the time average of the power, corresponding to the closing 
remarks in §52, that 


Re{V} Re {I} =$|Jo|?Re{Z} =4]Iol?Lw (62.2) 


The interpretation of this is obvious: In one second the wave front 
advances a distance w centimetres. The quantity 3|I,|?L is the field 
energy per centimetre of conductor. Equation (62.2) therefore re- 
presents the field energy arriving per second. 

If now the conductor possesses a finite resistance R per centimetre, 
then a part of the power output is converted into Joule heat. The 
farther the wave front advances, the greater becomes the fraction of 
the input power converted into heat, and the less the energy available 
for further build-up of the field. 

For subjecting these ideas to actual calculation we must take into 
account the finite ohmic resistance of the transmission line. We do this 
already in the formulation of the basic equations, specifically in equa- 
tion (61.14), as follows: We calculate the voltage around the rectangle 
abcd (figure 56). This accounts for the appearance along the paths bc 
and da of an ohmic voltage drop RI, in total. This quantity is added 
to the term @V/dz. Then, instead of equations (61.13) and (61.14) for 
describing the wave propagation, we have the two equations 

ov al ol ov 


C4 ae ee aa 
Ei ee (62.3) 


These equations are solved by the forms 
l=[,0° ™ andV=Zige = Say, 624) 
if wCZ—y =0 and wL—jR—yZ=0 "Pe 
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From this, for the propagation constant y = «—jf, we have 
: ons 
7 J/[wC(@L—jR)] with zt = 4wC {/[(@L)? + R?] +oL} (62.5a) 


and for the wave impedance Z=Z—jZ’ 


wL—jR a. at B 
ZZ Eee | Fae 7, a 62.55 
mi = ) with Z= F250) 


We therefore find damped waves, with the damping factor e” *; 
after travelling a distance 1/8, the amplitudes of current and voltage 
have fallen to 1/e of their original values. 

The value of f found here could also have been immediately ob- 
tained from Z = Re {Z} by the fact that the power (62.2) introduced 
at z=0 must be recovered in the power transformed into Joule heat 
in the wire. 


ar | \1PPdz=4R To!" | ete dz = SI, 
10) 0 AB 


We must therefore have that Z=R/28, which, since af =4wCR 
according to (62.5), is actually the case. 

We speak of weak damping when R < aL, and of strong damping 
for R> wL. For the first extreme case we obtain for # from (62.5a) 
by development, the frequency-independent value B = a) (R?C/4L), and 
for the second the frequency-dependent value B = {(@CR/2). 


We wish, from the practical point of view, to inform ourselves of the order of 
magnitude of the foregoing quantities. As normal frequency for telephone service 
we choose the technically customary value o = 5000s-1. For the (dimensionless) 
capacitance per centimetre we say, corresponding to the value C = ¢/4In (d/b) 
for the parallel twin-pair, that C = 0-2; for the resistance per centimetre, about 
3-4 x 10-4Q/em = 4 x 10-16s/cm2, corresponding to a twin pair consisting of 
copper wires of 1 mm? cross-section. From this, for a parallel twin-pair in air, since 
LC =1/w2 = 1/c2, we have the value L =6 X 10-21s2/em2. Thus, with R/oL = 13, 
we have the case of strong damping. 

For the f-value of our system we find B =/(@CR/2) = 45 x 10-7cm“, 
corresponding to a range 1/8 = 22km. (This is the distance at which the ampli- 
tudes have decreased to 1/e of their original values. By making full use of modern 
amplification techniques, however, an appreciably greater damping can be tolerated. 
Thus the long-distance cable we have calculated becomes usable over a distance 
equal to an appreciable multiple of the range value found above.) 


With regard to technical applications we must observe that in 
practice, besides the ohmic resistance R, a quantity G makes itself 
felt as a disturbance. It is due to the imperfection of cable insulation 
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and is called the ‘‘leakance”. Thus GV means the current which 
flows, per centimetre of cable length, across the insulation from one 
conductor to the other when a potential difference V exists between 
the conductors. The leakance has as a consequence the decay with 
time of the charge CV. Equations (62.3) thus assume the following 
form (as most often used in practice): 


oV ol ol OV 
a ae a eS 
With the solution form (62.4) we now obtain instead of (62.5): 
y = V[(@C—jG)(@L—jR)] (62.6) 


Decomposing y into a—if gives us 
#03 
(be 
In the case of light damping, these expressions permit in practice an 


instructive transformation. If we consider R and G as small quantities 
and neglect higher powers of them than the second, then 


K 2 
of = otic+i(R [Fc [2 p=2(r [+6 [6) (62.7) 


Thus we see that although we can increase L to diminish damping, a 
limit to this is set by the appearance of leakance. L being variable, we 
reach a minimum value of f if the two terms of the sum, R,/(C/L) 
and G./(L/C), become equal. This state of least damping brings a 
further advantage. According to the first equation we then have that 
a/o = a (LC), and this means that the wave velocity is independent of 
the frequency. Thus, for the condition of minimum damping, the trans- 
mission line is distortion-free. 


= 4{,/[(@?LC — RG)? + @*(CR+ LG)*]+(w?LC— RG)} 
w/ 


§63. Waves in hollow conductors 

Inside an electrically conducting tube or pipe purely transverse 
waves of the type considered in §61 are not possible. Here, however, 
we have waves with longitudinal field components. These waves are 
of great importance in ultra-high-frequency techniques.* We dis- 
tinguish an H-type wave and an E-type wave according as a magnetic 


or an electric longitudinal component is present. ARS. 
Aa, 
* Such waves do indeed exist in the arrangements treated in §61, but they are much ‘less common 


than the purely transverse waves. i 
ma 


gh 
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In order to obtain some idea of the properties of these waves, we 
shall consider the case of a hollow conductor of rectangular cross- 
section having perfectly conducting walls. Let the z-coordinate lie 
parallel to the tube axis, and let the inside of the tube extend in the 
xy-plane over the region 0<x<a, 0<y<b. We look for waves 
(of frequency w), which travel in the z-direction with the wave number 
k =2n/A. Thus all field vectors shall be represented in the form 
f(x, yet"), They must satisfy both the Maxwell equations and the 
boundary conditions (vanishing of the tangential component of E as 
well as the normal component of H): 


E,=E,=H,=0 forx=0 and x=a 


E,=E,=H,=0 for y=0 and y=b BY 


We therefore begin tentatively with n and m whole numbers as follows: 


eT La? (eee . AMX «MEY yor- 
E,=acos ™ sin “ZY gitar Re) H, =e! sin 9 cos eo RP) 


a b a 


ATX MEY yor- MTX. MEY or 
E,=B sin — cos NAY gilot- kz) = B’ cos —— sin MEY pitot-kz) | (63.9) 
a b i a b 


= BL ETM TIE sen DEX INT a 
E,=ysin —— sin MY gi(ot—kz) =’ cos —— Cos IATY gi(ct— kz) 
a a 


Since each of these components must satisfy the wave equation in vacuo, 
we arrive at the relationship 


2 2 2 
() +("") = (63.3) 
a b c 


Finally, the Maxwell equations lead to relationships between the co- 
efficients «,..., 7’; with the two new arbitrary constants 6 and 0’ 
we find after a brief calculation 


ST gs i ae ii ey 
a Dc bec a 
EIS I lalaeele Ba eng Te (63.4) 
ac 
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Herewith, for the particular case 6 =0, 6’40 we obtain the H-type 
wave in a conducting pipe (with E,=0), and for 6'=0, 640 the 
E-type (with H, = 0). 

Equation (63.3) dominates the most important aspects of hollow- 
conductor phenomena. It yields a real value of k only when @ is 
greater than the “‘critical” frequency 


[ee] © 


when, that is, the wavelength in vacuo is shorter than the “‘critical’’ 
wavelength 
21c 2 


ae JMalay + OnI6] 


If we ask what is the lowest frequency which our pipe can pass, 
there appears an essential difference between the two wave types. In 
the H-type (6 =0) we obtain (when a2 b) the smallest value of w, 
with n= 1, m=0 (fundamental wave). For this wave, not only FE, van- 
ishes, butalso E, and H,. For the E-type (6’=0), however, according to 
(63.2) and (63.4), there exists a solution different from zero only when 
both m and m are greater than zero. Thus the smallest value of w, 
obtains for n=1, m=1. That the multiplicity of solutions of the 
H-type is greater than that of the E-type is rendered plausible by the 
fact that for H, no restricting boundary conditions exist, while E, 
must be zero on the tube walls. 

Upon introducing the critical frequency w,, we have from (63.3) 


S = (a? a2) (63.6) 


Thus for the phase velocity w we have 


QO c 
k VE —(@,/@)*] 
It is greater than the velocity of light c and approaches c in the limit 
@— oo. By contrast, the group pee v is always smaller than c. 
Indeed, we have always that vw =c? _— 


To substantiate this assertion we consider a wave “BEQUp | “with a 
frequency spectrum given by f(w). Let f(w) be different Wen zero 


w= (63.7) 
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only in the immediate neighbourhood of w,. The dependence of each 
field quantity is then given by the factor 


o(z,t) = fro exp i[w@t —k(w)z] dw 


We set o=@,+y, and we develop k(w) = k(w,)+H(Gk/dw),... Since 
f(@) is different from zero only for small p, we can break off the 
development, to a first approximation, with the linear term in p. We 
then have 


$(z, t) = exp iL t—k(w,)z] fy (@) +p) exp in[t —(dk/dw).,, z] du 


Here (z, t) is represented as a plane wave with an amplitude depend- 
ing upon t—z(dk/dw),.,. It describes a wave group which moves with 
velocity v = (dw/dk),,. From (63.6) it follows directly that 


vec iE -(2) | = = (63.8) 


Any wave process in vacuo can be described by means of a super- 
position of plane waves. This applies with the greatest simplicity to 
the waves we have represented in (63.2), by substituting exponential 
functions for the trigonometric functions there, through the relation- 
ships ‘ 
cos = 4(e'? +e7'*) sing = poe 


After carrying out all multiplications, E and H stand as sums of pure 
plane waves. We restrict ourselves to carrying out such a decomposi- 
tion on the fundamental wave of the H-type, and we discuss this briefly. 
We have for it 


E, = Bsin Re exp i(wt—kz) 
a 


~ FJ exp (0 + Z x- kz) —exp (or z x— Kz) (63.9) 
2i a a 


It therefore appears as the superposition of two waves whose wave 
normals lie in the xy-plane. The angle e between them and the x- 


direction is given by 
2 
mio) 
a/\\a 
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ie., on account of (63.5), by cose = —@,/@ for the first of the waves 
appearing in (63.9), and by cose=+@,/m for the second. The 
entire field E, can therefore be imagined as being produced by the 
continual reflection of a plane wave incident at angle ¢ upon the plane 
surfaces x =0 and x=a. According to equations (63.7) and (63.9), 
the velocity of propagation w of this wave in the z-direction is 


c 


~ sing 
It is equal to the velocity with which the wave plane cuts the plane 
x=0. 
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CHAPTER DIII 


The Electromagnetic Field of a Given Distribution 
of Charge and Current 


$64. The field of a uniformly moving charged particle 

We consider the field of a charge moving in vacuo with constant 
velocity v, described by a charge density p which has values different 
from zero only in a very small region. This field is determined by 


curl H = Ie py divE = 4xp 
GO 6 (64.1) 
care oe divH =0 
c Ot 


with the solution of which we shall now be occupied. 

First of all we can establish without any calculation, merely on 
symmetry grounds, that E always lies in the plane containing the field 
point and the particle trajectory, while H is perpendicular to that 
plane. Moreover, the field comprising E and H is rotationally sym- 
metric around this trajectory. 

Now further, we show that whenever we know the E-field, the 
H-field can be immediately determined from the expression 


pH. de Ee eas (64.2) 
cat 


this being identical with the first equation in (64.1). As boundary 
curve, we choose a circle of radius a perpendicular to the direction 
of motion and centred on the particle trajectory. In this case 
§H.dr=2naH. For calculating the change with time of the fiux 
of E through any surface S bordered by the chosen boundary curve 
we observe that, on account of the motion of the charge, the total 
flux passing through surface S at the moment t+dt is equal to the 
flux linked at moment ¢ by the surface S’ obtained from S by a rigid 


displacement of S through a distance —vdt. Hence d(JE,dS) is 
267 
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equal to the difference of the flux of E through S”’ and S, both evalu- 
ated at time ¢. Since the vector field of E is source-free at all points 
outside the charge itself, this difference of the fluxes through S’ and 
S is equal to the flux through the cylindrical band connecting the 
two surfaces, that is, equal to 2xavdtE,, in which E, now means the 
component normal to the surface of this band. Putting this into 
equation (64.2) we find that H=(v/c)E,, or, in view of the direc- 
tional characteristics of E and H established above, we have the 


vector relationship H =(1/c) vx E (64.3) 


We wish now to convince ourselves on the basis of the Maxwell 
equations that this expression for the magnetic field of a charge distribu- 
tion moving with constant velocity is in fact rigorously true. For this 
purpose we determine the sources and vortices of the magnetic field 
given by equation (64.3). First we have, v being constant, that 


divH = aiv(? x B) — — curlE 
c c 


The last expression vanishes because from the induction law, 


1 dH OE 
U8 = = Ss SS = He MK Se 
oe c Ot ce oat 


|< 


we have that curlE is perpendicular to v. Further we have 


curl H = curl (: x E) =— (: 5 v) E+ div E (64.4) 
c c c 


Here the last expression on the right agrees with the current term of the 
first Maxwell equation because divE=4zp. Also, that the first two 
expressions are equal follows because in the special case here con- 
sidered, the whole field distribution moves unaltered with the particle. 
For each field component the relation 


f(x, y,2,t) = f(x+0, dt, y+0, dt, z+, dt, t+dt) 
therefore holds. From this it follows that 


ae (ime 


ee —)= —v.grad aga GA4.5 
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Thus in our case oE/ ot = —(v.V)E > 
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by which the agreement of equation (64.4) with the first Maxwell equa- 
tion is proved. When, therefore, we know the electric field of the moving 
charge, the accompanying magnetic field is given by equation (64.3). 

For sufficiently small velocities we may safely assume that the 
E-field of the moving charge does not differ appreciably from the field 
of a charge at rest, and that therefore we may write 
r 


v 
E=e H=e-x— (64.6) 


a as 
~ 


where r stands for the vector from the instantaneous location of the 
particle to the field point. Obviously the magnetic field here is equal 
to the field which, according to the Biot-Savart law, is produced by a 
current element ev. 

For finding the field for arbitrarily large velocities it is expedient 
to go from the field quantities to the electromagnetic potentials A and 
@. For this purpose we start with the last of equations (64.1) and 
satisfy it by the statement that 


H=curlA (64.7) 


The induction law then requires that E + (1/c)éA/6t be irrotational. We 
must therefore require that this quantity be the gradient of a scalar: 


10A 
—) eae 4. 
E er grad @ (64.8) 


Now we can specify the sources of A as we like, for a vector is uniquely 
established only when both its sources and vortices are defined. Follow- 
ing H. A. Lorentz, we make the specification of the sources of A 
through the requirement (the so-called “Lorentz convention’’) that* 


le 
Aree og (64.9) 
c Ot 


* The vector and scalar potentials, which describe the magnetic and electric fields through equations 
(64.7) and (64.8) are not unique. Starting with a given choice for A and ¢, the same fields may be 
obtained from the alternative potentials 

A =A+ Vy (64.7a) 
¢’ = o — ap/et (64.84) 


where wy is an arbitrary scalar function. Since it is the fields which are the observable quantities 
there is no physical basis for choosing between A and 4’ and the choice may be made on the basis 
of convenience. 

The transformation (64.72) is called a gauge transformation; the equations of Maxwell may be said 
to be invariant with respect to gauge transformations. The choice of gauge corresponding to equation 
(64.9) is sometimes referred to as the “‘ Lorentz gauge”. Another useful gauge choice, which leads to 
vy. d=), is discussed in § 46. 
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When we put equations (64.7) and (64.8) into the first two equations 
(64.1), we obtain, after some short calculations using (64.9), the two 
potential equations 

107A 4x P — 

i arr le 


= —4np (64.10) 


We notice that the equation for A differs from that for ¢ only in the 
constant factor v/c on the right-hand side. When, therefore, we have 
solved the equation for ¢, we immediately find for A the solution 


Anam (64.11) 
Cc 


That this solution also satisfies the requirements of the Lorentz con- 
vention (64.9) follows from the relationship (64.5) with f= @. More- 
over, from the two defining equations (64.7) and (64.8), and having 
regard to (64.5), we obtain 


E= ~grad p+ 4(S-grad $) = -* x grad p (64.12) 


Obviously the relation (64.3) is satisfied by these equations. 

In order to solve our problem we have only to integrate the second 
equation (64.10) for the scalar potential ¢. On transforming the time- 
derivative to a space-derivative by means of (64.5), and taking the 
x-axis along the particle path, we arrive at the relationship 


Oo Oo To 
(1- =) ae rae. Fa —4nxp (64.13) 


This obviously differs from the usual potential equation for a charged 
particle at rest only by the presence of the constant numerical factor 
1—v?/c? multiplying the derivative in x. We can therefore formally 
carry out the solution of our problem as if it were one of simple electro- 
statics by means of the transformation 


x =x’ /(1—B?) with B=" (64.14) 
C 
with y and z unchanged. We have then to solve the equatign.. 
ah 876 a*y “a. 
> ae ae = —4 $+ 
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and, from (19.11) we find directly that 


d oe : pe p[é’./A—B7),n,C] dé’ dn dl 
oe \ | cesarean 


On going back then from x’,t’ to x,é we have 


7.2) = |) | NOES net cans 
ee” I Rcmeccera cerry ar 


Particularizing, we now look for the solution at the moment for 
which the charge is located at the origin of the coordinate system, and 
we restrict ourselves to the case where the charge is a point. We can 
then set € = 7 =¢ =0 in the denominator and carry out the integration 
in the numerator, obtaining 


é 
Q(x, y, Zz) = Viet +0 —P) Ly +z} (64.16) 


If, however, we free ourselves of the special choice of coordinate system 
by introducing the field-point vector r= {x,y,z} and the velocity 
v= {v,0,0}, we obtain 

e 


e 
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From this it can be seen with the help of some short calculating, if 
necessary working with components and using (64.16), that, according 
to (64.12), the accompanying field is rigorously given by 


17) 


__ er(i—v?/e?) my 
ape "xE (64.18) 


This rigorous solution obviously goes over to the approximate solution 
(64.6) for small velocities, i.e. where v<c. It agrees with the approxi- 
mate solution as regards the field direction. Only with respect to 
the magnitude of the field strength is there a difference. While the 
approximate solution E=e/r? is independent of direction, the magni- 
tude of E in equation (64.18) displays an increasingly strong dependence 
upon direction as the velocity increases. In particular, 
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As the speed of the particle approaches the speed of light, the whole 
field concentrates itself more and more into a flattish disc (“pancake’’) 
oriented perpendicular to the particle trajectory, in which, in the limit- 
ing case, v = c, the field strength becomes infinite everywhere. 

Of particular interest now is the convection force F exerted by the 
moving point charge on a co-moving charge e’. In this case, by means 
of equation (64.12), we find from the Lorentz force that 


re: (E+! x H) = —e'(i—f?) grad ¢ 


In contrast to the field of E, the field of this force can be written as the 
gradient of a scalar potential function: 


F = —grade'p with wy =(1—f”)¢ (64.19) 
The function y, first introduced by Heaviside, is designated the convec- 
tion potential. It is constant on the flattened ellipsoids of revolution 
x? +(1—f7)(y? +z”) = constant 
These Heaviside ellipsoids can be considered as having evolved from a 


family of concentric spheres subject to a deformation in the direction of 
the x-axis in the ratio 1:./(- B*). The intuitive significance of the 


Fig. 57.—Mutual repulsion force F of two equal point charges moving 
with the same velocity v 


ellipsoids yy =constant consists in that the force exerted upon a co- 
moving charge, that force being the gradient of w, is always directed 
normally to the ellipsoid’s surface. 

We can draw a significant conclusion from this fact. We consider 
two point charges e, and e, (figure 57) which are attached to, the ends 
of a bar of length r. So long as the bar with the attached gharges is at 
rest, the force exerted by e; on e, has the direction of the ling joining 

i. 


“ 
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e, and e,. When, however, the bar with the charges moves with 
velocity v, this force stands normal to the ellipsoids we have mentioned 
and it is thus, in general, no longer in the direction along the axis of 
the bar. The bar, because of this, experiences a torque which, for the 
case of charges of like sign, has the tendency to rotate it into an orient- 
ation parallel to the direction of motion. For charges of opposite sign 
the bar seeks an orientation perpendicular to the direction of motion. 
With the help of equation (64.19) we obtain for this torque 


i e; e,(1—f”) 
r x grad ic =0. Fd (64.20) 


Upon restricting ourselves to terms of order B*, we find by developing 
the denominator, that 
aD 
T = -r x grade, e,(1- p(s XV ) ~ €1 €2(T. V(r X ¥) 


2r? Pe 
i.e. the absolute magnitude of T has the value 


pa 2182" on 20 (64.21) 
re? 


in which we call @ the angle between r and v. We obtain the same result, 
incidentally, from the approximate solution represented by equations 
(64.6). In this consideration E is always in the direction of r and 
therefore contributes nothing to the torque. With H as given by equa- 


tion (64.6), the torque becomes T = e,r x (: x H }. 


The fundamental significance of this result is that with it we appar- 
ently have the possibility of establishing the existence of an absolute 
motion of the earth, or perhaps of the whole solar system. A charged 
capacitor suspended on a torsion fibre, for example, must seek an 
orientation transverse to its direction of motion. From the very pains- 
taking experiments of Trouton and Noble, however, we know that such 
a torque does not exist—agreeing with the basic postulate of relativity 
theory. A second torque must therefore exist which just compensates 
the torque found above. As we shall show in the section on the 
Theory of Relativity, this second torque has its origin in the mechanical 
stresses which must exist within the bar joining the two charges. Only 
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when this second force is taken into account is the negative result of 
the Trouton-Noble experiment fully explained. 


We have so far tacitly assumed that the velocity v of the particles is less than the 
velocity of light c. This is fully in keeping with the theory of relativity, according 
to which the velocity of all bodies never exceeds a certain upper limit, the velocity 

of light. 

It is also known that the above-mentioned solution, formulae (64.16) for example, 
is valid only for v <c, because for the case v > c the denominator of (64.16) 
becomes imaginary for x2 < (f2—1)(y2+2z2). The mathematical basis for the 
failure of the equations is that equation (64.16) is, for this case as an example, no 
longer an elliptical differential equation having the character of the potential 
equation, but a hyperbolic differential equation having the character of the wave 
equation. When duly integrated, the equation leads to a form of wave propagation 
which is fully analogous to that of an acoustic wave in a medium through which a 
small body moves with supersonic velocity (“Mach waves’). This phenomenon 
has been longest known in acoustics. In optics it was first observed by P.A. 
Cerenkov in 1934, not, to be sure, by the motion of a particle with velocity greater 
than that of light—such a speed, as already mentioned, is ruled out on fundamental 
grounds by relativity—but by the motion through matter of fast charged particles 
whenever v > c/+/(ex). The difficulty in treating the frequency-dependence of «¢, 
however, prevents our going further into this question here. 

Remark: In the MKSA system of units, the equations (64.1), with which we began 
our work, can be written in the form 


s, 
: curl H = e0 5+ py divE =— 
0 
eS divH =0 


Use of the potential equations permits us to write the following expressions, cor- 
responding to equations (64.7) to (64.9), (with e940 = 1/c2): 


B= —A_ grad ¢ Siig a A aa 
ot Ho ot 
The potential equations are then 
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In particular, for a charged particle moving with constant velocity, we have in 
place of equation (64.11): 
A = e0Hovd 
Finally, equations (64.18) are to be replaced by 
er(1 — v2/c2) 


= 7 = a ey SOE) H = E 
4reo(r2 —(r X v/c)2}3/2 Eov X 


§65. Energy and momentum for a uniformly moving charged particle 
In §§54 and 56 we have seen that every electromagnetic field 
possesses not only energy but also momentum. In Beco ye may 
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consider the energy law for a moving particle. According to equations 
(54.8) and (54.5), where the power of the field [g.EdV=ey.E has 
been equated to the time-derivative of the kinetic energy U, of the 
particle, the energy law reads 


© (Unt UatU,,) = $5. dA (65.1) 


in which the integral on the right-hand side represents the total energy 
radiated per second over the area A. Analogously, we have for the 
momentum law from equation (56.7): 


£ utd) = gt, dA (65.2) 


in which J,, and Js stand for the total momentum of the charge 
and its field, and the integral on the right-hand side represents the 
effect of the Maxwell stresses on a closed surface A surrounding the 
charge at a great distance. From equation (56.8), the momentum of 
the field is equal to 
—— Bx Hav = 7,|Sav (65.3) 
mC c 

We now calculate this field momentum for the uniformly moving 

particle considered in §64. From equation (64.3), we have 


1 
i= 
5 Ane? 


fF x(v x E)dV 


Here, on symmetry grounds, the momentum components perpendicular 
to the direction of motion vanish and we obtain for the component in 
the y-direction (= x-direction) 


D 
CG). — me | {E2+E?} dV (65.4) 


Correspondingly, from equation (64.3), the total field energy is 
U=U,+U, = = | {E2+(1+B?)(E;+E2)}dV (65.5) 
m 


The momentum of the particle field is thus proportional to the particle’s 
velocity, so long as we may neglect the dependence of E upon velocity, 
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as given in (64.18); so long, that is, as v<c. For this case, and for a 
spherically symmetric charge distribution 


[tay = [epav = [ebay =3 [ear 


Js=— [ea U=Uo=z-[Etav 


mc? Tt 


And so 


or, combined, 
4U 
Js =3 = v (65.6) 

For a spherical charge of radius R we have for the electrostatic field 
energy U, =fe?/R, in which now the dimensionless factor f depends 
on the nature of the charge distribution in the body. It equals 4 for a 
sphere with the charge confined to its surface, and is # for a homo- 
geneous volume distribution of charge. 

If we conceive our charged particle as possessing no inertial mass, 
that is, U,=0 and Jy, =0, we must ascribe to the acceleration of the 
particle ‘a reactionary force effect so as to furnish the increase with 
increasing velocity of the growing field momentum J, and the accom- 
panying increasing field energy U. Under the influence of an externally 
applied force a particle without inertial mass would behave, according to 
(65.6), as if it possessed a mass of magnitude 4U,/3c?. The smaller the 
radius R of the particle, the greater is this ‘electromagnetic mass”. 
Through appropriate choice of R, therefore, we can account for any 
observed mass of a charged particle as electromagnetic mass. It must 
be emphasized, however, that at present there is at hand no definite 
proof that the mass of either the electron or the proton is purely 
electromagnetic in character.* 


The existence of an electromagnetic inertial force for a charged particle can 
easily be rendered plausible in the following manner: Let us imagine an electron 
moving with constant velocity. Moving with it is a magnetic field whose circular 
lines of force are centred on the electron’s line of motion. During this motion there 
is no net force acting on the electron. If, now, we should wish suddenly to decelerate 
the electron, this would naturally require that the magnetic field should decrease 


* {It has become customary to define a “radius of the electron” Re according to the relation 
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Numerical values for the electron charge and mass give Re= 2-8 x 10725 cm, 
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during such deceleration. According to the induction law, however, a collapsing mag- 
netic field gives rise to an {electric field. It can be easily shown that the electric field so 
produced gives at the location of the electron, a force on it of such direction that 
during the deceleration the electron is urged to accelerate. The inertial force felt 
during the deceleration is identical with the electrical force eE, where E is the 
field strength given by the induction law, and is only brought into being by a change 
in the electron’s velocity. 


We wish now to consider the case of higher charge velocity. The 
velocity dependence of the momentum of the field merits our particular 
attention. Now the manner in which this field momentum varies with 
velocity is closely connected with the particular assumption which we 
make about how the electric charge is distributed in the moving body. 
The most obvious assumption, that discussed rather fully by Max 
Abraham, is that the charged body is a rigid sphere having a given fixed 
spherically symmetric charge distribution. By contrast, A. H. Bucherer 
and H. A. Lorentz introduced the idea that the electron, corresponding 
to the convection potential considered in §64, possessed the form of an 
ellipsoid of revolution flattened in the direction of its motion, the ratio 
of its axes being 1:,/(1—7). In particular, it was assumed that the 
electron actually contracted in the direction of motion in the pro- 
portions just mentioned, and therefore that 


1 B6 
p(x, y,2)= 1p (sa z) (65.7) 
V(t= 8)?“ = B) 
where the total charge of the moving body is equal to the charge on 
the body at rest: 


[|[ecsx2axanae = [[fo(qa  ” =e 


We wish to defer until later the consideration of this contraction hypo- 
thesis. We shall become thoroughly acquainted with its general basis 
in the chapter on the theory of relativity. According to relativity, all 
scales in motion at any given speed shorten themselves in the direction 
of motion in the same ratio. 

Introducing equation (65.7) for the charge density into the potential 
equation (64.13), we obtain for an arbitrary (and not necessarily 
rotationally symmetric) charge distribution the following equation 


1 x 
P(x, ys z) x a7” (sana ys 2) (65.8) 
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as a connection between the scalar potential ¢ of the moving charge 
and the static potential of the same charge at rest. 

From this, and with (64.12) we obtain for the component E, needed 
in (65.4) the expression 


_ op 1 x 
Se a (oR) 


An analogous formula holds for E,. Thus, from (65.4), we have 


v 5 a 
1s = Gro BP) {i} 1 (Ja py” “)* 


+E, (satay y; “)} dx dy dz 


Substituting x for x/,/(1—B7), we have 


Jem aes | | | (EB, (x, ¥,2) + ER, (x, y, 2)} dxdy dz 


Considering the field of the charge at rest as spherically symmetric, we 
find as above 
4U, Vv 


I= 3? Ja) 


If we call the constant factor 4U,/3c? the rest mass m, we can write 
the momentum of the field in the form 


(65.9) 


my 
~ Vd=07/e?) 


Now investigations of fast-moving charged particles (see Volume IT, 
§3) have shown that their momentum, defined by the expression 
dJ/dt =F, increases with velocity exactly as given by equation (65.10). 
Prior to the advent of the theory of relativity this observation held 
special interest because it was hoped that with its help it would be 
possible to decide whether the mass of an electron was purely electro- 
magnetic, or whether the electron, besides having electromagnetic mass, 
carried with it a mass in the ordinary sense. It was oftenthought that 
only the electromagnetic part of the mass increased with velacity, that 

‘S 
| 


(65.10) 


§ 66. Electromagnetic potential of arbitrary distribution of charge and current 279 


the ordinary mass (mass in the sense of mechanics) could be regarded 
as a constant of the body considered. With respect to this question, 
however, the above-mentioned investigations have now lost much of 
their interest because of the theory of relativity. According to relativity, 
formula (65.10), which we have here obtained for the electromagnetic 
part of the mass, is actually quite generally valid for every kind of mass. 
Experimental distinction between different kinds of mass by investiga- 
tions such as these seems therefore not to be possible. 


$66. The electromagnetic potential of an arbitrary distribution of charge 
and current 


We come now to a consideration of the field in empty space of an 
arbitrary distribution of electric charge and/or current. For this we 
consider the quantities p and pv = g as being arbitrarily given functions 
of the space and time coordinates. 

To integrate the Maxwell equations we use (as in §64) the relations 


1 0A 
H=curlA fe = 3, btade (66.1) 


to go over to the potentials A and @, and we require* that these satisfy 
the following auxiliary condition (“Lorentz convention”’): 
op 


1 
divA+-—=0 (66.2) 
@ OF 


Thus we obtain, as in §64, the potential equations 


1 @’A 4 
WA-5 oa = - "8 V-b-S 52 = 4m (66.3) 


For the case of fields that are constant in time these equations 
immediately pass over to the already fully discussed equations 
of electrostatics and magnetic fields of steady currents. The outward 
expansion of the field with time is considered here by bringing in the 
term with the time derivative. 


*Instead of the Lorentz convention (66.2), the so-called “Coulomb convention”, divA=0 is 
sometimes employed. Then, to be sure, the equation for the scalar potential is as simple as the Poisson 
equation V2¢ = —4mp of electrostatics, but the equation for the vector potential becomes more com- 
plicated than the wave equation. 
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The solutions of equations (66.3) can be brought into a form very 
similar to that for static fields. These are 


Ney Wee ; ||? dé dn dt 


Aten) < {eee Heth 
r 


as we shall forthwith verify.* In these expressions r, the distance 
between the source point and the field point, is given by 


r= J[(-5?+-0)? +@-0)7] (ce) 


(66.4) 


In these formulae the contribution of the volume element d&dydC to 
the potentials at the field point (x,y,z) differs from that for the static 
case only in that for g and p their present values should not be intro- 
duced, but rather those values which prevailed within d&dyd{ at a 
moment that is earlier by a length of time r/c, the signal travel time. 
The contribution of a source point to the potential arrives at the 
field point only after the finite time interval r/c. For this reason the 
quantities A and @ given by equations (66.4) are called retarded 
potentials. 


It should be pointed out that the physical content of solutions (66.4) is not 
identical with that of equations (66.3). While in the differential equations (66.3) 
the sign of the time is in no way distinguished, i.e. the equations are not altered by 
an exchange of past with future, solutions (66.4) do make an essential distinction 
between past and future. Purely mathematically, solutions of (66.4) would also be 
possible in which values of g and p at the source point were chosen for later time 
t-++r/c, giving the so-called “advanced potentials”. Such solutions would, however, 
be contradictory to our basic conceptions, since we consider the charges and cur- 
rents to be origins of the potentials. By excluding these advanced solutions we 
actually go somewhat beyond the content of differential equations (66.3). 


We must now be convinced that equations (66.4) are really solutions 
of equations (66.3). It suffices to carry out this proof for the scalar 
potential. To this end we divide the region of integration into two 
parts V, and V2, in which V,; stands for a very small volume ontaining 


A> : 
* The solutions (66.4) are particular integrals of the inhomogeneous equations %66.3). For the 
purpose of adapting to given initial and boundary conditions, we can add to these solutigns integrals 
of the homogeneous potential equations, i.e. the wave equations for A and ¢. Ae 


“ 
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the source point, while V, is the whole surrounding region. Cor- 
respondingly, we make the separation 


b= dtd=| S| 
V1 r 


V2 


pE.n,t—rc) a, 
r 


Now in the integration over the very small region V, the retardation 
obviously plays no part. In the first integration, therefore, we can 
simply substitute p(é,y,¢,t) for p(é,n,€,t—r/c). But then this differs 
in no way from the static case. We thus obtain V7o, = —4zp(x,y,z,t), 
while ¢, itself, and also €7@,/@t? because of the smallness of V,, are 
negligibly small. Thus the part ¢, by itself satisfies the potential 
equation (66.3) for @. 
Moreover, according to §13, the expression 


v() = 2 LEO 
r or 


holds generally for a quantity depending on r alone. We therefore have 


o oe 1 Be la 
v 2= [ff So (énse£)aednat 


: r 
Further, for any function g of t—-, 
c 


Thus, since 
1 @? 1 r ian 
pt epee ae = ze pe 


fp satisfies the homogeneous wave equation and can therefore be added 
to the solution ¢, of the inhomogeneous equation, so that 6 = $,+ $2 
does in fact satisfy the potential equation (66.3). 

We wish now to transform formulae (66.4) for ¢ and A so that they 
can be applied to charged particles of very small spatial extent. It 
turns out here (rather troublesomely) that we have to take the integrands 
for the individual volume elements of the particle at different times 
t—r/e. Thus, for example, the integral Jffp(é,n,6,t—r/e)dédnde 
which comes from (66.4) by leaving out the denominator r, is not, as 
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in the static case, the total charge of the particle; it would only be this 
if the integrand had always to be taken for the same time. 

The latter can, however, be attained by means of an artifice, i.e. by 
introducing the so-called one-dimensional 6-function. This function 
65(u) is defined so that 6(u)=0 for u#0; but 6(0)40, such that 
f£26()du=1. For every regular continuous and differentiable 
function f(u) it thus follows that 


fu) {u—a) =f(a)s(u—a) and | flu) §(a—a) du = f(a) 
and for the derivative 5’(u) there results from partial integration, 
| f(w)é"(u—a) du = —f'(@) 


With this 5-function the potentials in (66.4) can be written in the form 


A(x, ¥, 2,1) = tf f[Jeee Po - 2) d& dn dl dt 
& r c 
ee. = [{ffPeeePs(s—142) aednacar 


Now, however, p(&,n,6,1)dé dn dl = de is equal to the charge in the vol- 
ume element dé dy dt at time t, and likewise, g(€,n,¢,1)dE dn dC = v(t) de, 
v being the particle velocity. Thus for particles of small dimensions we 
can immediately carry out the integration over the charge elements, 
obtaining 


a= £[O*5(<-142) =e [Ho(s-142) (66.7) 
c r é r c 


Through this transformation r, as the distance between the particle and 
the field point, has become a function [r = r(t)] of the time. We can 
now evaluate the integral. Introducing instead of t a new integration 
variable u=t—t+r/c, where 

du 1dr r.vV 


ee ft ee 66.8 
dt eae u re ( ) 


(66.6) 


we find, because of the character of the 6-function, that 
SAD. 


T 


e Vv e a | 
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This form of the potentials was first given by A. Liénard and E. 
Wiechert. 
Remark: From the potential formulae (66.4) to (66.9) in the Gaussian system, 


the corresponding formulae in the MKSA system are obtained by multiplication 
of the ¢-expressions by 1/479, and the A-expressions by yoc/4z. 


$67. The Hertz solution for the oscillating dipole 


For the first example we apply formula (66.9) to a case first in- 
vestigated by Hertz, that of an oscillating electric dipole having a 
dipole moment p = p(t). Let us picture the dipole as a charge pair +e 
with the time-varying dipole separation s(t). We think perhaps of 
Thomson’s atom model with its elastically bound electron. We can 
then write immediately 


ev=eS=p (wih p() = 0) (67.1) 


We further assume that the oscillation amplitude of the dipole is 
small compared to the wavelength A of the emitted radiation, and is 
also small compared to the distance r at which we investigate the field 
of the emitter. Next, then, in formula (66.9) for the vector potential, 
we can set the denominator equal simply to r, since for a harmonic 
oscillator v/c + ws/c = 2ns/A, which we assume to be small compared 
to unity. Further, we can also neglect the variation of r due to the 
motion of the dipole and thus we can calculate with a fixed r, as the 
distance of the field point from the dipole. We therefore obtain for A 
the relation fe “Garis cae 

cr 

In the calculation of ¢ from (66.9) we have to be somewhat more 
careful with what we neglect, otherwise we shall obtain ¢=0, on 
account of the electrical neutrality of the dipole as a whole. In this 
case we would have to carry out a development in series, breaking off 
after the first non-vanishing term. We reach our goal more simply, 
however, if we introduce formula (67.2) for A into equation (66.2). 
After carrying out the time integration, and omitting for simplicity 
here and in what follows the argument t—r/c, which is everywhere 
the same, we find that 


_ p(t—r/c) _ pr | pr 
— Si eer = aes (67.3) 
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By direct calculation, incidentally, we can be convinced that this 
expression for ¢ satisfies the potential equation (66.3). 

In order to see the physical content of this equation we specially 
require of p that On 
P=Po sino (12) with @ = 22v= = (67.4) 

c 


It follows then from (67.3) that 


of r 
o= PeF cos co(1—2) +2 sin o( 4) 
cr a c 


If now we choose r < A we can first of all neglect the r-term in the argu- 
ment of the angle function, and second we can completely eliminate 
the cosine term since for the latter the amplitude is smaller by a factor 
wr/c = 2nr/A than the sine term. In the vicinity of the emitter then, @ 
becomes approximately equal to the electrostatic potential of the dipole 
p(t) prevailing at time ¢. For greater distances (r > A), however, the 
electrostatic dipole term in the ¢-formula diminishes with respect to 
the first term whose value falls off much more slowly, i.e. only as 1/r, 
corresponding to an expanding spherical wave. We therefore speak 
here (for r>A) of the wave zone, in contrast to the near zone (for 
r<A). 

We come now to the calculation of the field intensities. Introducing 
(67.2) and (67.3) into uk (66.1), we find for arbitrary values of r: 


E= (ir)r =p 3(pryr_ pp) 3(pr)r 
7" -5 ae “ert Tae r° 
(67.5) 
_pxr pxr 
~ Ctr? * op 


We shall discuss this field for the two extreme cases r <A and r> A. 
In the near zone the terms with the highest power of r in the de- 
nominator predominate; therefore 
3(pr)r pxr 


Ee = = 
at ame Hee (67.6) 


This is, however (and from what was said above we should mot have 
expected otherwise), the electrostatic field of a dipole of mament j p, and 
the steady magnetic field of a current element gd 1 dpi, 


% 
cy 
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In the wave zone only the terms with the lowest power of r in the 
denominator remain significant, thus 


Pp (pryr pxr 
>) ee = 67.7 
ee cr? Hu c?r? ley 
We obviously have here 
E=Hx- and H=—-Ex* (67.8) 
r 


Thus in the wave zone the two field intensities have the same value, and 
they are perpendicular to one another and to the direction of propagation r. 
But this is just the picture of a spherical wave radiating out from the 
**sender’’ in the direction r. 

If, in particular, the dipole oscillates in a fixed direction, as for 
example along the axis of a space coordinate system r,6,w, then the E- 
vector oscillates in a meridian, and the H-vector in a parallel of latitude. 
The field amplitude decreases from the equator to the pole; in the 
direction of oscillation of the dipole (9 = 0) there is no radiation. The 
Poynting vector 

(p xr)? r_ p?sin?0 


c r 
Sor = a, ae 67.9 
: An x 4nctr* r= Anc?r? r rE) 


is in the direction of the radius and falls off as 1/r?, in agreement with 
the inverse square law. We find for the total radiation S$ through a 
spherical surface of radius r 


eS 5 
= 6 Po ae eee er ee 
S [sr a= © [sin 6dQ= at 2) 


For the special case of a purely harmonic oscillating dipole (67.4) we 
have for the average over one oscillation period 


(67.10) 


It is noteworthy that for the existence of the spherical wave (67.7), 
the retardation in the potential formulae is decisive; that is, the 
spherical wave is immediately obtained if, throughout, in differentiating 
with respect to r, only the r in the combination t—r/c is taken into 
account, and the r in the denominator is considered as a constant. 
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Conversely, the field strengths in the near zone are immediately ob- 
tained by neglecting the retardation. 


Remark: For going over to the MKSA system the expressions for E above have 
to be multiplied by 1/4ze9, and those for H by c/4z = 1/4n+/(eou0). Then for 
the wave zone, instead of (67.8), we have 


E ~ 4/(%°) H xs lol = -4/(2) E x : and thus @¢9E2 = uoH2 
0 


Because of the difference of form of the Poynting vector in the Gaussian and 
the MKSA system, the E and S$ formulae for the latter case are obtained from 
formulae (67.9) and (67.10) by multiplication by 1/4ze0, so that we obtain, for 
example, for the total radiation of a harmonically oscillating electric dipole, averaged 
over a period, 


— co4p? _ wo (e040) 1/2 4p? 
6mE9 3 67 
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The remark at the end of the foregoing paragraphs permits us now 
to calculate the radiation of an arbitrarily specified oscillating distribu- 
tion of charge and current. For this we assume as above that the 
dimensions of the emitter are small compared with the wave length of 
the emitted radiation. Furthermore we restrict our interest to the field 
in the region of the wave zone, where r > A. 

From these assumptions there follows an essential simplification of 
the potential formulae (66.4) as well as the calculations connected with 
them: First, in space differentiation in the wave zone we need differ- 
entiate only the retardation term t—r/c, but not the r-factors otherwise 
occurring in the integrands. Second, in these factors we can always 
disregard the finite extension of the emitter. Thus, for example, we 
substitute r for the distance of the field point from the origin of co- 
ordinates lying within the emitter. In order to make this clear we 
designate in the following the location of the field point with the 
position vector r, and the location of the source point with the position 
vector r’. The distance from the source point to the field point, which 
we have hitherto designated by r, is now |r—r’|. Carrying out all 
these modifications and simplifications, we obtain from (66.4) for the 
wave zone 


1 —y’ br We 
a2 fe(r av 62 [o(r Hay ay’ (68. 1) 
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We find H by taking the curl of the vector potential: 


1 momar éa( v1 } 
H- = x aN Coca 


oto 2a eee 68.2 
c*r? at c (68.2) 


We could calculate E in an analogous way, making use of the equation 
of continuity of electric charge. However, we find E more simply from 
the first Maxwell equation; with (68.2) we arrive at the expression 


OE r ae |r—r’| 
ae n= == — "t— dv’ . 
a ccur : [ ay fe ( af - )| (68.3) 


which with one integration immediately gives the electric field strength. 
Introducing for brevity the quantity q, where 


fo = [e(r 0 i uot eonlar (68.4) 


we can connect the two expressions for E and H in a form analogous 
to (67.7), namely 


Bi ne (68.5) 
cr? cr 


For an arbitrary emitter we therefore obtain in the wave zone the same 
picture of an expanding spherical wave as for an oscillating electric 
dipole. As we shall see later, however, q possesses an additional 
directional dependence because of the r-vector contained in the re- 
tardation. 

The vector q is thus decisive in all radiation problems. On account 
of our above-mentioned assumption (r’ <4 <r) we can also write q in 
another way wherein we develop the retardation term in powers of 
r'/r. We have, obviously, 

A pe (r xT jm 
Jr—r’| = f(r? —2rr' +r’) = r—- ro 2 
In the wave zone, however, we need consider only the first two terms 
in this development since, as r— 00, the third and higher terms vanish 
like 1/r, or else more rapidly. Account must in any case be taken of 
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the second term, since it remains finite for r > 00; its contribution, how- 
ever (since r’ <A) is small—of the order of magnitude wr'/e = 2zr'/2. 
This is recognized if for g a pure harmonic time-dependence of the 
form cos@t is assumed. Consequently for (68.4) we can now write 


a= [a(S Ja’ (68.6) 
c 6Fre 


We now consider several special types of emitter. 

If the emitter consists of an oscillating electric dipole, we come back 
with our present formulae to the case dealt with in §67—for, on account 
of (67.1), we have then to set fgdV=ev=4p/ot, and thus, upon 
neglecting the small correction in the retardation term, we find as the 
first non-vanishing approximation that q = p(t—r/c). 

If the emitter consists of two small metal bodies which are connected 
through a spark gap or by a wire, we have to set gdV’ =Jdr' and, 
upon again neglecting the correction in the retardation, we obtain 


a= i(:-2) | ‘qi u (4) (68.7) 


in which the vector I extends from the beginning point to the end point 
of the spark gap or the antenna. If we are dealing with a sinusoidal 
alternating current, the time-averaged total radiation corresponding to 
(67.10) is equal to ae ae 


§=— P= 


68.8 
3g) = Soe Ok) 


For wireless telegraphy this formula gives the radiation of an 
antenna of length / when 2>/, the effective antenna current being 
I¢¢ =(77)"/?.. Since in this case, in addition to the radiated power, 
the oscillation generator has to furnish energy RI? of Joule heating 
developed in the antenna, where R is the ohmic resistance (consider- 
ing skin effect), the factor multiplying I? in (68.8) is called the radiation 
resistance R, of the antenna. This is given by 

yee 


2 
= ae 790542 (since 80x? = 790) (68.9) 


A special consideration is furnished by the case (figure 58) in which 
the two metal bodies with separation / might, for examplg~ ‘Be the 
plates of a capacitor connected to the ends of an almost closed circular 


at 
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wire loop, / being very small. Here the q-value given by (68.7) would 
result in vanishingly small radiation. The arrangement in figure 58 
considered however as a ring current / enclosing an area S is just the 
representation of a magnetic dipole with dipole moment m= IS/c. 
Let us observe the radiation of this magnetic dipole at a large distance, 
with / infinitely small. 

Now, so far as (68.7) is concerned, this radiation is negligible because 
in assuming that r’ <A in the derivation of (68.7), we have considered 


Fig. 58.—For the radiation of a closed oscillating circuit 


the dimensions of the emitter as infinitely small compared with the 
wavelength. In order to obtain a non-vanishing result in this case, we 
must take into account the correction due to the retardation, at least to 
the first approximation. Developing the integrands of (68.6) in powers 
of r.r’/rc, and again setting gdV’ =/dr’, we obtain 


af seto fie 


The first term of the integrand gives no finite contribution because 
§dr’ =0, but the second term gives 


: r\ {(rr’) ar’ 
a=i(s—")p st 


For the r’-integrals occurring here we have 
+4 


ps’ ds =a) x dy’ = $y’ ax =) S emecic, 


where S, means the projection of the surface S bounded by the circular 
current on the xy-plane. Condensed, we obtain as in §47, through the 
introduction of the magnetic moment m(f) of our circular current, 


ee m(+-) (68.10) 
r c 
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and thus for the Poynting vector of the radiation of a magnetic dipole, 
in place of (67.9), we have 
(@xr)?r_ m’sin’6r 
~4nert + 4ncer? or 
Here again, therefore, we find the sin?@ directional dependence. 

We could have found this result more simply by means of the 
following observation: If a field E,H satisfies the Maxwell equations 
in vacuo (with g=0, p =0), so also does the field E’ = —H, H’ = E. 
From the Hertz solution of §67 we therefore obtain a new solution 
when we substitute H for E, and —E for H. The Poynting vector is not 
thereby changed. However, by considering the near zone correspond- 
ing to (67.7) it turns out that the new solution describes the field of a 
magnetic dipole. We could therefore simply substitute the vector m 
for the vector p in (67.9) in order to obtain the radiation from a mag- 
netic dipole. 

Corresponding to (67.10), we thus find for the time-averaged total 
radiation of a magnetic dipole 


2 aD, 32 4g2 _ 
eS ae (68.11) 
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As a comparison with (68.8) shows, there radiates from a current- 
carrying circular ring (loop) of area S as much energy as would radiate 
from a straight antenna of length /=27S/A when carrying a like 
current. We can now also state the domain of validity of equation 
(68.8) for our circular loop: This formula holds so long as the plate 
separation / is substantially greater than 27S/4. If, however, / is much 
smaller than this expression, (68.8) is completely invalid and the 
circular loop radiates as a magnetic dipole. 

Finally, we investigate the radiation of an electric quadrupole. We consider 
the special case of a stretched-out quadrupole of the type sketched in figure 245. 
We can, however, picture it as two in-line rod antennae carrying oppositely phased 
alternating currents. With the z-direction lying along the direction of the antenna, 
the vector q defined by (68.6) possesses only a z-component. For calculating q we 


must, as with the magnetic dipole, develop the correction term in the retardation, 
obtaining in the first non-vanishing approximation 


aq fo (r, oe *) pa (68.12) 
We now particularize to the case of figure 245, in which wea ume’ that the 
quadrupole consists of a central charge —2e at rest, and two oppositely phased 
. 
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oscillating charges e with z’ = + €(7) and a —(€(t). These charges give to 
(68.12) the current contributions fgdV’ = +e¢ for z’ = + ¢, and JgdV’ = —et 
for z’ = —¢; altogether 


2) ; 
q=— ett 
re 


On the other hand the quadrupole moment Q of this (rotationally symmetric) 
charge distribution is, according to (24.17), equal to 2e¢2, so that we finally obtain 


q=(0,0,9] with qg= = =~ cos (68.13) 


where again we designate by @ the angle between the direction of the quadrupole 
and the direction of the radiation. 
Corresponding to (67.9) the radiation intensity of our array is given by* 


_ {OG —r/c)]? sin? 6 cos? Or 
ee a ee (68.14) 


This radiation intensity displays a directional distribution different from the dipole 
radiation in that not only is there no radiation along the direction of the dipole, but 
there is also none in the perpendicular plane. The latter fact is obviously the result 
of interference of the two oppositely oriented dipoles making up the quadrupole. The 
mean total radiated energy of our quadrupole for harmonic oscillations is then 
equal to 

w02  w6Qo2 


s= 
30c5 60c5 


This differs from the mean total radiation of a simple dipole of maximum moment 
Po by the factor @2Qo2/20c2po? = 22Q92/5A2po2. Within orders of magnitude, 
it is also smaller by the factor (dipole separation/wavelength)? than the total radia- 
tion of a simple dipole. The same, incidentally, also applies to other oscillating 
quadrupoles. As an example, the dipole separation of an atom is of the order of 
magnitude of 10-8cm, and the wave length of its spectral lines about one thousand 
times greater. In atoms, therefore, the quadrupole radiation is about one million 
times weaker than the dipole radiation, and consequently it is usually ignored. 
It is observable, however, when for one reason or another the dipole radiation 
cannot take place (“‘forbidden”’ spectral lines). 

Remark: In the MKSA system, in place of formula (68.8) for the radiation of a 
rod antenna of length /, we have the formula 


324 Mo (2) B 
Eo A 


Thus the radiation resistance of the antenna, corresponding to (68.9), is given by 
2n [uo f1\2 1\2 
Re * (3) = 790 (5) 2 
3 €9 \A. A 
* For the special quadrupole of figure 24b we could also have obtained this result by imagining 


the quadrupole as decomposed into two mutually displaced dipoles oscillating in opposite phase, their 
fields being individually calculated according to (67.7), and then appropriately combined. 
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We arrive at the case of an oscillating ring current of magnetic moment m= polS 
if throughout we substitute (4o/e0)!/2H for E, and —(éo/uo)!/2E for H. The 
radiation of a magnetic dipole is then calculated from the same formula as that for 
an electric dipole (according to §67) in which m is written there instead of p, and 
&9 and po exchanged; thus 

Sa é0V/ (€0L0) Bai 823 [uo S? p 
6% 3 &€9 A4 


$69. The field of an arbitrarily moving point charge 

We now inquire into the field of a charged particle moving with an 
arbitrary time-varying velocity v(t). For calculation it is best to start 
with the potential expressions (66.7), thus 


+00 eats | 
antl 15(s-142) a b=el ee (69.1) 
Caer c aoe : 


Here r is the distance of the field point from the particle location at 
time t. By substituting these expressions in equations (66.1) we obtain 
for the field strengths 


OA 
E —grad $—= = 
r 1/r ov 
= ffse(-wd}a6-De(— 
CHMECTON EEG 
H=curlA 


Here, since 


#8(s-142) = (1-2 )5(s-144) 
dt Cc re G 


we can eliminate the derivative of the 6-function with respect to its 
argument by partial integration with respect to t, and thus we find that 


d = 
pmo [{5+5 (Som a(s—14 2a 
r° dt\ re—rv é 
ef(vxr dfvxr/r r “WFR, 
H=- |,—,-+— 6|t—t+- |dta 
c r dt\rce—rv G wae 
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Carrying out the t-integration now by means of the auxiliary 
variable u=t—f+r/c, corresponding to the passage from (66.7) to 
(66.9), we obtain, after a brief rewriting, the final expressions 


E= {enn 
t=t—r/e 


(r—rvjc)? c?(r—rvjc)> (69.2) 
= (v x r)(1—v2/c?)_ rx {r x [(r—rv/c) x ¥]} 
Sa ni a a 
c(r—rvjc) c*r(r —rv/c) sie 
Clearly we have rigorously that 
H="xE (69.3) 
r 


i.e. the magnetic field is perpendicular to the electric field and to the 
vector r extending from the particle location at time t=¢—r/c to the 
field point. 

For the discussion of formulae (69.2) we consider separately the two 
terms in each expression. Both first terms, the parts E, and H, not 


Fig. 59.—The connection between the retarded particle location A, and 
the simultaneous location B for uniform particle motion 


containing the acceleration ¥, give a field which for large distances falls 
off as 1/r?, and therefore has the character of a static field. Since we 
obtain this partial field E, and H, from the rigorous solutions (69.2) 
valid for all v(t), it must agree with the field (64.18) of a uniformly 
moving charged particle. The formal difference between the expressions 
comes from the different meanings of the vectors r here and in §64. 
There r = 1(f) was set equal to the vector from the instantaneous particle 
location B to the field point P, while here by r =r(t)=r(t—r/c) we 
understand the vector from the particle location A at time t to the 
field point P (see figure 59). Now for the case of constant velocity we 
obviously have 


r(t) = r(t) —" Vv 
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and this is just the denominator in E,. If we write r(t)=ro, but 
r(t) =r as heretofore in these paragraphs, we find from rp =r—rv/c 
for the denominator in (64.18) that 


that is, exactly the denominator in equations (69.2). Thus the field 
parts E, and H, actually represent the part of the field moving along 
with the particle. 

By contrast, the second parts E, and H, in (69.2) which are pro- 
portional to ¥ have the character, going outward, of a 1/r decreasing 
wave field in which the three vectors r, E,, and H, are, pairwise, 
mutually perpendicular. 


For the special case of a particle at rest at time 7 this wave field at distance r 
at the time t+r/c is given by 
Eo = 5,(# xt) x! Hy = ve = (69.4) 
cr r r c2r r 
Through a spherical surface of radius r around the particle there flows, as in the 
dipole field; the total quantity of radiation 


292 
sg = 267¥ 


303 (69.5) 


This is equal to the decrease per second of the particle and field energy within the 
spherical surface. Owing to symmetry, the total momentum of the particle and 
field within the sphere does not change. 

If during the time of emission the particle is moving with velocity v, the calcula- 
tion of the radiated energy going through the spherical surface during the time 
interval dx becomes more difficult—for, during this time the emitting particle has 
moved away from the centre of the sphere a distance vdt, and the radiation field 
therefore becomes asymmetric with respect to the stationary sphere. We skip over 
the tedious calculations and simply state the result: 

Owing to the motion of the particle there enters for the value (69.5) of the radiated 
energy passing through a stationary sphere, a factor (1 — $2 sin2 y)/(1 — B2)3, 
where £ = v/c and y is the angle between the vectors vy and ¥. At the same time 
the total energy found within the sphere changes by —vS/c2. (In §85 we shall 
find these relationships again and we shall prove them in a completely different 
context.) 

In Volume II we shall consider more thoroughly the consequences of the above 
results, and particularly the question of radiation reaction. We mention here, 
however, that equation (69.5) and its generalization for v + 0 is of importance for 
the understanding of the spectrum of Bremsstrahlung X-rays. The latter result from 
the impact of electrons of high velocity, e.g. cathode rays, against a solid bady,.As is 
shown in the spectral investigation of the emitted radiation, X-rays cgnsist’ of two 
markedly different components. Of these, one component consists of a’. ime spectrum 

aS 
“w 
) 
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and depends essentially upon the nature of the anticathode. It is emitted by atoms 
of the solid body which have been “excited”? by impacts with the cathode rays. 
The other radiation component consists of a continuous spectrum. It is to be under- 
stood as radiation of the type just considered, emitted by electrons during their 
deceleration upon penetrating into the material of the anticathode. According to A. 
Sommerfeld the Bremsstrahlung spectrum can be approximately arrived at in calcula- 
tion by working with the acceleration (retardation) which the individual electrons 
experience in their approximately hyperbolic paths in the immediate neighbourhood 
of the atomic nuclei of the anticathode material, ie. just where ¥2 possesses its 
maximum value and thus where the emission of radiation is greatest. The spectral 
distribution is then obtained from the Fourier analysis of the deceleration process 
and its radiation field. The results so obtained for low frequencies agree qualitatively 
rather well with observations. For the higher frequencies, however, there are certain 
characteristic differences which appear, and these can only be understood from the 
standpoint of quantum theory. Meriting first mention here is the fact that the 
X-ray Bremsstrahlung spectrum does not, corresponding to the result of the calcula- 
tion just intimated, extend to infinitely high frequencies, but is cut off at a sharply 
determined upper frequency limit depending upon the energy of the cathode rays 
(acceleration voltage of the X-ray tube). 

The formulae we have mentioned are also of importance for the radiation 
coming from charged particles in accelerator apparatus (betatron, cyclotron, 
synchrotron, etc.), in which the particles are constrained to pursue a circular path 
by means of a magnetic guide field. In these machines, for not too high velocities, 


: : ; ae e . : 
the particles experience a continuous acceleration Vv =—— V X B and, since v is 
mc 


at right angles to B, the amount of energy they radiate per second is given by 


2e4 /¥ 2 4e4 
= ees — WB2 69.6 
3m2c3 ¢ B) 3m3c> fae) 


where W = 4mv2? is the kinetic energy of the particle. (For greater particle energy 
a factor 1 + W/2mc2 multiplies this expression.) In (circular) acceleration apparatus 
for electrons (small m) this energy loss becomes serious for electron energies of 
about 1 x 10%eV. For further details of such radiation emitted from “luminous 
electrons’’, its spectral distribution (the intensity maximum for W~ 108eV lies 
in the visible, and for 10%eV is in the region of soft X-rays), and its directional 
distribution (for v % ¢ the radiation, because of the denominator in (69.2), is 
concentrated in a region of very small angle around the direction of v), see for 
example D. Iwanenko and A. Sokolow, Klassische Feldtheorie (1953). 


CHAPTER D IV 
The Field Equations in Slowly Moving Non-magnetic Media 


§70. Derivation of the field equations 


Heretofore we have concerned ourselves with the field equations 
only for media at rest. We wish now, using the electron theory as a 
basis, to derive these equations for media in motion. Only later, how- 
ever, in the section on the Theory of Relativity, will we become acquainted 
with what, in a certain sense, is the final solution of the problem. For 
the case where the (constant) velocity of the medium is small compared 
to the velocity of light, the equations obtained by relativity theory are 
the same as those which we wish now to derive. 

For our case the two Maxwell equations 

ND 


curlE = me = and divB=0 (70.1) 
c 


(in which the charge and current do not appear) remain unchanged 
since they cannot, particularly for non-magnetizable media, be in- 
fluenced by the motion of matter. 

It is otherwise, however, with the behaviour of the E and B fields 
themselves where there is moving matter (velocity of motion v). 
According to the considerations of §44, the individual charges in the 
moving body experience the Lorentz force 


(pe o(E as : x B) (70.2) 


If, for example, an observer moving along with the matter measures the 
force on a co-moving unit charge and associates with this force a field 
strength E*, then this apparent field strength must be given by 


v HE AN 
E*=E+-xB <igy, (70.3) 
206 a 
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The special meaning of E* is that in matter of conductivity o, E* 
gives rise to a current density g in accordance with the expression 


g=ok* = o(E + ; x B) (70.4) 


Similarly, the polarization P in moving matter is determined by the 
quantity E*, thus: 
Cae ca v 
Bae iF E* = A (e+: x B) (70.5) 

We turn now to the other two Maxwell equations, namely those 
in which the charge and current appear. In formulating these equations 
we make use of a previously obtained result of electron theory, namely 
that the primary field quantities are E and B, while the quantities D 
and H represent derived quantities. In what follows we shall therefore, 
as in §§27 and 48, write the two remaining Maxwell equations with 
E and B, being careful however to take a// contributions to the charges 
and currents into account. 

As for charges, there come into consideration in moving matter, 
along with the given true charges (density p), the polarization charges 
(density pp) for which pp = —divP, as in §26. As before, therefore, 
we have for the electric flux theorem 


div E = 4n(p—div P) (70.6) 


To help us we may therefore now define a dielectric displacement D 


by the equation ‘ 
D = E+4nP = cE+(e—1)- x B (70.7) 


the latter expression coming from (70.5), and we have as before 
div D = 4p (70.8) 


We consider now the last field equation, the relationships of which 
are somewhat more complicated. According to this equation curlB is 
determined by the current density. In the case of matter at rest this 
current density, disregarding the Maxwell term dE/dt, was given by the 
conduction current g, and the polarization current gp=OP/dt. In 
moving matter, however, there enter additional current contributions 
coming from all those charges which, in consequence of the motion, 
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would be carried through an (imaginary) surface element fixed in space. 
Accordingly, we divide the current into two parts: the current relative 
to the moving matter (a current which would be recognized by an ob- 
server moving with the material), and a convection current from all the 
charges in the moving matter. The latter is obviously equal to 
(p—divP)v. The current relative to the moving matter consists of the 
conduction current g and the polarization current. The latter is no 
longer, however, equal to OP/dt; rather, the quantity of electricity 
which, in consequence of the change with time of the polarization, 
passes through an (imaginary) co-moving surface element, is given by 


éP\* oP oP : 
(=) = Bp te = at curl(Pxv)+vdivP (70.9) 
Obviously, the last term here cancels with the polarization part of the 
convection current. Altogether, then, we obtain for the curl of the 
vector B the equation 
10E 4n oP 
1B =-—+— — 
cur a == > [etove a +curl(P x »| (70.10) 

Thus, along with (70.1) and (70.6), we have found, for the case of small 
velocities, the complete set of Maxwell equations for moving non- 
magnetizable media. 

The only equation of this system which differs from the correspond- 
ing equation for media at rest is expression (70.10). That in its given 
form it is in mathematical agreement with the Maxwell term dE/dt can 
be seen by taking the divergence. This leads to the expression 


1¢@ 4 
0 =--~< div(E+4nP)+ —div(g-+ pv) 
c Ot Cc 


which, on account of (70.6), is actually fulfilled if the equation of con- 
tinuity of electric charge holds in the form 


op 


di = 
aa iv(g+ pv) =0 


For moving media, however, this equation is identical with the im- 
mediately obvious expression 
0 rn TAR RN 
(#) +divg =0 <agy, (70.11) 
= 
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in which the time derivative provided with a star means, as in (70.9), 
the time derivative as evaluated by an observer moving with the 
material. 

In the paragraphs following we shall discuss several experiments 
which throw light on the expression for the current in (70.10). Already 
here, however, we make special reference to the last current term in 
(70.10), which has the same form as the magnetization current 
Zu = ccurlM defined by (47.16). Thus it comes about that a moving 
electrically polarized medium, which for a co-moving observer appears 
to be unmagnetized, carries, for an observer at rest, a magnetization 


M=P x- (70.12) 


It therefore appears reasonable to define a magnetic field strength which 
is different from B by the expression 


H = B—42M = B—4nP x= (70.13) 


In introducing this quantity H along with the quantity D into equation 
(70.10), we obtain the relation 
10D 4n 


curl H = - —+—(g+ pv) (70.14) 
cot ¢ 


which differs from the first Maxwell equation for media at rest only in 
the term for the convection current of the true charges. 


§71. Experimental confirmation of the basic equations 

In the following we wish to examine several experimental arrange- 
ments which go back in particular to the investigations of H. A. Rowland, 
W. C. Réntgen, and A. Eichenwald, these investigations having had the 
aim of demonstrating directly by experiment the various kinds of 
currents which, as we have found in the foregoing paragraphs, can be 
produced by bodies in motion. The total current responsible for the 
production of a magnetic field is given, according to (70.10), by the 
expression 


OPN oP 
g+(p-dvPw+() =stevt+— teurl(P xv) (71.1) 
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The first group of experiments relates to processes in which all time 
derivatives vanish, i.e. stationary relations obtain both for the co-moving 
and the stationary observers. As effective current there then remains 
only g+(p—divP)v. Accordingly, it must be possible to produce the 
same magnetic field either by a conduction current, or by the motion 
of a charged body, or by the motion of a polarized body. 


Sa fb 
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Fig. 60.—Schematic diagram of the investigations of R6ntgen and of 
Eichenwald 


Let us for our purposes examine the experimental arrangement 
shown in figure 60. A circular hard rubber disc of thickness d is 
mounted on bearings so as to be free to rotate about a vertical axis. 
Attached rigidly to it above and below are metal rings of radial width 
b. Each metal ring has been cut right through at one place by a narrow 
radial slit. The two metal rings are connected to the terminals of a 
voltage source and thus become charged to a potential difference V. 
The apparatus may now be set in motion, there being the possibility 
of having the metal rings rotate too (Rowland), or remain at rest 
(R6ntgen). In any case, we have the following charges with which to 
reckon: 


True surface charges on the metal plates: w=eV/4nd 
Surface charges on the hard rubber disc: wp= —(e—1)V/4nd 


The designation given relates to the side of the disc connected to the 
positive terminal of the voltage source. Both designations are of course 
reversed for the opposite side of the disc. If both disc and rings be 
placed in rotation, the upper metal ring carries the convection current 
vb, and the adjacent surface of the hard rubber carries thé current 
vbwp. In all, then, we have a current vb(w+p) = vb V/4rd. 
. 
x 
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The existence of this current can be demonstrated by bringing a 
small magnetized needle into the vicinity of the rotating disc and 
observing its deflection. We can then check the theory by sending a 
current through the stationary rings as shown in figure 61. The current, 
whose value is read on the ammeter shown, is adjusted to give the same 
deflection on the magnetic needle as was previously obtained with the 
rotating disc. According to the theory, then, this current must be given 
by the expression J=vbV/4nd. It is especially to be noted that with 
co-moving metal rings the effect is completely independent of the per- 
mittivity of the hard rubber disc: thus we obtain the same deflection 
when there is no dielectric between the rotating rings. This result, 
confirmed by the many noteworthy high-precision experiments of 
Eichenwald, appears to us now, from the standpoint of electron 
theory, as rather obvious. ’ 

If, in the apparatus described, the metal plates be held fixed and only 
the disc between them allowed to rotate, then there is present as 
effective current only the displacement of the surface charge of the 
capacitor, so that in this case the motion of the dielectric is, from the 


Fig. 61.—Measurement of the current which produces the same mag- 
netic field as the apparatus of figure 60 


standpoint of its producing a magnetic effect, equivalent to a current 
= —vb(e—1)V/4nd. This result too was confirmed by Eichenwald. 

We have so far explained the experiments of Eichenwald in terms of 
the left-hand side of equation (71.1). In the case last considered (disc 
alone in motion) only the term —vdivP enters into consideration, this 
leading by integration over a very flat cylinder of unit cross-section 
whose end surfaces lie one in air and the other in hard rubber, to a 
surface current density vwp =vP. The same result could, of course, be 
obtained by the term curl(P x v). In our disc the vector P x v is 
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directed radially, i.e. in the arrangement shown in figure 60 it is directed 
away from the axis of rotation. In the hard rubber P x v is constant 
while outside it is equal to zero. It therefore produces a surface current 
density on the surface of the hard rubber of magnitude vP. We come 
to the same result if, corresponding to equation (70.12), we ascribe to 
the hard rubber a (radial) magnetization. 

By means of a modification of the previously described apparatus 
the polarization current (GP/dt)* may be demonstrated in an interesting 
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Fig. 62.—Method of measuring the magnetic field produced by a 
polarization current 


fashion. Figure 62 shows the scheme of the system in plan (above), 
and elevation (below). As before, there is a rotating hard-rubber disc. 
It moves between two stationary metal rings, the upper of which is 
made up of two semicircular halves. The lower ring is grounded while 
the two upper halves are connected to equal but opposite sources of 
electrical potential, +V and —V. A delicately pivoted magnetized 
needle free to rotate about a vertical axis is located above the disc in 
the neighbourhood of the rotation axis. In this arrangement there 
flows, as before, the convection current —vdivP, only with the’differ- 
ence that now this current in the right and left halves flowin opposite 
directions. With respect to their effect on the magnetic nee le, then, 


a 
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the two currents cancel one another. Besides these currents, however, 
there is also a polarization current which flows in a direction parallel 
to the axis of rotation, i.e. at a on the disc from above downward, 
while at a’ from below upward. We obtain the magnitude of the total 
current flowing from a to b from (71.1) by integrating over a horizontal 
rectangle located where the current is flowing, and having a size 
sufficient to enclose the flow-lines of all currents. If the x-axis has the 
direction of v, the y-axis the direction of P, and if v, =v, and P, =P, 


then we have 
* 
l= 6 | (3) a bo | Fa 
ot Ox 


2bv(e—1)V 
4nd 
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The same result may be obtained, incidentally, by examining the 
current paths in figure 62. During rotation of the hard rubber disc 
there flows from right and from left toward a, at the upper surface, the 
current buP, while at the /ower surface at 5, to right and fo left, a like 
current flows away. The current path becomes closed by virtue of the 
vertically directed currents (as from a to b), such as we calculated above. 

A series of experiments carried out by H. A. Wilson showed directly 
that within a substance moving in a magnetic field the Lorentz force 
ev x B/c is actually exerted on all the charges of which the substance is 
constituted; that therefore a co-moving observer would find an electric 
field strength E* = v x B/c. Wilson’s arrangement consists of a hollow 
cylinder, of wall thickness 6, which is rotated about its own axis while 
at the same time being immersed in an axially directed magnetic field. 
A radially directed electric field of strength E* ensues within the 
cylinder. For the case of a conducting cylinder, this field produces a net 
migration of the conduction electrons to (say) the outer surface of the 
cylinder until the opposing field produced by the surface charges is just 
able to hold the Lorentz force in equilibrium. Thus there exists between 
outer and inner surfaces a potential difference of magnitude bE*. Ifa 
resistor of value R be connected by brushes to the inner and outer 
surfaces of the cylinder, a current flows in the resulting closed circuit, 
its magnitude being J= DE*/R = bvB/cR. If the cylinder is made of an 
insulating material, the Lorentz force produces within it a radially 
directed dielectric polarization P =(e—1)E*/4n. We can show this 
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experimentally in the following way: The rotor (a dielectric) is provided 
at its inner and outer surfaces with snugly fitting cylindrical metal 
coverings. The two metal cylinders are then connected to the terminals 
of a suitable electrometer. On rotating the dielectric rotor in an axially 
directed magnetic field a charging of the electrometer is obtained, 
corresponding to the polarization just calculated. 


§72. Fizeau’s investigation 


Along with the purely electromagnetic experiments on moving bodies 
with which we have become acquainted in the foregoing paragraphs, we 
consider now a purely optical investigation related to the propagation 


Fig. 63.—Measurement of the Fizeau entrainment coefficient 


of light in moving media. According to the theory the light must, as 
we shall see later, travel faster in the direction of motion of the medium 
than in the opposite direction, i.e. the light is, so to speak, carried 
along with the moving medium. 

The first experimental investigation of the magnitude of this trans- 
portation was carried out by Fizeau. His experimental arrangement is 
shown in figure 63. Light from the source L, divided into two parts by 
the half-silvered mirror PP, pursues paths in opposite directions around 
the circuit as shown in the figure. The two beams are again united in 
the half-silvered mirror and arrive at an interference apparatus B for 
observation. Along their way the two light beams pass through two 
tubes R, and R, through which water flows in opposite directions. One 
light beam goes through both tubes in the same direction a aS“tliewater 
flow; the other beam in the opposite direction. This has ‘the result that 
the first beam requires less time than the second for the jouritey from 
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the half-silvered mirror through the tube system and back again. Thus 
the two beams arrive at the interference apparatus with a difference of 
phase. From the position in the apparatus of the interference fringes 
obtained, we can determine this time difference and thereby also the 
amount of speed increase. 

We wish now to obtain a clear picture of the expected result on the 
basis of the formulae developed in §70. The Maxwell equations for the 
electromagnetic field in an uncharged non-magnetic insulating medium 
(9 =0, g =0, » = 1) moving with velocity v are: 


1 eD 
StS divD =0 D=E+4xP 
OPA) 
1 6B 
ake -=— “djeeo  B—4cP x ~ 
c Ot c 
According to (70.5), P is given by 
Gal, Cal v 
ee ee eB ; 
P ie E =( sees ) (72.2) 


Owing to the dependence of ¢ on frequency, care is required in applying 
the foregoing relation to a process involving light propagation. If we 
consider the propagation of a plane wave, as described in (57.10), 
given by the expressions 


E = E, exp i(@t—k.r) B=Byexpi(wt—k.r) (72.3) 
there then acts at the location of an atom moving with the matter, the 


location of the atom being designated by r=ry+vé, the apparent field 


intensity 
E* = EX exp i(w@t—k.ryg—k. ve) 


The field’s apparent frequency at the location of this atom is given by 
w* = w—kv (72.4) 


We have thus to put into (72.2) the permittivity appropriate to this 
““Doppler-shifted” frequency w*; thus we have in the following that 


= e(w*) (72.5) 
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We return now to equations (72.1). From these we obtain, with the 
unit phase factor from (72.3) [compare (57.13) or (58.9) ] 


ae ee kD=0 
Cc 
(72.6) 
@ 
-kxE=--B  kB=0 


From these equations we see that D and B are perpendicular to k, but 
that in general (and in contrast to the case of media at rest), this is no 
longer true for the electric vector E. We have instead 


0=kD=kE+42kP =e (e-nh(! x B) 


Accordingly, k.E is always different from zero whenever the three 
vectors k, v, and B do not lie in a plane. Analogously, we have for the 
magnetic field strength H=B—4zP x v/c. Here then, as a con- 
sequence, the Poynting vector does not in general have the direction of k. 

For our further calculations it will be expedient to express E and H 
in equations (72.6) in terms of D and B. We have obviously, on account 
of (72.2), 

—1 


be ap p= 1(p+t xB) (72.7) 
c 4ne c 


Limiting ourselves to the case of small velocities so that we may neglect 
terms of the order (v/c)? compared to 1, and remembering that k.D =0 
and k.B=0, we obtain from (72.6) the relationships 


M1 k = 
— p=(2-— <)p Cie (2S “\p 
c & c & Cc 


Making use of the familiar vector formula 
A x (BxC) = B(A.C)— C(A.B) 
and eliminating B and D respectively by substitution, we arrive at the 


expression 
owe—Wky\? k? 
ar eS —— 


“a 
Upon introducing in addition the angle « between the directiobof pro- 
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pagation of the waves and the direction of motion of the material, we 
find for the wave velocity 

ee = 
ieee 
Further, we make use of the refractive index formula af —, 


taking for n the value appropriate to the frequency w* as given by 
(72.4). In the first approximation we have for w* 


—1 
w= —vcosa (72.8) 


thus we have, also approximately, 
ee nv@ 


J [e(o*)] = n(o*) = n(w) — — 08 a 


From (72.8) then we obtain as the general law for the propagation of 
light in slowly moving media (with @) = ¢/n) 


1 @dn 
= —-++-— Zs 
w wo+(1 ae 2) woos (72.9) 


We might picture this result as if the light, in its propagation in the 
direction of the motion, were ‘“‘blown”’ along. It is astonishing, how- 
ever, that this entrainment of the light by the moving matter is not a 
complete speeding up but, by contrast with the case of the propagation 
of sound in a moving liquid, is only partial. The factor 

1 @dn 


= 1-—+-— 72.10 
4 FE ndw ( ) 
characterizing the degree of speeding up is designated the Fizeau entrain- 
ment coefficient. In Fizeau’s apparatus one light beam went through 
the two tubes (total length 2/) in the direction of flow of the water, 
while the other beam went through in the opposite direction. The 


difference in travel time is thus 


Wo — Hv Wotnv Wo 


For the case of water Fizeau was able to make an interferometric 
determination of At, thus quantitatively confirming the entrainment 
coefficient formula (72.10). 
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§73. The Michelson experiment 


In the foregoing paragraphs we have seen that the electron theory 
readily explains the phenomenon of the partial entrainment of light 
waves in moving media, as first shown by Fizeau. It is also possible 
to describe the propagation of light in a moving dispersive medium in 
the following manner: The complete propagation consists of the super- 
position of an incoming vacuum wave upon spherical waves emitted by 
individual dipoles. In order to explain the Fizeau result we have to 
assume that the vacuum wave is not in general influenced by the motion 
of the medium. The whole effect comes about solely because the 
superimposed spherical waves are now emitted by moving dipoles. This 
combination of the plane waves in the ether at rest and the spherical 
waves emitted by the moving dipoles gives, in fact, the entrainment 
coefficient observed by Fizeau. For a long time the result of the 
Fizeau experiment was regarded as an experimental demonstration of 
the existence of a stationary ether which did not take part in the motion 
of matter. 

On the basis of the foregoing conception it appeared necessarily then 
to follow that the value of the velocity of light as found by an observer 
in motion relative to the ether would depend on the observer’s direction 
of motion. If c is the velocity of light relative to the stationary ether, 
and v that of the observer, then the observer would find a velocity of 
light of value c—v or c+v, according as his motion was with or against 
that of the light. If these relationships of motion for a particular 
observer were unknown to him, he could inform himself of them by 
experiment by allowing a visual light signal to be emitted in all direc- 
tions from a point, and then measuring the time of arrival of this signal 
at various points of a sphere centred on the point of emission. If 
actually he were in motion with respect to the ether, then, by virtue of 
the ether “‘wind’’, the light signal would have to be borne along, in the 
sense that it would reach the surface of the sphere first at a point in 
the direction contrary to his motion, and last at a point in the same 
direction as his motion. 

This experiment is exactly that carried out by Michelson for the 
purpose of establishing the direction of the earth’s motion relative to 
the hypothetical stationary ether. The speed of the earth ‘mits. orbit 
amounts to about 30km/s. Since, to start with, we do*Rat know the 
direction of the ether’s motion with respect to us, it would begonceiv- 
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able that at a certain place in the earth’s orbit the ether itself would 
move with just the earth’s velocity, the earth thus being at rest there 
with respect to the ether. It should accordingly be possible half a year 
later to observe an ether wind of double the earth’s velocity. 
Michelson’s apparatus, in plan view, is sketched in figure 64. The 
whole arrangement is firmly mounted on a massive base which floats 


Fig. 64.—Arrangement of Michelson’s experiment 


in mercury and can thus, without disturbance, be rotated about a 
vertical axis through any desired angle. Light from the source L is 
partly reflected and partly transmitted by the half-silvered mirror So. 
The reflected part, travelling toward and being reflected from the 
mirror S,, passes through So, and goes on to B for observation. The 
other part is reflected by S, and So, and in B is brought into interference 
with the first-mentioned part. By suitable means interference fringes 
are observed in B. Any change of either of the two optical paths /, or 
1, is made evident by a displacement of the interference fringes. 

A displacement equal to the breadth of one fringe results, for example, if one 
of the two mirrors, S; or S2, be displaced a distance equal to one-half a light wave- 
length. This is the principle by which Michelson linked the length of the standard 
metre bar with the wavelength of the red line of cadmium. A different application 
consists in placing an optically refractive medium in one of the two light paths. 


The observation of the fringe displacement then allows a very accurate measurement 
of the refractive index of the medium introduced. 


In our case the apparatus was to be used for observing an effect on 
the propagation of light produced by the orbital motion of the earth. 
The arrow v shows the direction in which the apparatus might move 
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with respect to the ether. We must calculate the travelling times ¢, and 
t, of the two rays into which the light, initially incident on So, is split. 
Let t, be the time for the light ray to travel from Sp to S, and back 
again to Sp; analogously for ¢,. Since the portion of path /, lies in the 
direction of the velocity of motion, we obtain for ¢, 

l, K, l, L 1 


t, = —+—- = —_—_—_——_. 
1 e=v ctv e¢ 1—v?/c? 
for, on account of the motion of the apparatus with respect to the ether, 
the light, relative to the apparatus, moves on its outward journey with 
velocity c—v, and on its return with velocity c+v. For calculating the 


Fig. 65.—For calculating the travel time in Michelson’s experiment 


travelling time of the second ray, we must consider the path actually 
traversed by it (figure 65). Let A be the location of the half-silvered 
mirror at time 0, and let B be its location at time f,, the moment when 
the light beam reflected from S, returns to Sy. The part AB is then 
equal to vt,. The whole path traversed by the light ray is obviously 
given by L=./(4/3+v722); it must be equal to ct,. Thus we find for 
the time f., 
2l, i} 
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The difference in paths leads to a difference in times which is 
accessible to observation. This time difference is given by 
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If now the entire apparatus be rotated through an angle of 90°, the two 
light paths /, and /, exchange their relationships to the direction of 
motion through the ether. After this rotation, then, we obtain a 
difference of travel times of value 


pas ee oor (73.2) 
2 | 1—v* Jc? J/(1—0?/c?) ; 


During the rotation of the apparatus it must be possible, of course, for 
the resulting displacement of the fringes to be observed. If 6 is the 
difference in the two travel-time differences as given above, then for 
8 we have by subtraction 


Sei 
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or, for small velocities (v? < c?), 


1, +15) v? 
gatos (73.4) 


Let us consider the question of what order of magnitude this fringe 
displacement might have. For this purpose we must make a com- 
parison of our calculated time @ with the oscillation period time 
t= A/c of the light. A change t in the travel-time difference must pro- 
duce a displacement of the interference fringes equal to at least some- 
thing like a fringe width. With the value v = 3 x 10°cm/s for the earth’s 
velocity, and a light wavelength 2 = 5x 107 *cm, we would want a total 
length of light path /;+/, =50m. A light-path length of this order can 
in fact be obtained by letting the light beams traverse the paths /, and 
l, not merely twice, but, by means of multiple reflections, a large 
number of times. 

In a repetition of the experiment carried out by Joos, the sensitivity 
of this arrangement was extended to the point where an ether wind of 
velocity as small as 1-5km/s could have been observed. Actually, how- 
ever, within the accuracy of the measurement, no displacement on rotating 
the apparatus through 90° was observed. Repetitions of the experiment 
at different times of the year always gave the same negative result. 

These investigations show that the velocity of light does not depend 
upon the state of motion of the observer. The interpretation of this 
result on the basis of the electron theory runs into very serious difficul- 
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ties. On the one hand, for the interpretation of the earlier experiments, 
the assumption of an ether at rest seems hardly avoidable; on the other 
hand, however, every experimental attempt to reveal the presence of 
this resting ether has ended with a negative result. 


§74. Search for an explanation of the negative result of the Michelson 
experiment 


In order to explain the negative result of the Michelson experiment, 
there was proposed a whole series of hypotheses, all of which were 
eventually found to be untenable. We wish to discuss the most import- 
ant of these. 

The first explanation consists in the assumption that the ether at 
the earth’s surface is carried along by the earth, adhering (so to speak) to 
the earth like the earth’s atmosphere. This explanation became very 
improbable in the light of Fizeau’s experiment on light propagation in 
media in motion, this experiment requiring that the ether be not carried 
along, or at most only partially carried along, by a moving body. Still, 
we might think that the degree to which the ether was carried along 
depended on the mass of the moving body, and that the large mass of 
the earth could therefore carry the ether, while the small mass of the 
liquid in the Fizeau apparatus was not able to accomplish this. Highly 
synthetic and not very satisfying, these assumptions, as well as the 
general idea of a convected ether, were completely refuted by the 
phenomenon of aberration. Aberration consists in the fact that a fixed 
star as observed by a telescope on the earth is not to be seen in exactly 
the direction in which it is really located, but the telescope must be 
tilted through a very small angle which depends on the component of 
the earth’s velocity perpendicular to the line connecting the earth with 
the fixed star under observation. 

As an example, let us consider a light ray arriving perpendicular to 
the moving surface of the earth. Upon entering the stratified earth- 
carried ether, the wave fronts of such a light ray would always remain 
parallel to the earth’s surface and the light ray would also arrive for 
observation as a plane wave which continued to move in a direction 
perpendicular to the earth’s surface. Contrary to an erroneous idea 
held by Stokes, we would not be able to observe any aberration in the 
case of an earth-carried ether. sug PAN 

Another attempted explanation was suggested by Rit2“*He sought to 
explain the negative result of the Michelson experiment by Assuming 
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that the velocity of light depends on the state of motion of the emitting 
light source such that to the velocity of light in vacuo must be vectorially 
added the velocity of the light source itself. We can, in fact, be readily 
convinced that on this assumption the Michelson experiment would 
indeed be explained. Against this Ritz hypothesis, however, it is first 
of all to be objected that the hypothesis is completely untenable from 
the theoretical standpoint of a field concept which describes the motion 
of light by a differential equation, because it cannot be understood how 
the velocity of propagation of light from a source located at any point 
of space should be related to the condition of the light source. But the 
hypothesis can be dismissed on purely experimental grounds, and in a 
rather drastic way, by observations on double stars. For a double star 
consisting of a central member and another member orbiting round the 
first, the light from the orbiting member must, according to the Ritz 
hypothesis, arrive at the earth with different velocities for different 
places in the star’s orbit. Owing to the great distance which has to be 
covered between star and earth, small differences in velocity would lead 
to large differences in travel time, so that in some cases we would 
perceive the rotating member at several different places in its orbit 
simultaneously. As was pointed out particularly by de Sitter, however, 
there exists not even the suggestion of such an effect. The Ritz hypo- 
thesis, moreover, is refuted by a negative result of the Michelson 
experiment carried out, not with an earth-bound light source, but with 
the light of a star. This experiment was actually carried out by 
Tomaschek. 

The third attempted explanation, to be regarded as an immediate 
precursor to the Theory of Relativity, consists of the Lorentz contraction 
hypothesis, enunciated independently also by Fitzgerald. This hypo- 
thesis was mentioned in §65. It asserts that for a body moving with 
velocity v all dimensions lying in the direction of motion become 
shortened by the factor a (1—v?/c”), while the lateral dimensions 
remain unchanged. Since, however, all scales laid upon the moving 
body for establishing the existence of the contraction are in like manner 
themselves shortened, the contraction effect would never be revealed to 
a co-moving observer. 

We wish now to convince ourselves that by means of the contraction 
hypothesis the negative result of the Michelson experiment can actually 
be explained. For this we must introduce the contraction hypothesis 
into equations (73.1) and (73.2) of the foregoing paragraph. In the 
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time-difference expression (73.1) the length lying in the direction of 
motion is /,; in (73.2) it is ,. If for these two lengths the contraction 
by the factor ,/(1—v?/c?) be introduced, the two travel times in question 
become equal, and the same value of the time difference 
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is obtained for both. It follows from this that for a rotation of the 
apparatus, a change in the difference of travel times is no longer to be 
expected. 

Although the contraction hypothesis is to be regarded as an im- 
mediate forerunner of the Theory of Relativity, it should be emphasized 
that the concept, when standing by itself, contradicts the fundamental 
Principle of Relativity. Thus, if the moving observer compares the scale 
moving with him with a scale at rest, he can obviously confirm that his 
own scale is actually shortened. In principle, then, we should have 
available a means of experimentally determining the state of absolute 
rest simply by observing which of various more or less rapidly moving 
unit-length scales possessed the greatest length. 
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CHAPTER EI 


The Physical Basis of Relativity Theory 
and Mathematical Aids 


§75. Revision of the space-time concept 

Let us review the experimental facts given in the preceding section: 
Fizeau’s entrainment experiment as well as the phenomenon of aberration 
have been most simply and easily explained by the assumption of a 
light-ether which is absolutely at rest, i.e. by the assumption that we can 
define a preferred coordinate system in which the velocity of light in 
all directions has the same value c. After the failure of all those ex- 
periments which attempted to reveal this preferred coordinate system, 
especially the experiments of Michelson and of Trouton and Noble 
(§64), special assumptions had to be introduced to explain how it 
comes about that the existence of this fixed ether cannot be observed. 
We thus have the unsatisfactory situation of a structure of hypotheses 
wherein a second hypothesis has been introduced only to explain that 
nothing can be observed about the stationary ether—which was just 
the thing introduced by the first hypothesis. 

In this situation the discovery of relativity by Einstein provided 
the crucial step. Einstein started directly from the negative result of 
the Michelson experiment and from it conjectured that perhaps it is 
basically impossible to distinguish which of two systems moving with 
constant velocity with respect to one another is at rest, and which is in 
motion. He therefore asked: How must the laws of nature be formu- 
lated in order that it shall be impossible in principle to make a distinc- 
tion between two systems which find themselves in relative motion with 
respect to one another? 

Such a relativity principle had already been known for a long time 
in classical physics. Let us derive the equations of motion of mass 
points whose force interactions depend on a potential which is a 
function of the distance only. 
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We now observe this motion from a coordinate system moving at a 
velocity v with respect to the first system. Then, between the co- 
ordinates of the mass points in the first and in the second coordinate 
systems, there exist obviously the equations 


rj =1;—Vt (75.1) 


and also 
? 
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We can immediately translate the equations of motion into the new 
coordinate system and obtain as a law of motion 
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which, apart from the primes attached to the coordinates, completely 
agrees with the first law of motion. The transformation (75.1) which 
connects the coordinates of one system with those of another is called 
a Galilean transformation and the fact just found is expressed by saying: 
The Newtonian equations of motion of classical physics are invariant with 
respect to a Galilean transformation. From the standpoint of pure 
mechanics, two coordinate systems connected by the transformation 
(75.1) are equivalent. Naturally they are no longer equivalent as soon 
as we include electromagnetic processes, since a light signal which 
expands in the unprimed coordinate system in two opposite directions 
with the same velocity c would have in the primed coordinate system, 
the velocity c+-v or c—v, depending on the direction in which the light 
expansion was observed. 

According to Einstein the whole difficulty is that heretofore in 
physics the concepts of space and time have been naively accepted as 
something absolute. Especially has time been considered as flowing 
uniformly, and it has been thereby assumed that we can properly speak 
of an absolute simultaneity of two events taking place at separated 
places. 

It makes sense for the physicist to speak of the place and time of an 
event only when the measures for space and time are introduced as a 
result of well-defined procedures which can be carried out at any time. 
The aids which enable such measurements to be carried out,are scales 
and clocks, whose existence we expressly assume. In ordar to describe 
an event in a chosen coordinate system we have to establishyat which 
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place and at which time the event takes place. This task is carried out 
when we make a mark at each point of the space indicating to us its 
space coordinates, and when in addition there is at this place a clock 
from which we can read the moment at which the event at this location 
takes place. We wish to make it clear that for the measure numbers of 
the location and of the time of a point event, only readings of the place 
mark and the clock which coincide with the point event are used. 

We consider now how to make the place marks in our coordinate 
system and how to set the clocks which have been brought to the various 
places. We fix the place marks in the usual way by repeated scaling with 
a unit scale whose existence we have assumed. For instance on the 
x-axis we obtain the mark x = 6 by scaling with the unit scale six times 
from the starting point. We now place a clock at each such marked 
place. We have naturally to assume that all clocks are running at the 
same rate, meaning that their speed does not depend on their location. 
Our main task now consists in setting the clocks so that they all show 
the same time. In this procedure we may not synchronize the clocks 
at the zero point of the coordinate system and then bring them to the 
several previously marked positions. We cannot know a priori whether 
the speed of the clock suffers any temporary change during the transport 
from one place to another. If we would wish to avoid introducing a 
new hypothesis we have instead first to bring the clocks to their places, 
and then to set them to the time of the clock at the zero point. 

We may adopt the following procedure: At the moment when the 
clock at the origin indicates zero, we emit from the origin a light signal 
in the direction of the clock requiring setting, this clock being at 
distance r. An observer at the position of this clock has the instruction 
to adjust his clock to the time t=r/c, which is the time at which the 
light signal passes. We imagine now that all clocks in the coordinate 
system are adjusted in this way. Only after this is done may we define 
the concept of simultaneity in our system: Two events occurring at two 
different places of the system have to be called simultaneous when the 
clocks at the respective places show the same time. This procedure for 
adjusting the clocks forms, as the definition of simultaneity, the crux of 
the special theory of relativity. 

We recognize that with this definition the result of Michelson’s 
experiment becomes a principle—for we have made the direct basis of 
the time concept the fact that light expands equally in all directions with 
the same velocity c. 
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We wish to consider how measurements are to be carried out on 
objects which are moving relative to the system of marks and clocks 
described above. In order to measure the length of a moving scale, for 
example, we have at the same time to observe the location of its initial 
point and its end point. We know for this that there is no sense at all 
in speaking of the length of a moving scale if beforehand the concept of 
simultaneity has not been clearly defined. We have to proceed with 
this length measurement in the following way: Each observer in our 
coordinate system has to be instructed to note the time at which the 
end of the moving scale or the beginning has passed at his particular 
place. From all data so obtained we have to select for the determination 
of the length those two observers, one of whom saw the beginning, and 
the other the end of the scale passing by at the same time. The time 
duration of a process occurring on the moving body would be measured 
in a similar way. Naturally also in this case the relevant time data are 
from those two clocks in whose immediate vicinity the event started 
and ended respectively. 

Up to this point we have spoken only of a single coordinate system, 
and we ‘have thought about how to make measurements in it in an 
unambiguous way. Exactly the same procedure can be followed for 
any other coordinate system which is moving with constant speed with 
respect to the first. In the next paragraph we shall deduce how the 
location and time data of these two coordinate systems turn out to be 
related. It is a priori not at all obvious that the concept of simultaneity 
is the same for both systems. We shall see that two events which are 
simultaneous in one system are not necessarily simultaneous in another. 


$76. The Lorentz transformation 


We consider two coordinate systems moving with respect to one 
another, and we assume that in each of these systems there are scales 
and clocks which are located and adjusted according to the procedures 
of the foregoing paragraph. Each real point event, as for example the 
arrival of a light flash on a screen or the passage through zero of the 
pointer of an instrument, will then be measured in both systems. 
If we distinguish by primes the data of the second observer from those 
of the first, then the first observer will ascribe to the event the co- 
ordinates x,y,z,t; and the second the coordinates x’, y’, z*yts<When, 
in the following, we speak of the transformation from *6®. coordinate 
system to another, we understand this to be the analytical relationship 
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between the coordinates x’,y’,z’,t’ and x,y,z,t. As a point event we 
might consider the pointer position ¢ of the clock at point x,y,z in the 
first coordinate system. For this case the transformation relations have 
to tell us: (a) at which place (x’, y’,z’) of the second coordinate system 
this event has been observed, and (b) what was the pointer position ft’ 
of the clock located at that place. 

To find the relationship between the primed and unprimed co- 
ordinate systems we make the following assumptions: 

(1). The relationship shall be linear. This is necessary in order not 
to give to the origin of a coordinate system or to some other point a 
physical preference over all other points. 

(2). The two systems are moving with respect to one another with a 
constant speed of translation, i.e. each point x’,y’,z’, of the second 
system is moving with respect to the first system with the velocity v. 
Conversely, each point x,y,z of the first system is moving with respect 
to the second with velocity —v. This stipulation characterizes the 
special theory of relativity. (Only in the general theory of relativity, 
with which this book is not concerned, are related accelerated systems 
considered.) 

(3). A measurement of the velocity of light in both systems and in any 
direction will yield the value c. This requirement is the starting point 
of all our considerations; it is already contained in the definitions of 
the times ¢ and ¢’ and in Einstein’s prescription for setting clocks. 

(4). It shall not be possible by any physical measurement to establish 
any fundamental difference between the two systems. This requirement 
contains forthwith the whole programme of the theory of relativity. 
Extending beyond the measurements of the velocity of light, it requires 
validity in the totality of all physical phenomena. (We shall need this 
requirement for our treatment of the special process, the Lorentz 
contraction.) 

We now deduce the transformation formulae for the case where the 
velocity v, mentioned in (2) above, has the same direction as the positive 
x-axis, and where the x-axis continuously coincides with the x’-axis. 
Further, the origin of coordinates of the one system at time ¢=0 has 
to coincide with the origin of the other system at time t’=0. The x- 
and x’-axes coincide only if for y = 0, z = 0 it always follows that y’ =0, 
and z’=0. The transformation formulae for y and z have then to be 
of the form 

y' =ay+ pz z= yy+0z (76.1) 
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We wish also to exclude spatial distortions as non-essential, and we 
therefore require that the xy-plane (z =0) pass over to the x’y’-plane 
(z’ =0), etc. From the equal status of the y- and z-directions, it 
follows that 
y' =ey Zz = 682 

The factor ¢ has the meaning that a unit scale in the first system, lying 
in the y-direction and observed from the second system, has the 
length ¢. The second observer would thus observe a dilation by a 
factor ¢, while inversely, the first observer would measure the length 
1/e in the second system on a scale at rest. If these reciprocally estab- 
lished length changes were different from one another, an objective 
difference between the two systems would exist; but this is excluded by 
assumption (4). We must therefore have that e=1/e, or ¢=1. Thus, 


y=y zo=Zz (76.2) 


There now remain the transformation equations for x and ¢. 
According to our assumption, the point x’=0 moves with velocity v 
along the positive x-axis, i.e. the statement x’ = 0 must be identical with 
x =vt. Correspondingly, the statement x = 0 is equivalent to x’ = —vt’. 
The transformation has therefore to have the form 


x’ = y'(x—vt) x = p(x’ +02’) (76.3) 


where the quantities y and y’ have still to be determined. First of all 
we convince ourselves that in accordance with requirement (4), y and 
y’ must be equal. For this purpose we measure from the second system 
the length of a scale of length / at rest in the first system. We then bring 
the same scale to the velocity v of the second system and measure its 
length from the first system. We require that we get the same result 
both times. In the first measurement, and in the first system, the begin- 
ning and end of the scale are given by x =0 and x =/. In the second 
system these two points at the time t’ = 0 have, according to the second 
equation of (76.3), the coordinates x’ = 0 and x’ = //y. Measured from 
the second system, therefore, the scale has the length //y. It appears 
shortened by the factor 1/y. Now in the second measurement the scale 
has to be at rest in the second system. The beginning and end are 
therefore given by x’=0 and x’=/. Measured from the first.gystem, 
these points at the time t=0, and according to the first.equation of 
(76.2), are located at x = 0 and x =//y’. Now the scale appears reduced 
ut 
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by the factor 1/y’. Thus requirement (4) demands in fact that y = y’, as 
asserted. 

Now for the determination of the value of y there remains the 
decisive use of requirement (3) on the constancy of the velocity of 
light: Let a light signal be emitted at the origin of coordinates and at 
the time t = t’ = 0, such that the signal makes a momentary flash on a 
screen located somewhere on the x-axis. This “‘point event” of the 
flash is described by one of the observers by quoting x and t; by the 
other by quoting x’ and t’; and thus we must have x = ct and x’ = ct’, 
with the same value of c for both observers. Putting these values in 
(76.3), we have that 


ct’ = yt(c—v) ct = yt'(c+v) 
Through multiplication of both equations it follows that 
a 1 
* Va=v7[e) 
In order to find all the desired transformation equations we have 
still to calculate t’ as a function of x and ¢, with the aid of (76.3): 


(76.4) 


Thus, with the value (76.4) for y, we obtain 
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On solving these equations for the unprimed quantities the following 
equations (76.6) are obtained, differing from (76.5) (as must be) only 
by the sign of v: 


x’ +t’ t' +(v/c?)x’ 
a =y, z=z, t=——> (76.6) 
x Ja—v ey’ Voy, £52 Jd—"/c?) 


The relation given by equations (76.5) and (76.6) between the coordin- 
ates of the two systems is called the Lorentz transformation. It has 
to replace the Galilean transformation (75.1). It is seen immediately 
that in the limiting case c =o the transformations are identical. In 
particular, in this case according to (76.5), t=t'; i.e. we obtain an 
absolute simultaneity. As has been clearly shown by Einstein, the usual 


(76.5) 
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conception of simultaneity contains the assumption that for the observa- 
tion of the simultaneity of two events separated in space, we have avail- 
able signals of infinite propagation velocity. 

The use of the velocity of light, c, for the definition of simultaneity 
already implicitly contains the proposition that a signal velocity greater 
than c is in principle impossible. If there could be an action which 
propagates itself with a velocity v > c, we could find a coordinate system 
for which the action progresses into the past. 

We have determined our transformation in such a manner that the 
laws of light expansion are independent of a constant relative translation 
velocity. This is also recognized in the following way: A spherical wave 
starting from the origin at time ¢ = 0 has, at time ¢, reached the spherical 
surface given by the equation 


x? + y?4+27—c71? =0 


The arrival of the light wave on this spherical surface, marked, say, by 
the flashing of white screens, has to be described from the second 
system by 

Ss x!? + y’'24+2/2—c7t'? =0 


By means of (76.5) it is easy to be convinced that as a consequence of 
the Lorentz transformation we always have that 


x2 y2422— 027? = x24 y!2 4.2/2 024! (76.7) 


Later on we must make this circumstance the starting point of a deeper 
conception. In differential form a similar result is obtained—namely, 
the motion of light is always a solution of the differential equation 


ah dh dp 1 07h _ 


Ox? Gy? dz? c? at? 


In order to transform this equation to the equation for a coordinate 
system moving with velocity v, the arguments #(x,y,z,t) have to be 
replaced by arguments given in (76.6). We have then, for example: 
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By computing the second derivatives in an analogous way we find that 
a*h 07d ag ero. ap ao ao 1 076 


ee ae a, gale pe a gat 6.8 
axt* Oy? Oz? ce OI? ax? dy? oz? ctor” ue) 
The differential expression characteristic of light propagation is invariant 


with respect to the Lorentz transformation. 


§77. Consequences of the Lorentz transformation 


(a) Scales and clocks. We have already seen in the foregoing para- 
graphs that a scale which, in the state of rest, has the length / seems for 
an observer moving relative to it to have the smaller length / JQ -v?/c’). 
This effect is called the Lorentz contraction. As we saw in §74, the 
contraction hypothesis introduced by Lorentz did not satisfy the 
postulate of relativity. 

In a similar way, from the “unprimed system” we can check the 
running rate of a clock at rest in the “‘primed system’’. According to 
equations (76.6), at location x’ and times 1, =?’ and t, =2'+1, there 
correspond the times 


ee x'vfer+t' Pea egies ee rl 
a J/(1=07/c’) <= J(-v?/c’) 


Seen from the first system the clock in the second system has carried 
out a rotation of its pointer hand from 7’ to t’+1 in the time 


1 
B= Tao e%) 
that is, the moving clock runs slower than the resting clock by the 
factor 1/,/(1—»”/c’). 

An important quantity often met in applications is the proper time 
of a moving body. We define this time as the indication t on a clock 
moving along with the observed body. The connection between this 
proper time and the time / as observed in another chosen coordinate 
system may be derived immediately on the basis of the foregoing 
procedures. If the clock in the second system registers, not the time 
interval 1, but the interval dt, the observer reads the interval dt, with 


d 
isc (77.1) 


t 
Ja=17{e”) 
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The observer with the resting clock finds a larger value for the time 
interval than that corresponding to the proper time, i.e. than the time 
interval indicated by the clock moving with the body. 


This time dilation is especially impressive in fast-moving atomic particles which, 
within themselves, carry a ‘“‘clock” keeping the proper time. This is the case, for 
example, with radioactive nuclei which, on the average after a certain time 79, go 
over to the product body by the emission of a charged particle. The average lifetime 
to is defined as that time in which the number of still-undecayed nuclei has become 
reduced to 1/e of the original number. If such substances are observed in a system 
with respect to which they move with velocity v, the lifetime undergoes a lengthening 
by the factor 1/4/(1 — v2/c2), corresponding to (77.1). In the radioactive particles 
of cosmic radiation, in particular in z-mesons which are produced in the upper 
regions of the earth’s atmosphere by collisions of energetic particles coming from 
cosmic space, this dilation factor (v being almost equal to c) can reach values 
approaching 104, The consequence is that these y-mesons, for which t % 2 x 10-6s, 
reach the earth’s surface in enormous numbers before their decay and are ob- 
served—this in spite of their relatively long travel time (approximately 3 x 10-5s) 
through about 10km thickness of homogeneous atmosphere. 


(6) Geometrical representation of the Lorentz transformation. These 
and similar consequences of equations (76.5) become more clear when, 
as Minkowski first showed, the contents of the equations are visualized 
in a geometrical fashion. We leave out of consideration the y- and 


Fig. 66.—World line of a point in the xu-plane. Its velocity is ctan@ 


z-axes since these are not altered by the transformation (76.5) when the 
motion of both systems is along the x-axis. We represent all possible 
point events in the first system by a space-time diagram in which an 
abscissa denotes the location x, and an ordinate denotes u=ct, the 
time multiplied by c. The motion of a material point appears in our 
scheme (figure 66) as a curve (world line of the point), the equa of 
which forms with the time axis the angle 0 = tan 1 (dx/du) = tan {(v/o), 
v being the momentary velocity of the point. Since wevexclude from 
consideration any velocity faster than light, the angle of inclination of 
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these curves with the time axis has always to be smaller than 45°. The 
motion diagram for a light wave is a straight line inclined at 45° with 
respect to the axis. 
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Fig. 67.—Transfer from system (x, u) to the system (x’, u’). The hyperbolas 
intersect the respective axes at unit values of the variables 


In addition to the first (unprimed) system (1), we consider (figure 67) 
a second system (II) moving with respect to the first with velocity v 
along the x-axis. With the abbreviations u = ct, u —=«t 6 —v/e, the 
equations to be discussed, namely (76.5) and (76.6), read: 


_—_ x— pu oe —Ppxt+u 
OSI me Cl BD 
x’ + Bu’ Bx’ +u' (77.2) 


*SG-By AB) 

In our scheme there corresponds to system II (itself in motion with 
respect to I) a coordinate system whose axes we find in the following 
way: By definition, the points (x =0, u=0) and (x’=0, u’ =0) fall 
together. The point x’ = 0 is moving with respect to I with velocity v; 
its world line is therefore a straight line through 0 forming with the 
time axis the angle # =tan~'B. Since x’ =0 for this line, it is identical 
with the time axis of the primed system. By setting u’ = 0 in (77.2) we 
obtain the space axis, whose equation thus reads ct=u= Bx; this is a 
straight line which forms the same angle @ = tan™'8 with the x-axis. 

From this presentation we recognize with special emphasis the 
relative character of simultaneity. All point events on the x’-axis appear 
to the second observer as sinultaneous, while for the first observer they 
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are progressive. For the first observer the point event A’ (figure 68) 
occurs for him later by a time interval u/c = (1/c) . AA’ than the event 0. 

For a complete representation of the Lorentz transformation we still 
need the units on the axes. For this purpose we draw in figure 67 the 
two rectangular hyperbolas 


x?-u? =1 and u?—x?=1 (77.3) 


Fig. 68.—For the relativity of simultaneity 


They cut the u- and x-axes of the unprimed system at the points u= 1, 
x=0, and x=1, u=0. That they cut the axes of the primed system 
in the points (u’ = 1, x’=0) and (u’ =0, x’ = 1) follows immediately 
from relation (76.7) with u=ct and u’ =ct’, to give 


x2—y? =x"? ~y!? = +1 


With the aid of figure 69, the phenomenon of reciprocal scale-short- 
ening can be described in the following way: Let OA be a unit scale 
at rest in the first system. The world lines of its end points are ODC 
and AA’. For an observer at rest in the second system, the correspond- 
ing and simultaneous position of the scale (u’ = 0) gives the location of 
its beginning and end points at the world points O and A’ respectively. 
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Fig. 69.—For comparing units of scales or clocks in mutual motign 
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The scale, therefore, is shorter for him than his unit length OB’. Con- 
versely, the beginning and end of a unit length OB’ at rest in the second 
system with world lines OC’D’ and BB’ appears for the first observer 
at the time wu =0 at the world points O and B. It again appears shorter 
than the unit scale OA of the resting system. 

The comparison of clocks takes place in a completely analogous 
manner. A clock at rest in the second system moves on the world line 
OC’D’. At the world point D’ (w’ = 1) it has completed one revolution; 
but already before this (at the world point C’) the clock of the first 
system with which it is in space coincidence has completed a revolution 
(u= 1). The moving clock therefore runs slower than the clock at rest. 
A clock at rest (at x = 0) in the first system has completed a revolution 
at world point C, while already at D a clock located at the same place 
in the second system has completed a revolution. 

In this way we can be fully and intuitively convinced that the asser- 
tion of the reciprocal shortening of scales and the retardation of clocks 
contains absolutely nothing paradoxical as soon as we have renounced 
the notion of absolute simultaneity. 

(c) The Einstein addition theorem for velocities. We wish now, with 
the aid of the Lorentz transformation, to derive the Einstein theorem 
for the addition of two velocities. According to the old kinematics this 
consisted simply in the vectorial addition of the velocities: If v is the 
velocity of, say, a ship (i.e. a coordinate system) with respect to a 
certain coordinate system, and if a mass point moves with velocity u’ 
on the ship, then the mass point moves with velocity u=v-+u' relative 
to an observer at rest. 

In relativity theory this relationship 1s substantially more complic- 
ated. We examine further the two coordinate systems connected by 
equations (76.5) and we assume that a mass point moves relative to the 
primed system with the velocity u’ in the x’y’-plane so that its trajectory 
makes an angle 6’ with the x’-axis. Its equation of motion, in the primed 
system, is then 


x’ =u't' cos 0’ ya usta CO: Zz =O (77.4) 
We wish now to describe the same world line from the point of view of 


the first system, i.e. we wish to determine two quantities u and 6 in 
such a manner that the equations 


x = utcosd y =utsin@ z=0 (77.5) 
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shall, upon carrying out the transformation (76.6), be identical with 
(77.4). To this end we substitute for the space coordinates in the trans- 
formation equations (76.6), the expressions (77.4) and (77.5), and so 
obtain the three relations 


‘cos 0’ +0 : er 
utcos0 = palais | utsin@ = u’t’ sind 
V-B’) 


_ 1+(u'v/c”) cos 8 


(GS) 
After division of the first two equations by the third, it follows that 
, , le , — eve 
‘icote ee a SS ae usin SN sin® VG B) (77.6) 
1+(u'v/c?) cos 0’ 1+(u'v/c”) cos 8’ 


and hence for the magnitude and direction of the desired velocity we have 
» _ u'?-+0" +2u'vcos 8’ —(u'?v/c*) sin? 0’ 
7 [1+(u’v/c”) cos 6’? 
up ; Cin 
’ ’ fhe 
Becca ne vl ime) 
u’cos 0’ +0 


If, in particular, u’ lies in the direction of v, then we have that 0’ =0 
and also 6 =0, and it follows that 
u' +0 


The resulting velocity is always smaller than the sum u’+v of the two 
added velocities. In particular it follows from (77.8) that by the addition 
of two velocities, both being smaller than c, it is impossible to exceed the 
velocity of light. In the special case where u’ = c it always follows that 
u=c no matter how large a value we may choose for v. This result is 
really self-evident inasmuch as the transformation formulae (76.5) were 
formulated on just the assumption that an event, if moving in’one 
system with the velocity c, will do likewise in any other system. 
Anespecially instructive application of equation (77.8) due to M. von 
Laue is to be had in the following interpretation of the Fizeay.entrain- 
ment experiment: A light signal travels in a medium of-sefractive index 
n (disregarding dispersion, and therefore the distinction between group 
Ba 
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and wave velocities) with velocity u’ = c/n. If this medium, now, for its 
part, moves with the velocity v, then, according to (77.8), an observer 
at rest obtains the velocity 
c/n+v 
“= 
1+v/nc 


and, in first approximation (for small v/c), we have 


1 
“= (£+0\(1-2) = 40(1-5) (77.9) 


in agreement with our electron-theoretic considerations (§72), and with 
Fizeau’s measurements. 


§78. Programme of the special theory of relativity 


In the preceding paragraphs we have developed a kinematics, i.e. 
essentially a description of the behaviour of moving scales and clocks, 
which satisfies both the principle of the constancy of the velocity of light 
and the principle of relativity. The characteristic basic equations of 
our kinematics, equations (76.5), originated expressly out of the de- 
mand that through observations of moving scales and clocks, it should 
be impossible to establish any essential difference between two coordin- 
ate systems in mutual relative motion of uniform translation. The 
assertion of relativity theory now, however, goes much further. It 
requires that such a distinction shall not in principle be observable; 
that all natural laws, not only that of light propagation, shall be in- 
variant with respect to a Lorentz transformation. We have shown above 
that the equations of motion of classical mechanics are invariant under 
a Galilean transformation. From the proof of this assertion given there, 
however, it follows directly that the same equations cannot possibly be 
invariant under a Lorentz transformation. From this remark we see 
that it is not possible to abide by the Einstein relativity principle without 
at the same time making basic modifications in classical mechanics. For 
the purpose, now, of establishing whether any equation of physics, e.g. 


H , ; 
the induction law culE+= 5 =0, satisfies the requirements of the 
c 


principle of relativity, we must establish the transformation laws for 
E and H; that is, to find out what fields E’ and H’ a moving observer 
would see. Then it has also to be established that these quantities 
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10H’ 
satisfy the equation Gut Ehsaan =0(. Einstein set out in this way, 


and he found that the Maxwell equations of electrodynamics do indeed 
satisfy the principle of relativity. This method, often quite laborious 
in any specific case, can be replaced by a mathematical procedure 
indicated by Minkowski. Minkowski’s method permits formula- 
tion of every natural law in a manner such that its invariance 
under a Lorentz transformation is immediately guaranteed. We shall 
become acquainted with the method in the next two sections. In a 
certain sense the procedure has its example in the familiar vector 
calculus of three-dimensional space. This calculus originated from the 
wish not to have the coordinate system (whose role is completely 
unimportant) appearing in equations (as, for example, in the Newtonian 
equations mv¥ =F). The introduction of a particular coordinate system 
cannot, however, be avoided when we ask for an actual numerical 
relationship between ¥ and F. In that case we can in general describe 
the required relationship through the three equations mt; = F; (= 1, 
2,3) for the three components in some suitably chosen coordinate 
system.*.These three equations we shall call equations between the 
vectors ¥ and F provided, after a rotation of the coordinate system, 
the equation mi,’ =F; (j= 1,2,3) between 6,’ and F;’ are valid in the 
rotated coordinate system. On both sides of a physically meaningful 
equation there must be only quantities of like transformation character, 
such as vector = vector, tensor = tensor, etc. 

It will be readily illustrated by an example in three dimensions how this particular 
requirement facilitates the interpretation of physical laws. Let it be required to find 
the stress components pzz, Pzy,... in an arbitrarily moving viscous compressible 
liquid. We shall assume that the stresses depend linearly on the first derivatives 

Ovz Ovz 
(For the indices x, y, z, we substitute the indices 1, 2, 3.) Now it is known that the 
pix form a symmetric tensor. The quantity d:x always exists as a symmetric tensor, 


; : of the velocity components vz, vy, vz with respect to the coordinates. 


where 6, = 1 for i=k and 6% = 0 fori 4k. Moreover from the quantities — 
Xk 
the symmetric tensor st + may be constructed (§14.15). Thus we next obtain 


Pik = Row + bu (= af =) 


oxn Oxi 


The factors R and yw must be scalar-invariant. The only invariant WNiGI'can be 
linearly derived from the tensor ig, is its spur an + sae + —— avs" Thus we obtain 
OXk OX4 Ox2 0x3 


Ni 


. 


§79. The general Lorentz group 333 


as the most general expression for the required stresses 


6v, , ev2 , dv; Gu, , dvx 
i) A oes eee pete sie 
pte a (? % (= a 0x2 a) a (= er =) 


with the three scalar numbers p (hydrostatic pressure), yz (viscosity), and 4 (volume 
viscosity). 


The Minkowski treatment of relativity theory consists now in an 
imaginary extension of the three-dimensional vector calculus in which 
the requirement of invariance against a rotation in three dimensions 
shall, in four dimensions, represent a corresponding invariance against 
a Lorentz transformation. As we shall see in the following paragraphs, 
this latter can be described as a “‘rotation’’ of the quantities x, y, z, ict 
in four-dimensional space. 


§79. The general Lorentz group 


Within the context of the programme developed in the foregoing 
paragraphs we now begin the development of the mathematical aids to 
relativity theory; that is, we set ourselves the task of finding the most 
general transformation which, in passing from one reference system to 
another, connects these equally favoured systems. Let the coordinates 
in one reference system be x, = x, X, =y, X3=Z, X4=ict; let those in 
another equivalent system be x,’ = x’, x2’ =y’', x3’ =’, X4' =ict'. Now 
it will involve no essential restriction if we allow the zero points of both 
systems, i.e. the points x,=0, and x,’=0, to coincide; for this only 
means a special choice of the origin of the space and time zero-points. 
Two reference systems are now to be considered as equivalent if the 
following two conditions are fulfilled: 


(1). Every uniform straight line, i.e. force-free trajectory of a mass 
point, shall go over to another such. This means geometrically that 
every straight line in four-dimensional x,-space will carry over to a 
straight line in the x;'-system. 


(2). The quadratic form 


4 
x? = x*4+ y?+2?—c?1? 
i=1 


shall remain invariant: 


¥ x= Ox? (79.1) 
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We base this second requirement on the fact that the velocity of 
light must have the same value c in both coordinate systems; and qut 
of this the further requirement immediately follows that )'x;? = 0 must 
go over to )'x’;? = 0, this being what we generalize in condition (79.1). 

We collect all transformations fulfilling (1) and (2) in the general 
Lorentz group, for we shall soon show that these transformations form 
a group. 

On account of requirement (1) (and the condition that x,;=0 must 
conform with x, =0) the Lorentz transformations must be linear 
transformations of the form 


4 
x; = > Ain, Xx (79.2) 
k=1 


Every Lorentz transformation is therefore uniquely determined by a 
matrix A: 

An A12 A43 Ai, 
Az A22 A23 A24 
Ax; A32 A33 A34 
Agi Ag? A43 Aga 


A= (79.3) 


As in three-dimensional space the position vector is given by its 
components x, =x, X,=y, X;=2, and as any other system of three 
components k, =k,, k, =k,, k; =k, is similarly called a vector if the 
k, transform in a space rotation of the coordinate system in the same 
way as the x;, so then we shall give the name four-vector, a= {a;}, 
to any system of four components a,, a2, 43, a4, which, like x,, x2, x3, 
x4, transforms according to (79.2). It is seen immediately that the sum 
of two four-vectors a+b = {a,+b;} is again a four-vector; and so also 
is the manifold wa = {aa;}. The vector x is therefore the four-vector 
with components x,; in short, then, we can write the transformation 
formulae (79.2) in the form 

x = Ax (79.4) 


That x,, x2, x; are real and x, is pure imaginary, and that the same 
must hold for the x;', follows immediately from (79.2), since this (and 
only this) is the case whenever A, (with i, k = 1, 2, 3) and A,, are real, 
and A;4, 44; (with i= 1, 2, 3) are pure imaginary. _ ne 

We consider further the so-called product of two transformations. 
This is defined as follows: If, through a transformation B given by the 
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equation x” = Bx’, we go from reference system x’ to another equally 
valid system x”, then by substitution of (79.4) in this equation there 
follows a linear transformation, namely x” = Bx’ = B(Ax), for which 
we write x” =(BA)x. The product of the two matrices B and A is 
defined in this way. By explicit calculation we find immediately for the 
elements (BA), of BA the form 


(BA) x = 2 Bi Ax (79.5) 


The product of two matrices is thus obtained by pairing the rows of the 
first factor with the columns of the second.* Let it be emphasized that 
in general AB # BA; i.e. we usually arrive at different results according 
as the transformation A and then the transformation B are carried out, 
or first B and then A. That the associative law C(BA) =(CB)A holds 
follows easily by writing out in components by means of (79.5). 

For the identity transformation E which leaves everything un- 
changed, x’ = Ex =x. Its matrix E, the unit matrix, has the elements 
E,=6, with 6;;=1, and 6,,=0 fori#k. Obviously EA = AE= A. 

For two four-vectors, a, b we define the inner product by 


(a,b) = Ya; b; = (b,a) (79.6) 


Requirement (2), which we impose on the Lorentz transformations, 
thus has the same meaning as the requirement that, for any four-vector, 
a? =(a,a) be Lorentz invariant. That (a,b) is also Lorentz-invariant 
follows from (a+b)? = a?+2(a,b)+b* on account of the Lorentz in- 
variance of a”, b?, and (a+b). 

Associated with a matrix A we define the transposed matrix A by 
the relationship (Aa,b)=(a,Ab). By explicit calculation it follows 
easily that for the elements, A, = A,;; consequently A derives from A by 
interchanging rows and columns. Since (ABa,b) = (Ba, Ab) = (a, BAD), 
and on the other hand (ABa,b) = [a,(AB) b], it follows that (AB)~ 
= [AL 

Since now (a,b) is Lorentz-invariant, we must have that (a’,b’) = 
(Aa, Ab) = (ad, Ab) =(a,b). For arbitrary four-vectors, however, this 
is the case if and only if 


AA =E (= unit matrix) (79.7) 


* It is easily seen that the elements of the matrix BA possess the same reality conditions as those 
for the matrices A and B. If A as well as B leave the direction of the time axis unchanged, so that 
Aaa > 0 and Baa> 0, it follows that (BA)a4 > 0, in so far as A and B actually represent Lorentz trans- 
formations, i.e. satisfy condition (79.7). 
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Thus, we have found the condition following from the second require- 
ment on p. 333, namely that A represents a Lorentz transformation. 
Explicitly written, this equation reads 


» Aix Ai = Ou Dy Ani Ari = Ont (79.7a) 


The identity transformation E is obviously also a Lorentz trans- 
formation. If, further, A and B are two Lorentz transformations, so 
also is their product BA; for this case 


(BA) (BA) = ABBA = AEA = AA=E 


If for the determinant of the matrix A we write |A|, it follows that 
A|=|A|. For a Lorentz transformation we must therefore have that 
AA|\=|A||A|=|4?|=|Z|=1, ie. |A[=+1.* Since [A] #0, we 

can solve the linear equations (79.2) for the x, obtaining with the matrix 
Ane: 
x = AW ty! (79.8) 


On putting (79.4) into (79.8), and inversely (79.8) into (79.4), it follows 
that *s 
A“1A=AA!=E (79.9) 


Thus A~! is called the matrix inverse to A, or the inverse transforma- 
tion. Multiplying (79.9) by A leads immediately to the relation 
A-1=A, 

For the Lorentz transformations A, B,C,... we therefore have 
that 


(1) AB is a Lorentz transformation; 

(2) so also is A(BC) = (AB)C; 

(3) the identity transformation £, with EA = A, and 
(4) the inverse transformation A~', with A~*A = E; 


and all these transformations form a group, the general Lorentz group. 

We now consider all Lorentz transformations for which the time, 
and therefore x,, does not change. These form a group, or rather a 
sub-group, of the general Lorentz group. Since x, = x4, we have that 
x74+x34+x2=x?+y?+z? is an invariant, and the group here con- 


* As in three-dimensional space where |A|=-+1 means a rotation while |A = “Qtedas from a 
right-hand to a left-hand system and thus consists of a rotation along with ere ction, so in four- 
dimensional space, where the Lorentz transformations are rotations, it has to be ‘required of these 
transformations that |A|=-+1. A 
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sidered is the well-known group of space rotations of a coordinate 
system. The relevant matrices have the form 


By, By. By 0\ 

Br, Bz, Bz; 0 

B3, Bz, Bz; 0 
0 0 0 1 


B= (79.10) 


In §76 we have already become acquainted with a special Lorentz 
transformation which left x, = y and x,=z unchanged. From (76.5) 
we can write its matrix 


1 iB 
ee 0 ge ee 
i J/U—8?) 
= ; ; : 3 (79.11) 
ip me 


2 el <i 
V(i-B?) V(1-B’) 

We now maintain that by successively carrying out: (1) a space-like 

rotation B,, according to (79.10), (2) a spatial transformation Ly, 


according to (79.11), and (3) a further space-like rotation B,, we can 
produce any arbitrary Lorentz transformation 


If this is correct, then for many special problems we can restrict 
ourselves (as we have already done) to the special Lorentz trans- 
formation L,. 

We demonstrate (79.12) without calculation, i.e. by purely geo- 
metric considerations. Let x; be the coordinates transformed by A. 
The x’, -axis, i.e. x =x, =x3,=0 gives, in the unprimed system, a 
straight line (explicitly, x; = A4;x4; i= 1,2,3,4) whose space projection 
in the unprimed system (explicitly, x; = A4,x4, with i=1,2,3) is also 
known. Now there is a space-like rotation B, which rotates the 
x,-axis in the direction of this projection, i.e. in the direction of the 
velocity of the primed system relative to the unprimed. Let the system 
originating from B, be designated by x/. The x4-axis therefore lies in 
the x7x4 coordinate plane, and we could, as was fully described in 
§77(b), go over, by transformation of xj, x4 alone, i.e. by an L, given 
by (79.11), to coordinates x;” such that the x4 -axis coincides with the 


338 EI. The physical basis of relativity theory and mathematical aids 


x',-axis. The system x;” can therefore differ from system x; only by a 
space-like rotation B). 


§80. Four-vectors and four-tensors 


As, in three-dimensional space, vector and tensor calculus is the most 
fitting expedient for writing equations in a form that is invariant against 
spatial rotations, so also a corresponding four-dimensional vector and 
tensor calculus is useful for expressing physical equations in a Lorentz- 
invariant form. Moreover, the character of every physical quantity is 
immediately seen (i.e. according as it is a scalar, vector, or tensor) as it 
transforms in changing the reference system. 

In the foregoing paragraphs we have defined the concept of the four- 

4 


vector a= {a,}, and also the square of its lengtha? = )° a?. Since 
t=1 


the fourth component of a four-vector is always imaginary, a* can be 
larger, equal to, or smaller than zero. We call the vector a “‘space- 
like” for the case where a?>0, and “time-like” for a7<0. These 
definitions are Lorentz-invariant since a? is Lorentz-invariant and its 
sign cannot therefore change in transformations. Such invariance is 
specially to be noted in regard to the “distance vector’ x—y. It 
follows immediately that there is no reference system in which the time- 
like separated points x; and y; (for which therefore /? = )'(x,—y;)? < 0) 
appear as simultaneous; for then the fourth component of the con- 
necting vector would be equal to zero, and thus for the separation we 
should have /? > 0, in contradiction to the assumption that /? <0. It 
likewise follows that two space-like separated points (for which there- 
fore /? > 0) cannot in any reference system correspond to two temporally 
consecutive events at the same location. The region comprising those 
points x, whose separation from y; is space-like, is separated from the 
region comprising those points x; whose separation from y; is time-like, 
4 


by the cone )° (x;—y;)* = 0 whose apex lies at the point y;. In figure 
i=1 


67 the regions whose points are time-like with respect to the origin are 
shaded, while the unshaded portion gives the points which are space- 
like with respect to the origin. There are always, however, transforma- 
tions for which two points having space-like separation come,to,lie on 
the x-axis, and there are also transformations for whiehytwo points 


having time-like separation come to lie on the x4-axis. “ ‘ 
es 


ib 
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Since x; represents* a four-vector, dx; is also a four-vector. From 
equation (77.1) it follows for the proper time that 


2 


y? dx?+dy?+dz2 1 
dr? = ar(1-5) = q?-—— =-=) dx? (80.1) 
i=1 


consequently dr is a scalar. If now the world line of a material point is 
given as a function of the proper time, 


x; = x;(t) (80.2) 
we define the four-velocity as the four-vector 
dx; 
= 80.3 
uy = (80.3) 


Its connection with the normal velocity follows from the chain rule 
e.g. u,; =v,.dt/dt. From (80.1) we therefore have 


_ v, = Vy 
a ee (183) 
2 v, _ ic 
ee) een cp) 


The simplest calculation of u? = )'u? is made in the system in which 
the mass point is at rest (i.e. u,;=u,=u,=0; u,=ic). We thus 
obtain u* = —c?, Since u? is a scalar, this holds in all reference systems. 
u, is therefore a time-like vector. 

The four-acceleration is defined by 


(80.4) 


pe ee (80.5) 


and is therefore a four-vector. We have, for example, 


— d v, dee v,(v) 
Seger de 1p?’ eC —p'? cag 


b _ad ic dt_i (vv) 
= a(Gaep) en 


*In the following we shall often characterize four-vectors and four-tensors by their components 
writing, for example, simply x; instead of x = {xi}. 


340 EI. The physical basis of relativity theory and mathematical aids 


Therefore, in the rest system of the mass point, b, =0,,...,5,=0, 
and thus b? = )'b? > 0, i.e. b, is a space-like vector. From the equation 
yu? = —c? there follows by differentiation with respect to t the 
relationship (u,b) = )\u,b; =0. 

The invariance of (79.6) is characteristic of a four-vector, for we 
have the theorem: If a linear form 


5 G; 0; (80.7) 
i=1 


of an arbitrary vector v; is Lorentz-invariant, a; is a four-vector. This 
is at once clear if we consider that through (80.7) (since v; is an arbitrary 
vector) the transformation of the quantities a, is uniquely established 
and on the other hand (80.7) is invariant if a; transforms like a four- 
vector. 
If a bilinear form with two arbitrary vectors v,, w; 
4 


y Tig 05 We (80.8) 
i,k=1 
is Lorentz-invariant, T;, is called a tensor (second rank). From this it 
follows that with the Lorentz transformation (79.2) we have 


ik = » Ait Atom Tim (80.9) 


as is very easily shown with the help of (79.9). A special tensor is 
T;, = 4;b,, the “tensor” product of the two vectors a; and 5,; for 


D Tin? Wie mes by, 0; W, = (x aini( by vs) = (a, v)(b, w) 


is, as the product of the two scalars (a,v) and (b,w), invariant. Thus a 
tensor has, in general, sixteen components. The sum of two tensors 
T, and S;, is again a tensor Ty, +5S,,; for if )\T;,v;w, and ))S;,.0;w, 
are invariant, so also is )\T;,v; Wet D Sind: We = (Tit Sid: In 
addition it follows very easily that aT7;, is a tensor i a is a scalar. 


Furthermore DTM | is a vector, and LT and ILE T;, are scalars. 


Co — T, T,, is called a Sate tensor. Tt has only ten differ- 
ent components. If T;,= —T,;, then T;, is called an anti-symmetric 
tensor or also a “‘six-vector’’, since it has only six essentially different 
components. The symmetry properties just ment onda’ 1 Variant, 

as is easily concluded from (80.9). — 


4x 
wy 


“ 
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Every tensor T;, can be written, as in three dimensions ($15), as 
the sum of a symmetric and an anti-symmetric part: 


=i, + 1) +4,.— Ty) (80.10) 
u—,—_Y 
symmetric anti-symmetric 

part part 


The “vector product” a;b,—a,b; is a special anti-symmetric tensor. 
After this short sketch of tensor algebra, we must briefly consider 
tensor analysis. If p(x;,) is a scalar function of x,, then 


do = 3 co (80.11) 
i=1 Ox: 

is Lorentz-invariant. Since however dx; is a four-vector, then, accord- 
ing to the theorem proved above, 0¢/0x; is a four-vector, the gradient 
of ¢. From this it follows that the operator 0/0x,; transforms like a 
vector. Thus 

pa 80.12 
2s, (80.12) 
is a scalar, the four-dimensional divergence. Likewise, then [compare 


(76.8)] 
cs co ee, i 
ee 


@ 
Cre, ee £ (80.13 
ea A aE ee aS? 


must be an invariant differential operator—a result which takes us 
back to our original point of departure since we have required that 
wave propagation according to (80.13) shall be invariant. 

Out of the vector a; and the operator 0/0x; we can construct as vector 
product the anti-symmetric tensor 


fies eet (80.14) 


the four-dimensional curl of the vector a;. For a tensor Tj, 


4 
OTs (80.15) 
k=1 Ox, 


is a vector, the divergence of the tensor T;,. 
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In conclusion we wish to give the transformation formulae of a 
four-vector and a four-tensor for the special transformations (79.11). 
For a four-vector a; we have 

ai ipa oe : ,  a4—iBa, 


For a symmetric tensor T;,= T;,;, and we have: 


» _ Tyy+2iBT,4— BT. ‘ 
Ti, =— BTy4— BT 44 T= 


1p? alee = Ga ae 
Th2 = T2, T33 al T33 To3 = T,; 
a ese SU aes » _ Ty2+iBTa, f (80-17) 
7 he = =e 
1—f J.-B?) 


_ T13+ifTs3 es Th4—iBTri Tne T34—iBT31 

ee) RGR) vf) 
For an anti-symmetric tensor T;,= —T,;, and we have: 
T12—iBT24 ps T13— iBT 34 


, 
Ti3 


Ti. = ———_ - T2, = T: 
= ACS a ee 
: : all 
Te = Th ee Tha +iBTi2 ee T34+ iBT, 3 
V(i-B?) =e) 
— 
“<P 
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CHAPTER EII 


The Relativistic Electrodynamics of Empty Space 


§81. The field equations 


We shall occupy ourselves in this section with a relativistic develop- 
ment of electrodynamics in accordance with the programme outlined 
in §78. Mathematically speaking this means a rewriting of the funda- 
mental equations of electrodynamics in four-dimensional vector 
form. This, as we shall see immediately, can be easily carried 
out since these equations-are already Lorentz-invariant, proof being 
in just the possibility of a four-dimensional presentation of electro- 
dynamics. 

This rewriting of the basic equations brings with it two advantages: 
First, purely formally and in contrast to the three-dimensional formal- 
ism, they possess a highly simplified presentation remarkable for its 
symmetry. Second, and this is of particular importance to us, there is 
physically a series of special connections between apparently separated 
entities of the Maxwell theory, as between electric and magnetic field 
strength, between energy flow, Poynting vector, Maxwell stress tensor, 
etc.; this being of great value for a deeper understanding of electro- 
magnetic processes. 

For simplicity we begin by rewriting the potential equations 

2A 2 
Dees — = ps V36-5 “¢ = —4np (81.1) 
in addition to which we have the Lorentz convention or gauge (see 
footnote on page 269) 


1a 
divA+- ae =)() (81.2) 
c at 


Combination of (81.1) with (81.2) yields the equation of continuity of 
electric charge: 
F 0p 
div (ov)t—— =0 (81.3) 
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Now in (81.1), left, we have differential expressions having their origin 
2 


pte : : 1 
in the application of the differential operator ieee =; to a com- 
at? 


ponent of A, or to ¢. Corresponding to (80.13), we designate this 
operator by O. From the vector standpoint it is a scalar, just as is the 
three-dimensional Laplace operator in three-dimensional space. 

Of the four similarly formed equations (81.1), three are com- 
prehended in an ordinary vector equation. Let us then assume that, 
by an extension of this to a four-equation, ¢ would play the role of the 
fourth component (additional to the three space-like components) of 
the four-vector potential A. This idea is also suggested by equation 
(81.2) which, on introducing the coordinates (x,,x2,%3,X4) in place of 
(x,y,2Z,t), takes the form 


0A, OA, OA, did 
Ox; OX, OX3 OX, 


=0 


If, in this equation, we regard A,, A,, A, as the three space-like com- 
ponents | ®, ®,, ©, of a Vicnetal whose fourth component is 
a id, then (81.2) takes the invariant form 


4 a0, 
5 Cat 


eee (81.4) 


Correspondingly, we can also conceive of the vector py and the scalar 
icp as the space-like and the time-like components respectively of a 
four-current s, = (pv,,pv,,pU,,icp) which, through (81.3), is expressible 
as 


=. 0S, 
2 aa 0 (81.5) 


The equations (81.1) then assume the four-dimensional vector form 


poe (81.6) 


With this four-dimensional interpretation of the potential and the 
current density, it is readily seen how these quantities change upon 
going over to another coordinate system. We wish especially 0.1 know 
how the current vector s, changes on going from thegsharge’ s rest 
system (index 0) to another system in which the charge moygs in the 


> 


“Ss 
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x-direction with velocity v. For this we have the transformation 
formulae 


— ips? so + iBs® 
ee Ue eee 
with Ss pyc 


We therefore obtain 
Pol 
io = v~,, => S5 = p00, = 
Pe S(T =p) ae (81.7) 
i __ipot | 
~ J0=8?) 
The equations state that the charge in the new system is moving with 


velocity v (as we should expect), and further that in this system the 
charge density has the value 


1 oe 0 S4 


The charge density therefore increases in making a transfer from the 
system in which the charge is at rest to a system with respect to which 
the charge moves. By contrast, however, we see in the following that 
the quantity of charge de in a given element of volume is the same for 
both systems—for we have 


de = pdV = ———, dV°../(1—B”) = po dV® = de® (81.9) 


J a= —B 
In regard to dV, the step from the second to the third member in the 
above equation comes from the Lorentz contraction of the length 
dimension in the direction of the motion. It can therefore be said that 
the moving charge density appears larger because, owing to the Lorentz 
contraction, the same charge is conveyed in a smaller volume. It should 
be noted in passing that the charge on an electron has the same value 
in all coordinate systems. For this compare (65.7). 

The form of the equations (81.7) suggests that for the case of an 
arbitrary direction of the velocity these equations generalize to 


oe PoYx 5 TPoly 
ee ee 8) 
Po lz ipo 


v 
ete et) 
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The quantities multiplying the rest charge density po are, however, just 
the components of the four-velocity u,, so that the four-current can 


also be written as 
Sy = Pou, (81.10) 


(This equation is a true vector equation since, obviously, fo is a scalar, 
and s, and u, are four-vectors.) 

We pass on now from the potentials A and ¢ to the field quantities 
E and H. These are related to the potentials through the equations 


1¢0A 
H=curlA = —grad p —— a (81.11) 


Introducing the components ®, of the four-potential and the four- 
coordinates x,, we form the following relationships: 


Sy if @x, Ox, : OX Oxa 
ee 
oon Cx BO 


The structure of these assembled equations suggests that a skew- 
symmetric tensor be defined by the following equation: 
_ 60, 0®, 
"EO. OX, 
Its components then correlate with the field quantities E and H in the 
following way: 


(81.12) 


0 ai, Sh SU. 
ele wl H, —iE, 
Fy, = lee —H, 0 —iE, (81.13) 


ee nO 


We thus obtain the result that in four-dimensional formalism the electro- 
magnetic field is no longer to be described by two vectors, but by a 
skew-symmetric tensor of the second rank. The electric and magnetic 
field strengths are therefore no longer independent of one.gnot ier, but 


are unified in a tensor. In a Lorentz transformation the components 
aS 


rs 


“a 
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of E and H do not transform as such, but rather are mixed. 
We write the transformation relations for going from an unprimed 
system to a primed system moving in the x-direction; from (80.18) we 
have 


H’,=H, E.=E, 

(oon 1 a 1 —s 
aan fae) eee By Taps BH,) (81.14) 
Hi= ort pe) Eo SS +BH,) 


If the primed system signifies the rest system of an electron, then in this 
system the force eE’ =eE® acts on the electron. From (81.14) it is 
seen that this leads directly to the expression for the Lorentz force 
e(E+v/c x H), when terms of relativistic magnitude, i.e. where f? is 
small compared to 1, are neglected. We therefore see that whereas in 
the Maxwell theory the Lorentz force (from which the force on a 
current-carrying conductor in a magnetic field, as well as the induction 
law for moving current coils can be derived) represents a foreign element 
and has to be evaluated as an independent experimental theorem, in 
relativity theory it can be derived as an immediate consequence of the 
transformation formulae. 

On the basis of the transformation formulae (81.14) we can be easily 
satisfied that expressions E.H and E*—H? are both invariants; that 
therefore their value is unchanged in going over to the primed system. 
We shall make use of these facts later. 

We wish now to write down the Maxwell equations themselves in 
the four-dimensional formalism and subsequently to verify their 
correctness. They read: 

fo OF yy At) OF iy, Fyn | OF 


= 81.15 
n=1 OX, c OXjme OX, OX ( ) 


u 
The first equation system comprises four equations (v = 1,2,3,4) and is 
identical with the equations 
curlH mt gE ney for v= 1,2,3 
cot oc (81.16) 
div E= 4zp for v=4 
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which are immediately obtained by introducing (81.13) and (81.7) into 
(81.15). In the second system of equations v, », and 4 can, of themselves 
and independently of one another, assume all values between | and 4. 
It can be seen, however, that owing to the skew-symmetry of F,,, only 
in those equations for which v, p, and A are different from one another 
does the left side not vanish identically. For (v, 1, 4) we therefore obtain 
equations in accordance with the following trios of values: (2,3, 4), 
(3,4, 1), (4,1,2), and (1,2,3). On introducing (81.13) we thus obtain 


H 
curlE = -* = divH =0 (81.17) 


In the four-dimensional form the Maxwell equations therefore assume 
an especially simple form which is required, on the one hand by the 
equality of status of space and time coordinates, and on the other hand 
by a similar sort of equality between E and H. Of course in determining 
the field from a given charge distribution, we would in general first 
determine the potentials, and then, through (81.12) and (81.13), 
calculate the field intensities. 
X. 

In our derivation of the four-dimensional Maxwell equations it is self-evident 
that these equations do not contradict the potential equations (81.6) and (81.4). 
We wish, nevertheless, to give here a simple proof that the potential equations are 
derivable from the field equations. If, as in (81.12), the Fy. are written down as 
the four-dimensional curl of a four-vector, the second system of equations is 
identically satisfied. Introducing (81.12) in the first gives 
Antsy é (= =) é dO, ma E20, 


S woes Oxy Oxy ~ Sx  Oxu uw OXp2 


The second term on the right side is equal to — Oy; the first term vanishes when 
we impose the Lorentz convention (81.4) as an additional requirement. This is 
permitted because through (81.12) the ®, are not uniquely determined, but rather 
only to within a gradient @'Y/@xy, in which ‘Y can be a completely arbitrary function 
of the x. Through the additional conditions (81.4) a condition equation for Y 
is given. If, that is, the Py do not satisfy equations (81.4), then Y’ is to be determined 


so that 
Ye (o+S) — 0 oer Bay ey 


y OXy Oxy 


Then for ®,* = ®, + = equation (81.4) is satisfied. We therefore obtain the 
vy 


result 
A4nsy AQT RS 


a aa Cc “to 


in agreement with (81.6). 


f 


fi 


p 


fe 
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§82. The force density 


For the force acting on the electric charge contained in unit volume, 
the electron theory of Lorentz states that 


es (E+! x H) (82.1) 


f is a force density and therefore has the dimensions of force per unit 
volume. If for p, pv, E, and H the corresponding components of the 
four-current s, and of the field tensor F,,, are introduced, then (82.1) 
can also be written in the form 


1 
fa=—( Sp Fy2+53Fy3+84F 14) 


1 
ee (5 Bi +53 Fo3+54F 24) (82.14) 


1 
Fea (1 Psa hook a +54 F534) 


as can be readily understood on the basis of (81.13). The symmetrical 
structure of (82.1a) suggests that a four-vector 


1 4 
t= Ses 3, (82.2) 
Cp=1 


be defined, whose first three components accord with the expressions 
on the right side of the equation system (82.1a); for we have F,, = 0. 
The point here is the following: From the vector character of the four- 
current and the tensor character of the field intensities F,,, it follows 
that the components of f can be expressed as space-like components 
of a four-vector f,. We are therefore permitted to identify /,, f,, f, with 
these components of f,; and, by adjoining a fourth component /,, to 
make up a four-vector. From (82.2), the meaning of f, is seen to be 
ipvE _ ivf 

c 


1 
fa = 261 Fa $52 Faa +53 Fas = (82.3) 


It is pure imaginary, as indeed it must be, and within the factor i/c it 
represents the work done per unit volume and per unit time by the 
force density f. 
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In accordance with (82.3), the fourth component f, of the four-force 
vanishes in the rest system of the charge; no work is done on non- 
moving charges. This result may also be obtained directly from (82.2); 
for in the rest system only the fourth component of the four-current s, 
is different from zero. Thus in the rest system we have f° = F,{sq/c, 
the fourth component f? vanishing because Fy,=0. We have in 
general that 


= f,s,=9 (82.4) 
v=1 


for the left side is an invariant whose value we can find through the use 
of an arbitrarily chosen coordinate system. If we choose the rest 
system, then, in this system only s9 is different from zero; £3, however 
is equal to zero. We can also verify the relationship (82.4) without 
any special choice of coordinate system, for from (82.2) it follows that 


# 1 
a, SS =— yy Fin SySq 
v=1 Cy pL 


On the right we have the inner product of a skew-symmetric tensor 
Fy times the symmetric tensor syS, An exchange of the summation 
indices v and yz would therefore require a change of sign of the expres- 
sion; on the other hand, through such a change its value would not be 
altered. It must therefore be equal to zero. 

Up to now we have been concerned only with the force density and 
we have established that it can be understood to be the space-like part 
of a four-vector f,. We now ask for the total force which will be 
exerted on a particular charge distribution, or on a particular volume 
of space containing charge. By definition, and through integration over 
the volume concerned, we obtain from the force density 


fs frav (82.5) 


Thus, for example, the total force (Lorentz force) exerted on an electron 
by a field having a sufficiently slow variation with time is 


F =| o(e+3 x Hav = (E+! x H) (82.52) 


a FN 
F cannot be described as a four-vector, for while F is indeed, the space- 


like portion of a vector, the volume element dV is not an invariant (as, 
ut 
Wy 


| 
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of course, it should not be); rather, it varies in the transfer from one 
system to another by virtue of the Lorentz contraction of its length. It 
is therefore a question of some interest how the force (82.5) varies in 
going from one system to another. We shall limit ourselves to the 
special case in which one of the two systems involved is the rest system 
of the charge. In order to obtain the transformation formula for the 
force, we start with the known transformation formula for the force 
density, which, because f$ = 0, has the form: 


us IE 


ENS TO) JO-P 
f=ha=h =f; 
73 = 3 =f? 


We integrate this formula on right and left over the volume, bearing in 
mind that 


(82.6) 


dv = dv°./(1—B?) (82.7) 


From (82.5) we then obtain the force F as measured in a coordinate 
system with respect to which the charge moves with the velocity v (the 
force being F° in the rest system): 


F,=F2 F,=F2/(i-6?)  F,=F2V-f?) (828) 


We shall meet these equations again in the relativistic treatment of 
mechanics. 


We again briefly consider equation (82.8) in the example of the Lorentz force 
on a moving electron. This is given by equation (82.5a). In the electron’s rest 
system the only force acting is 

FO = eE9 (82.55) 
Now we know from §81 how the electric field changes in going to another system; 
we found there that 


E,0 = Ez 
E,o = soe = pH.) 
Ep = aoe + pH) 


On multiplying these equations by e and introducing the force components (82.5a) 
and (82.55), we immediately obtain (82.8). 

The same result is obtained if we consider two charged particles of like sign 
mutually at rest in an otherwise field-free space. Although in their rest system only 
an electrostatic repulsion force F® exists, in the system with respect to which the 
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particles move with velocity v in the x-direction there enters, besides the electro- 
static repulsion, a magnetic attractive force which leads to a diminution of Fy and 
F; in the relations given by (82.8). 


§83. The energy-momentum tensor of the electromagnetic field 


We now wish to summarize the topics already treated in chapter DI 
concerning the interrelationships between energy density, momentum 
density, and ponderomotive forces, which, using the four-dimensional 
approach, we shall give a Lorentz-invariant form. With the rewriting 
in four-dimensional form the question of the transformation of the 
above-mentioned quantities from one system to another in motion 
relative to it, is immediately settled. The transformation formulae thus 
derived will, in the application of relativity theory to matters of 
mechanics, prove to be most significant. 

We start by rewriting the force expression 


1 4 

{== aon (83.1) 
Cy=1 
and we wish to show that it can be expressed in the form 
Ls 
i ec, 

= ame 83.2 
b= ee (83.2) 


namely, as the four-dimensional divergence of a four-tensor of the 
second rank. For s, in (83.1) we introduce its value given in the first 
of equations (81.15), obtaining for f, 


i Ba OF 
fh=a yi woe 
4n =1 Ao Ox, 
For this we can write 
lian Ua) Ga ts Ok 


crea i eye Ds 


T p=1A=1 Ox, w=1a=1 


In view of the skew-symmetry of the field tensor, and through an 
exchange of the summation indices, we transform the second term, 


obtaining 
aes! OF 1 ees OF OF 
F eae F vi vA 
my os ae Ox 7 z ( ae OX, & ae Ox ) 
_! 3 ; Okie aes onde 
2 y=1 A=l1 - Ox, OX, 4 
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The expression in parentheses on the right is, from the second of 
equations (81.15), equal to —OF,,,/0x,, so that this series of equations 
can be further written 


2p ewok 2) 1 ol 
=> —_— F BA et eae 2 
2 me uh ox «A OX, 25 pe ua) 


We therefore have that 


1A 1 : 
= 2(¥ FF) Van = oy oy (Fa) (83. 3) 


4n if 1 0X, 


This expression agrees with (83.2) if, following an exchange of indices, 
we set 


4 1 4 4 
y Ee Fay t Ten Om Os ay. (83.4) 


& an 1 


where 6,, is 0 or 1 according as v#y, or V=uU. 

According to (83.4) the tensor T,, is symmetrically constructed. In 
keeping with general usage we call it the energy-momentum tensor. For 
the purpose of further exploring its meaning, we next write its com- 
ponents on the basis of (81.13) as expressions in E and H. In the 
second term of (83.4) ies the en, elements contribute, thus 


i SF es = (H?-E?) 


=m 14=1 


The other part of (83.4), a6 
ae E VK Ig K 
4n >> e 


has three terms in the diagonal elements. Thus, for example, 
i 
for v= —ae — (—H?—H? +E?) 
4n 
fory— ff 4: 4 ney p2482) =? 
aoe. Ate a ear 


The non-diagonal elements have only two terms. For the purely space- 
like members, e.g. for v= 1, » = 2, they have the form 


1 
gq es Hy t Ee Ey) 
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The mixed elements, such as where v= 1, » = 4, take the form 
i 
qq Ee Hy Ey He) 
If, for brevity, we write 
1 1 
re [E2+H2-4}(E?+H”)], Tey=Tye= (Es E, +H, Hy) 


1 1 
Tyy=7- [Ep + Hy HE? +H), Tye Tey= 7 (EyEs + Hy H,) (83.54) 


1 il 
T.,=7- [E+ H?-HE’+H)), Tae Tee = 7 (EE. + HH) 


c 1 
=— j=—{ExH 83.55 
further, S ie [E x H] j anol x H] (83.55) 
il 
and oe (E* +H’) (83.5c) 
then the energy-momentum tensor reads 
‘ ies is ie ca ic} x 
Ty. T,y T,, —icj y 
C5) = ie 5 te a ice (83.6) 
i i i 
==) eae Se u 
C c c 


We wish to justify the symbolism introduced in (83.5)-(83.6) for the 
various components of the tensor T,,, revealing their physical signi- 
ficance in (83.2). For this we integrate (83.2) over a fixed volume V 
in space (with dV = dx,dx,dx3), and obtain for the time-like com- 
ponents 


OT, OT 42 OT 43 1 0 
ay = — + -_ = 
[ft {( Gh ge! emp 
Multiplying this equation by —ic we get —icf,=(f.v), and from 
(82.3) we obtain the power density, the left side being the work per- 
formed by the field on the charges contained within the volume V. 


The whole equation must therefore be identical with the energy law 
(54.8). Consequently we can conclude that =— 


ee 
T44 =u icT4, = Se icT42 = S, icT43 — Se SS (83-7) 
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wherein u is the energy density and S is the vector representing energy 
flow. Our last equation therefore actually goes over to the well-known 


form d 
-| «nav -[s, dA aac dV (83.8) 


and thus explains the designations used in the last row of (83.6) where 
A is now used for area. 

We now examine the first of the four equations (83.2). Integrating 
over a space-like volume V gives 


~ | (ela. 0 Tig wailies 1a 
[nav =i re ose lay T,,4V 


On the left here, since f; =f, we have the x-component of the resulting 
force F which acts on all charges contained within V. The complete 
equation must therefore have the same significance as the momentum 
theorem, equation (56.5). Since, in accordance with the rules of 
classical mechanics, the force F gives an increase of the momentum Jj, 
of the inert masses bound up with the charges, we shall write the left 
side of the equation (pending later justification of this interdependence 
in relativistic mechanics) in the form 


= —M (83.9) 


The first term on the right side permits transforming to a surface 
integral 


pr , cos <n, x>-+ 7,2 cos (n, y> + T,3 cos <n, z»>)dA 


and can be interpreted as the x-component of all surface forces acting 
on the surface of V. The last term is to be interpreted as a momentum 
density connected with the electromagnetic field: 

1 i 


i= 5 eS pe (83.10) 


In all, therefore, and in agreement with (56.7), the first three equations 


(83.2) give us d 
£1 su+{ 5avt = r. dA (83.11) 
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in which the vector T,, is constructed from the unit-normal vector n and 
the components of the stress tensor (83.5a) thus: 


(T,,), = Ty, Cos <n, X> + T,, cos <n, y>+T,,cos<n,z> (83.12) 


Our justification for the symbolism introduced in (83.6) has not yet 
made any reference to the special connection given in (83.5) between 
the components of T,, and the electromagnetic field quantities. It 
would hold for any force density which can be written in the form 
(83.2). A property of particular importance in our special tensor 
(83.4) resides in its symmetry. From this there follows from (83.7) and 
(83.10) the fundamental relationship 


S = je? (83.13) 
between energy flux and momentum density, though to be sure only for 
the electromagnetic field in vacuo. Later we shall be able to interpret 
this same equation in a much more general way, and then a// mechanical 
forces and momenta will be included in our formulae. 


So long as no charges are present, the force density in equation (83.2) equals 
zero. As an example, let us consider a light ray travelling in vacuo, having been 
emitted at,an earlier time by some light source. In the entire region of such a wave 
train the energy momentum tensor satisfies the equation 


2 elu 


x =0 (83.14) 


B 


We wish here to append a proof of the following theorem: 

If a four-dimensional tensor Ty, differs from zero only in a finite region of space, 
and if in this region, within the meaning of equation (83.14), it is source-free, then 
the integral over all space, 
| TaydV (83.15) 


has the character of a four-vector. 


For the special case of our hitherto considered electromagnetic tensor Tyu, 
this means that the total momentum and the total energy ef a closed wave train 


Hes =2 | Tuav 
c 


(83.15) 
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transform in going over to a moving coordinate system like the four components 
of a vector. 

For the proof we introduce the following lemma: Let Ay be a four-vector 
different from zero only in a finite region of space, its divergence vanishing every- 
where. From the fact that Ay is source-free it follows next, with the help of Gauss’s 
theorem, that 


aA 
1 YR arr deadesdxs = | Avas =6 (83.16) 
y OXy 


where the integration is to extend over the surface of any region of four-dimensional 
space. Accordingly, we make the special choice of a region which is bounded by 
the two regions x4 = constant, and x4’ = constant, i.e. two simultaneous cross- 
sections of our radiation-filled world tube, the simultaneity being understood to 
be at one time in the sense of the first observer, and at the other time in the sense 
of the second observer. 

For the space region thus chosen, Gauss’s theorem has the form 


)) a ee | Aa’ dx‘ dxa! dxs' (83.17) 


The integral extending over all space and over the time-like components of the source- 
free four-vector Ay is invariant against a Lorentz transformation. 

With this lemma our question is settled in the following manner: Let py be an 
arbitrary four-vector which, however, is constant in space and time. With this we 
construct the vector 


4 
~ PyTyy 


v=] 


which now satisfies all conditions of our Jemma if Tuy satisfies equation (83.14). 
We can therefore conclude that the quantity 


4 4 
Y) pv | Tord¥ =) pv’ [to’av’ 
v=1 


v=1 


is an invariant, Since, however, Py is an arbitrary four-vector, the four-character 
of the quantity fT4vdV is demonstrated. 


$84. The plane light-wave 

In this section we shall apply the results of relativistic electro- 
dynamics to the case of a plane light-wave. In so doing we shall answer 
a whole series of questions in optics (Doppler effect, aberration, reflec- 
tion at a moving mirror). Naturally these problems can be handled 
without recourse to relativity theory, i.e. solely on the basis of Maxwell’s 
equations which, as we have already seen, satisfy the relativity postulate. 
The use of relativity methods, however, brings an essential simplifica- 
tion. It permits the laws of the Doppler effect, etc., to be immediately 
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derived merely by applying the transformation formulae (connecting 
one system to another that moves with respect to it) to the quantities 
characteristic of light waves. 

We begin with the description of a linearly polarized wave, of 
frequency v and wave length A (in the unprimed system), moving in the 
direction n= (n,,n,,n,). The wave is described by the equations 


E — Ey ee H = Ho (@ BD (84.1) 
with the abbreviation 


@ = anv 1b eters) (84.2) 


for the ‘‘phase”’ of the motion of the light. Ey and Hy are two constant 
vectors which are perpendicular to one another and to n, and of equal 
magnitude. From the standpoint of the primed system the waves are 
described by equations of the form 


BE =E,e* =e! (84.3) 


in which ©” is given by the expression analogous to (84.2), namely 


®@’ = 2ny’ (v-Stttee) (84.4) 
Cc 


We consider next the transformation of the phase. This must ob- 
viously be an invariant of the Lorentz transformation—for, the state- 
ment that at a world point the phase is equal to zero (or an integral 
multiple of 27) is certainly an objective statement, quite independent of 
the coordinate system. We have therefore that 


o=0' (84.5) 


or, if (84.2) and (84.4) are introduced and if, on the basis of the Lorentz 
transformation (76.5), the unprimed coordinates are substituted for the 
primed, we have 


( xn,+ eS) 
y| ft ————__——___ 
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Since this equation must hold as an identity in x,y,z,t, the following 
transformation formulae for frequency and direction of a plane wave 
are immediately obtained: 


i et EPO wn. = y’ B+ ny 
NCEE) x J/d=8?) (84.6) 
vny = v'n, Vie vine 


The expressions (84.6) include, first of all, the phenomenon well 
known as the Doppler effect: the change in colour of light emitted 
from a moving source. Thus, a light source at rest in the primed 
system emits in all directions, i.e. for all n’, the colour v’. Then, for an 
observer moving toward the light source with velocity v parallel to the 
x-axis, the colour depends upon the observation direction n, or more 
accurately stated, upon the cosine n, of the angle between the direction 
of observation and the direction of motion. This interrelationship is 
most simply obtained from the first equation (84.6) by exchanging the 
unprimed quantities for the primed, and at the same time substituting 
— B for B (relativity of the two systems), giving 


i yy (84.7) 


This equation describes the Doppler effect for an arbitrary direction of 
motion. If, as a special case, the light source moves directly toward an 
observer, or directly away, then we obtain the longitudinal Doppler 
effect, familiar also from elementary physics. From (84.7), with 
n, =n,= +1, we have 


SCE 
Veiga g = LE hs) (84.7a) 


A different expression is obtained for the case where the motion of the 
light source is perpendicular to the direction of observation (7, = 0): 


v=v' /A—f?) (84.76) 


Since this change of colour in the transverse Doppler effect is, in 
contrast to the longitudinal effect, proportional to B?, its smallness has 
so far prevented experimental verification. 
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The assertions contained in the last three equations (84.6) concern- 
ing the change of direction of a light ray in the transfer to a moving 
coordinate system underlie the phenomenon of aberration in observing 
the light coming to us from a fixed star. Let a fixed star, for practical 
purposes at infinity, be at rest in the primed coordinate system and 
let it emit a light wave in the direction n,=0,n,=1,n,=0. In the 
primed system the light wave is perpendicular to the direction of 
motion, in our case perpendicular to the direction of the earth’s trajec- 
tory. For an observer moving with velocity v in the negative x’-direc- 
tion, but at rest on the earth, we have from (84.6) for the direction of 
the light ray: 


= EERE 
hee pam 
, — R2 
n, = we = (1-6) (84.8) 
eu Jab 
‘eA in 


For this observer the wave front therefore appears inclined at an angle 
a, that is 

B 
~ J(=B?) 


This tilting of the wave front is an immediate consequence of the 
Einstein definition of simultaneity. In the primed system the phase 
planes, i.e. the planes upon which the phase ®’ has a certain constant 
value at a certain time 7’, are parallel to the x’z’-plane. Pictured as 
something objective and independent of the coordinate system, these 
planes are no longer considered as phase planes from the standpoint 
of the unprimed system. This is because on those planes, in the un- 
primed system, the phase ® does not have the same value at all points 
at constant time—for, two events (in our case an event occurring when 
the phase acquires a given value at a certain point in space) which in 
one system take place at the same time, are found in another system 
to take place at different times. 

Finally, we consider the reflection of a plane light-wave by a Inoving 
mirror, a physically important phenomenon upon which;,among other 
derivations, the thermodynamic derivation of the Wien displacement 


& 


“ 
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law in radiation theory rests. The phenomenon follows in a simple way 
from a double application of the transformation expressions (84.6) if 
we consider the ordinary laws of reflection to hold in our own reference 
system. We imagine the plane of the mirror to be perpendicular to the 
x-axis. With respect to the unprimed system the mirror has velocity v 
in the positive x-direction. A plane light-wave, of frequency v9, whose 
propagation direction makes an angle 0) with the x-axis, is incident 
upon this mirror. After some brief calculating we obtain for the 
frequency v of the reflected wave and for the angle between its propaga- 
tion direction and the x-axis, the relations 


1—2f cos 05+ B” 
Y= yg TE we vo(1— 28.0080) 


cos 05 —28 + B* cos 95 
1—28 cos 05+ B? 


sin 6) (1— B) 
1—28 cos 05+? 


cos 0 = — ~~ —cos Oy +26 sin” 05 (84.10) 


sin 8 = = sin 09 +28 sin 89 cos 8 


(including their non-relativistic approximations for the case always 
realized in practice, namely where fh” < 1). 

With regard to the transformation properties of a light wave, we 
have so far made use only of the invariance of the phase against a 
Lorentz transformation. We wish now to investigate how the amplitude 
of a light wave changes in going from one coordinate system to another. 
We first of all establish, then, that on account of the relativistic invari- 
ance of the Maxwell equations in all coordinate systems, the E and H 
vectors of a light wave always remain at right angles to one another, 
and that if E and H are equal in one system they are equal in all others. 
Mathematically, this means that, as we have already established in §81, 
the expressions (E.H) and FE? —H?’ are invariants against a Lorentz 
transformation; for plane waves both expressions have the value zero. 

We shall now derive the transformation of the separate amplitudes 
for the special case of a plane wave, where both the wave normal and 
the electric vector lie in the xy-plane. If we designate the amplitude by 
A and the direction cosines of the wave normals by n, and n,, then the 
field strengths (84.1) of the wave are given by 


le Age E, = —An,e'® E,=An,e® (84.11) 
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Corresponding expressions hold for the primed system. Now, from 
§81, the following transformation relations hold between the unprimed 
and the primed field quantities: 


H! + BE; E' + PH, 
H, =—-_ E,=—— E, = El, (84.12) 
JG-P) 0-2 
and out of these we obtain the following relations: 
1+ Bn}, n,+B 


A=A' n,A= A’ ———,  n,A=A'n, (84.13) 


Vee CS) 
By dividing these equations by (84.6), identical transformation formulae 
for the direction of the wave normals are, on the one hand, obtained: 
n.+B en Cea) 
= = 84.14 
i= epee oan ae 
On the other hand a comparison of the first equation (84.13) with the 
first equation (84.6) shows that the amplitude A transforms like the 
frequency v: 

é A_ A’ 


, 


vy V 


(84.15) 


We proceed now to a consideration of the total energy of a wave 
train in a given finite volume moving with the wave. This is 


= 1 Ps aD ane 1 2 
u- =e +H yav = | dV (84.16) 


We wish to investigate how great is the energy U’ of the same wave 
train when observed from the primed system. We have already learned 
how the amplitude transforms. We have now to obtain the trans- 
formation of (moving) volume. Here we meet with the difficulty that 
the observed volume moves with the velocity of light, so that we 
cannot ascribe to it any rest volume. In order to get around this 
difficulty we consider a certain region of rest volume Vy in motion with 
respect to the primed coordinate system with velocity u’, this velocity 
making an angle 0’ with the x’-axis. Seen from the primed system the 


volume is ; 
y'2 ‘ ia oa 
ea be f-3) “* (84.17) 
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It moves with respect to the unprimed system with a velocity u, given 
by the addition theorem of velocities, and for which in (77.7) we have 
found the value 
= u'? 4+2u’vcos 0 +0? —(u'*v7/c) sin? 8’ 
[1-+(u’v/c?) cos 6’)? 


In the unprimed system the region under consideration has the volume 


V=V, -3) _ py Vlaw*leJA=r7le) (ga 18) 


2 1+(u'v/c”) cos 6’ 


Comparison with (84.17) shows that V is connected with V’ through 


the relation 
7 es 
.  14+(u'/c)Bcos 0’ 


Without further trouble we can pass over in this equation to the limit 
u’—>c, obtaining the following transformation relation for the volume 
moving with the velocity of light: 


hems ad VG-8) = els, (84.19) 


~ 1+ cos 6’ 1+fni, 


Comparing this expression with the frequency equation (84.6) we see 
that V transforms like 1/v, and that therefore Vv is an invariant. 
Consequently from (84.16) we know that U must transform like v, and 
so we obtain the relation 


ae (84.20) 


ie. energy values of a wave train as measured by different observers 
compare in the same way that frequencies are compared. 

This result is of special interest in the quantum theory of radiation, 
according to which light behaves in energy interactions with matter as 
if it consisted of discrete light quanta of energy hv, h being Planck’s 
constant. If we imagine the wave train to consist of Z such quanta, then 
its energy would be U=Zhyv. The invariance of the quantity U/v re- 
quires that the product Zh be also an invariant. Z is of course invariant 
since it is an ordinary number. It therefore follows from our result 
(84.20) that Planck’s constant is an invariant against a Lorentz trans- 
formation. 
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Along with the total energy we consider the total momentum of a 
plane light-wave, the magnitude and direction of which are given by 
the expression 


1 U 
=i [exna-2 lea" (84.21) 
4nc 4nc c 
Designating the invariant U/cv by C, we have now 
1 iz 
C =—— | E*dV (84.22) 
4nve 


and we can write the momentum components and the energy in the 
form 


U 
J={JsJoJs}=Cvn  Jg=it=Civ (84.23) 


In accordance with the concluding considerations of the last section, 
this means that the total momentum and total energy can be united in 
a four-vector, since the quadruplet 

.S . 


(vn,, vy, vn,, iv) = (V4, Vas V35 V4) (84.24) 


is to be looked upon as comprising the components of a four-vector. 
This follows not only from the transformation formulae (84.6) for these 
components, but we could have concluded this also from a considera- 
tion of the phase (84.2) which, by applying the symbolism of four- 
vectors, can be written 


4 
® = SS y V; x; (84.25) 
i=1 


Since the phase is an invariant, the four components v,; must represent 
the four components of a four-vector. This vector, incidentally, has the 


special property that its magnitude Lv; vanishes. The same then 


naturally also holds for the momentum-energy vector (84.23), and this 
requirement is again identical with the relation J = U/c. 
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“a ARS 
As a special application of the foregoing discussion*tegarding the 
energy content and momentum content of wave trains, we examine the 
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radiation of an electron in arbitrary motion. We have already in- 
vestigated this radiation in §69 where, for the case in which the electron 
was at rest at the time of emission, we found for the change with time 
of its energy and its momentum 

dU 2e7¥2 dJ 


From these relationships we now wish to calculate the energy loss and 
momentum loss for an electron moving with velocity v. We shall 
succeed in doing this by writing in the four-dimensional form formulae 
(85.1), valid in the rest system of the electron, and then transforming 
these formulae to a moving coordinate system. 

In order to facilitate the transfer to four-vectors (having introduced 
the proper time t of the electron), we write (85.1) in the form 

0 222 0 
li (85.2) 
dt 3c dt 


We establish —dU° and —dJ° as the energy and momentum of the part 
of the radiation field emitted during the time interval dz. This part of 
the field radiates independently of the rest of the field and does not 
interfere with the radiation emitted previously or subsequently. We 
may therefore regard it as a closed wave train. For such, however, 
according to §83, the energy and momentum form a four-vector which 
for our case we shall designate by —dJ,. We can then combine the 
two equations (85.2) into a four-dimensional vector equation 


dJ, 2e7v2 


ee 85.3 
dt aon 2) 


which, in the rest system (u? =u? =u$=0; uf =ic; J4=iU°/c) goes 
over to equation system (85.2). 

We have now to express the rest-system acceleration Vo in terms of 
the acceleration ¥ in an arbitrary system. For this we recall the pro- 
cedures of §80. There we recognized the acceleration as a space-like 
vector, so that by using (80.6) we can write 


_W-(W x vic)? 


Joe lik = GB (85.4) 
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Putting this expression into (85.3), introducing the time ¢ in place of 
« (with dr =dt,/(1—?)), we obtain in the usual form the two ex- 
pressions 


dU 2e3 ¥7—-(# x vc)? dJ 2e2v v7 —(¥ x v/c)? 
a 308 «(A —B) ho oe =e 


in agreement with the corrections given in §69 to formulae (85.1) for 
the case of a finite electron velocity. 


We wish to consider briefly, and to formulate with relativistic invariance, the 
auxiliary conditions which have made the differentiations in §69 so detailed, namely 
the prescription required by retardation that for the field at a place r and time ¢, the 
electron’s location and condition of its velocity at time t’ = ¢ —|r—r’ |/c are 
the definitive data. This prescription is identical with the requirement 


33 Ry2 = r—r’)2—cAt —¢')2 = 0 (85.6) 


in which Ry means the coordinates of the four-dimensional distance vector from 
the source point (x’, y’, 2’, ict’) to the field point (x, y, z, ict). 

Had we attempted to solve the problem treated in §69—the calculation of the 
field of an arbitrarily moving electron—by using four-dimensional formalism in 
addition to the formulae of §81, and had we thus in particular proceeded from the 
potential equation (81.6), we should have met with considerable mathematical 
difficulty; the key to the solution in the three-dimensional case was the application 
of Green’s theorem using the basic solution f = 1/r of Laplace’s equation V2f = 0. 
The four-dimensional counterpart of f = I/r is F = 1/R2, the solution of OF = 0, 
in which R = {Ry} again means the four-dimensional distance vector. In using 
Green’s theorem in four dimensions, however (in contrast to the three-dimensional 
case) there enter infinitely large contributions from the surface integrals—for the 
potentials do not vanish for t > © on account of the constancy of total charge in 
space, which influences a field even after an infinitely long time. A further difficulty 
is that the basic solution 1/R2 in four dimensions is not only infinitely great 
at the field point (like the solution 1/r in three dimensions) but is also infinitely 
great on the three-dimensional “conical surface” R? = r2—c2s2 = 0. For four- 
dimensiona! potential equations recourse must be had to other methods of integra- 
tion, specifically, by going back to solution procedures already discussed in §66 
and §69. 
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CHAPTER E III 
The Relativistic Electrodynamics of Material Bodies 


§86. The field equations 


Proceeding from the conceptions of the electron theory, we have 
derived the field equations in chapter DIV for slowly moving bodies. 
Even in the special case of non-magnetizable bodies treated there a 
detailed consideration of the motions of the electrons in matter was 
necessary. Now it is a very noteworthy achievement of relativity theory 
that, as Minkowski first showed, the field equations, solely from the 
requirement of their invariance under Lorentz transformations, can be 
written down for moving bodies as soon as they are known for the rest 
case, and this without having recourse to any additional atomic hypo- 
theses. 

We know the field equations for the rest case. They are identical 
with the usual Maxwell equations. In the rest system, which we designate 
by the superscript °, they are: 


oD° 
curl H® = : = gtee div D® = 4zp° 
(86.1) 
0 
curl E° = —— divB° =0 


In addition there enter the constitutive equations 
D° = cE® B° = »pH° (86.2) 
and 2° = oK° (86.3) 


if we limit ourselves to bodies whose properties are uniquely described 
by the three constants relating to material media, namely o (electrical 
conductivity), ¢ (permittivity), and » (magnetic permeability). 

In setting up the field equations for an arbitrary coordinate system 


we, like Minkowski, allow ourselves to be guided by analogy with the 
367 
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corresponding vacuum equations ($81) to which in the absence of 
matter (i.e. for e=u=1; o=0) our desired field equations must 
revert. We have seen in §81 that for the case of a vacuum the field 
equations can be stated in four-dimensional form if we combine the 
field quantities E and H in a certain way in a skew-symmetric tensor. 
In our case, however, there result not two but four field vectors with 
altogether twelve components, and there is the obvious suggestion that 
instead of introducing only one field tensor, two should be introduced. 
Now in those equations (86.1) in which the charge enters, only H and 
D appear, and these would be combined in such a tensor. The other 
two quantities E and B appearing in the remaining equations (86.1) 
would form a second tensor. Accordingly, we define two tensors F,, 
and H,,, as follows: 


i We a jeato: 1 2b oe OL 
Pt 5 ome iz, _|H, 0 F.-i, 

Fu=| g —p 0 —ig.| "™ "| H,-H, 0 —iD, oe) 
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A 
It is easily established that for the rest system the two equation systems 
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agree with equations (86.1) if, in this system, the current vector has the 
components sy, with 


= (Gyo. gree) (86.6) 


In the four-dimensional form the relationships (86.5) thus re- 
present an equation system which, in the rest coordinate system, is 
identical with the Maxwell equations (86.1). In accordance with the 
basic principles of relativity theory, however, equations (86.5) must be 
valid in all coordinate systems; thus they represent the desired equations 
for moving bodies. In vacuo they agree with the equation system (81.15) 
since in this case, as indeed follows from the Maxwell equations and 
as will be fully shown later, E becomes equal to D, B becomes equal to 
H, and thus the two tensors F,, and H,,, become identical... 

Through (86.4), therefore, for all coordinate systems, we have 
defined field vectors E, B, H, D, their connection with the corresponding 
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vectors in the rest system being determined by the tensor properties of 
F,, and H,,. Thus we have the equations: 


E, = E° B, = B° 

= =e +BB9) B= <5 (Bo — BE? 
B=) B= aa 

D, = D® i i (86.7) 
Dy = qmpROetBHD) — Hy= Tap HS 0D 

D.= Be pH?) Hi, = ae +BD°) 


The electric field strength E is not determined by the electric and 
magnetic field strengths in the rest system of the body, but from the 
electric field strength and the magnetic induction in this system, fully 
corresponding to the expression for the Lorentz force which we have 
often used. 

When terms of order f? are neglected, the transformation equations 
(86.7) assume the simple form: 

E=Fo-’xB° = B= B°4~ x E° 
4 (86.8) 


D =D°-~ x H° H = H°+- x D° 


The force density f, for a moving charge element derives from the 
three-dimensional force density for charges at rest, thus 


f° = p°E® 


In four-dimensional formalism this equation is 
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According to (86.4) and (86.6) the vector of the three-dimensional force 
density is therefore 
f= pE+" x B 


in agreement with classical electrodynamics. 

The four-current s, requires special consideration. From (86.6), its 
three space-like components in the rest system constitute the conduction 
current g°, while its time-like component is proportional to the charge 
density p°. For an arbitrary coordinate system with respect to which 
the body moves in the x-direction with velocity v, we expect, in addition 
to the conduction current, the appearance of a convection current 
occasioned by the motion of the charge, whose density is p®. We 
therefore make a distinction between the conduction part (s,); and the 
convection part (s,)x of the current, the sum of the two being the total 
current s,. If we follow the individual parts of these two currents in the 
transfer from the rest system to a moving system we obtain the follow- 
ing scheme, based on the Lorentz transformation: 


*S Convection Current Conduction Current 
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With respect to the convection current there is nothing new to mention; 
it agrees with the current considered in §70. In regard to the conduction 
current, however, there is the surprising appearance of a time-like 
component which means that every current-carrying conductor appear- 
ing to a co-moving observer to be uncharged (p° = 0), carries an electrical 
charge of density 
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This result is an immediate consequence of the Einstein definition 
of simultaneity and is clearly understandable from it. Let us consider 
a metal rod at rest, through which an electric current flows in the 
longitudinal direction. There are in this rod positive ions at rest, and 
electrons moving in a direction opposite to the current. Let us draw 
(figure 70) the world lines of the electrons and ions in the x°ct°-plane. 
Thus for the ions we obtain the dashed lines which are parallel to the 
ct®-axis. For the electrons, however, we have the slanted solid lines. 
On account of the rod’s electrical neutrality, there naturally issue from 
a finite section of the rod equal numbers (on the average) of world lines 


ct; ct, 


x 
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Fig. 70.—Conceptual interpretation of the charge density according to 
von Laue, making use of the world lines for the positive ions (dashed 
lines) and the negative electrons (solid lines) 


of each kind. We now consider this world-line picture from a moving 
coordinate system with axes Ox and Oct. We see that in a given section 
of the x-axis there are no longer equal numbers of electrons and ions 
to be found. In the case illustrated in the figure only ten electrons are 
associated with something like eleven ions, so that in this region the 
rod appears to possess a net positive charge. 

In §81, in the context of electron theory, we stated the rule that 
the total charge \pdV in a given region is invariant under a Lorentz 
transformation. This rule yielded the fact that in going over from the 
rest system to a moving system the charge density becomes greater in 
the ratio 1:,/(1—?), the volume however becoming smaller in the 
proportion Vl — B):1 because of the Lorentz contraction. This rule 
naturally holds for an electric circuit, provided we speak of the total 
charge of the complete closed circuit. It does not, however, hold for 
a part of a current-carrying wire, since the differing simultaneity in 
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systems in relative motion also leads to differing statements about the 
amount of charge contained in a given part of the wire. That the total 
charge of a closed system is, however, a relativistic invariant and is 
thus constant in time, follows immediately from electron theory— 
for the charge of single ions and electrons has the same value te in 
all systems; in other words the number of ions and electrons in a closed 
system does not vary. Therefore the total charge in all reference 
systems must be the same, and consequently constant in time. The last 
follows, incidentally, from the equation of continuity of charge: 


0s; 0 
ae or dive+—p (86.12) 
which follows from the first equation (86.5) by taking the divergence. 
By integration of this equation over the whole volume of the closed 
system we obtain the relation 


d 
AG dv =0 (86.13) 


Fig. 71.—Charge density in a current-carrying metal ring in motion 


A system which, for a co-moving observer, is uncharged (p° = 0) carries 
no net charge for any other observer; for every closed system the 
volume integral over the charge density of the conduction current 
vanishes, 


[av =0 (86.14) 


even when there is a net charge in the rest system. — —. 
By way of illustration we consider a metal ring (figure 71) lying in 
ans 
i. 
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the xy-plane and carrying a current /°. When this ring moves in the 
direction of the positive x-axis with the velocity v, then, according to 
the results just obtained, it acquires a charge density which is net 
positive on the half-circle ABC, and negative throughout CDA, but 
such that the total charge (upon which the current density depends) is 
equal to zero. The ring possesses an electric moment whose direction 
is perpendicular to the velocity and to the axis of the ring current. We 
shall meet this phenomenon again later, finding that with every moving 
magnetic dipole m (of which, as regards the magnetic field produced at 
large distances, our circular ring can be considered an example) there 
is necessarily associated an electric dipole given by the expression 


p= - x m (86.15) 

The foregoing treatment is incomplete in that we have yet to 
consider what form the constitutive equations (86.2) and (86.3) take in 
any arbitrary system. They can of course be obtained by introducing 
the transformation formulae (86.7) in the constitutive equations for the 
rest system. We wish however to choose the way, already used several 
times in these paragraphs, of transcribing in four-dimensional formalism 
the equations valid in the rest system. 

We begin with the transcribing of Ohm’s Jaw and we must find an 
equation between the conduction current (s,), and the field quantities 
which, for the rest system, agrees with (86.3). We assert that the 
equation 


o 
(s,)1 = =F a ua (86.16) 
Cu 
where u, is the four-velocity of the matter, satisfies this requirement: 
it is a bona fide four-dimensional equation and, as may be easily shown, 


it goes over in the rest system to equation (86.3). In ordinary vector 
formulation we have for the first three components 


o v 
= ———,,| E+- x B 86.16a 
while from the fourth equation it follows that 
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This is the equation already found in (86.10) for the charge density of 
the conduction current. 
Further, it is easily shown that the two constitutive equations 


Dalat = EQukiva tly 
H B (86.17) 
Fy UgtFyguyt Pity = MA, Ua+ Ayu + Ay, Uy) 


represent the correct four-dimensional equations for the two relations 
(86.2). Through (86.17), the vectors E, H, D, B for any arbitrary 
system are connected with one another in a proportionately more 
complicated fashion. In ordinary vector formulation they read 


D+- xH= (E+? x B), B-- x E= u(H-* x D) (86.18) 


Solving for the two vectors D and B we obtain 
D= agelea-p ree]! x H-<2(*e) } 
es : oN (86.19) 


pa Vv v/v 
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as can be easily shown either by direct calculation or by substituting 
(86.19) in (86.18). We know from (86.19) that as stated earlier, for a 
vacuum (where ¢ = » = 1), D becomes equal to E, and B equal to H, so 
that in this case the two field tensors F,, and H,, are identical. 


§87. The moments tensor 


The means by which the results of the foregoing paragraphs have 
been obtained from the Maxwell equations for media at rest have been 
purely formal: the sole basis was the requirement of relativistic invari- 
ance. There was no mention made of the dielectric polarization P or 
the magnetization M, both being indispensable concepts in any atomistic 
representation. We now wish to examine these quantities from the 
standpoint of relativity theory and to investigate the result obtained 
to the extent that it provides an intuitive interpretation within the 
framework of electron theory. For this purpose we define the moments 
tensor M,, by the equation WG FEN, 

SAd> : 
F,, = H,,+40M,, — x (87-1) 
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If for the components of this new tensor the designation given by the 
following scheme be introduced, 


0 M, —M, iP, 
_|-M, 0 M,, iP, 
M,, a M, —M, 0 iP, (87.2) 


-iP, —iP, —iP, 0 
we see immediately that (87.1) is identical with the equations 
B=H+4cM, E= D—4nP (87.3) 


of the Maxwell theory. 

The four-dimensional presentation at once yields the general trans- 
formation formulae for the polarization and the magnetization. We 
designate these quantities, as measured by an observer moving with the 
matter, by P° and M®. Then, according'to (80.18), another observer 
with respect to whom the matter moves in the x-direction with velocity 
v, will obtain for the polarization and the magnetization the values: 


P,= pe M,= M? 
1 
Py TB) Ba Po — BM) J Ne ap Ms + BP (87.4) 
1 
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These formulae provide an interesting connection between the two 
three-dimensional vectors under consideration. A body which, in 
its own rest system, is electrically polarized but not magnetized, 
appears to a moving observer to be not only polarized but magnetized 
as well. Conversely, a body which appears in the rest system to be 
only magnetized (such as a magnetized iron rod) will, owing to its 
motion, appear to a moving observer to carry an electric moment. 

For a closer look into these matters we examine first the case of a 
body which in its rest system is electrically polarized, but not magnetized. 
Our earlier consideration (§70) showed that this polarization P, through 
motion, implies a contribution @P/dt+curl(P xv) to the total current; 
thus the first three Maxwell equations (for slowly moving bodies) can 
be written in the form 


1a 4 
curl(B=4nP x ) =- © &+4nP)+—(g-+ pv) (87.5) 
Cc cat c 


376 EI. The relativistic electrodynamics of material bodies 


We arrive at this same result with the help of our newly obtained trans- 
formation formulae (87.4) if in them we let M° = 0 and if in addition 
we restrict ourselves to small velocities (i.e. where B? <1): 


P = p° M =P? x- (87.6) 


Putting this result into the Maxwell equation (87.5), and taking into 
account the relationship between B and H given by equation (87.3), 
we obtain the simple expression 
oD 4x 
curlH = : ee 

being the first field equation for slowly moving unmagnetized bodies. 
This expression is in complete agreement with our earlier considerations 
(§70) based on electron theory. It should be noticed that even in 
non-magnetizable bodies the vectors B and H are no longer identical; 
rather they differ by the magnetization P x v/c which itself is different 
from zero. 

We consider now a body which in its rest system has no electric 
moment but has a magnetic moment—as, for example, a moving 
permanent magnet. In this case formulae (87.4) furnish a new result, 
one not expected from classical electron theory. If here again we 
restrict ourselves to terms of the first order in v/c we find from (87.4) 
that a moving permanent magnet is accompanied by an electric moment 
given by 


P= : x M? (87.7) 


We wish to render plausible the existence of this effect by considering a single 
atom possessing a magnetization electron which moves in a circular orbit. Let the 
trajectory of this electron be given in the rest system of the atom by the equations 


x’ =r’ cos w(t’ — ta) y’ =r’ sin w(t’ — to) (87.8) 


The orbit, lying in the x’y’-plane, has radius r’; the circular frequency of the electron 
is w’. The world line of the electron is pictured in figure 72, which, however, gives 
only the projection of the world line on the x’ct’-plane. The y’-axis has to be 
imagined as being perpendicular to the plane of the paper. The points 0’,1’,2’,... 
given in figure 72 are the places where the electron goes through the x’ct’-plane, 
i.e. places where y’ = 0. y’ itself is therefore positive from 1’ to 2’; .it,is,negative 
from 0’ to 1’, and from 2’ to 3’, etc. The projections of these points on he ct’-axis 
are naturally equidistant, for the electron remains just as long in ‘the region of 
positive y’ as in that of negative y’. The time average of y’ is equal toNero. 
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: If now we pass over to a system with respect to which the atom moves with velo- 
city pin the x-direction, then, according to Minkowski, this entails a newly oriented 
motion diagram, the new axes being rotated with respect to the old through an 
angle ¢ = tan-!8. The y-coordinates are not however changed; the points 0’, 1’, 
2’,... are also for the new system the points where the electron passes through 
the xcf-plane. The time values for these transits are, however, altered, as can be 


Fig. 72.—Observation of circular motion (87.8) in two coordinate 
systems in motion with respect to one another 


seen from the projection of these points on the f-axis. The electron takes longer, 


for example, to go from 2 to 3 than from 1 to 2. Over a complete cycle, therefore, 
T 

the time average y = 7{ ydt comes out negative. This result of a time average 
0 


different from zero is just another way of saying that an electric moment exists— 
for the nucleus always lies in the xcf-plane (y = 0), while the electron on the 
average lies in the plane given by y = y. The magnitude p of the dipole is p = — eo; 
the direction for the case considered is that of the y-axis, i.e. perpendicular to the 
direction of motion. 

The resulting electric moment is easily calculated. For this we need merely 
apply the Lorentz transformation to the equations of motion (87.8); for the 
relationship between ¢ and ¢’ we then obtain 
ag eater COs ca 
c2 c2 
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and therefore 
o’vr’ 
ie 

dt = c2 

dt’ Vf) 
Since y=y’ =r'sinw’t’ and T=T’/V/(1—f2), with T’ = 2n/w’, the time- 
average of y in the new coordinate system is equal to 

1?’ dt o’or'2 


Sn ce ae 


On multiplying by the electric charge, we obtain for the electric moment of the 
moving atom the value 


sin w’t’ 


eour’2m’ 
2c2 


The magnetic moment associated with the circular motion (87.8) is given by the 
simple relationship m = IS/c, where S is the area of the electron orbit and J is 
the quantity of charge which flows per second across any cross-section cutting 
through the electron orbit. Accordingly, the magnetic moment of the atom is 


Py = —-ay= 


eor’2@’ 
2c 


The electric moment is then connected with the magnetic moment through the 
relationship 


n=m= 


v v 

. Py = — Me p=oXm (87.9) 

If, again, we compare the two symmetrical results (87.6) and (87.7) 
of relativistic reasoning, we see that although (87.6) is immediately 
understandable from the standpoint of classical electron theory, (87.7) 
very definitely requires the Einstein concept of time. As can be seen 
at once from figure 72, adherence to the concept of absolute simultaneity 
would never lead to an electric moment such as that required by equa- 
tion (87.7). This stands as an exact parallel to the fact that the magnetic 
field of a moving polarized medium can be directly calculated from the 
Maxwell equations by a careful consideration of the transport of 
charge, while for calculating the effective E-field for motion with respect 
to a magnet we need the concept of the Lorentz force which is foreign 
to the Maxwell theory but is derivable by relativity theory. 


§88. Unipolar induction 


In §71 we learned about Eichenwald’s investigation. This provided 
us with the proof that the motion of a polarized dielectric produces a 
magnetic field. The magnetization 
ARES 
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comes from the dielectric which in the rest system is unmagnetized. 
While this effect can be readily understood on the basis of ordinary 
electron theory, there is the inverse effect, namely the electrical polariza- 
tion of a moving magnet, given by the equation 


=* x M° (88.2) 


which is a direct consequence of relativity theory. An experimental 
demonstration of the reality of this second effect has apparently not 
been reported in the literature. From this we might suppose that the 
effect has escaped observation on account of its feebleness. Actually, 


Fig. 73.—Schematic diagram of the unipolar machine 


however, the effect corresponding to (88.2) has been known in the 
technical field for a long time under the name unipolar induction. The 
polarization (88.2) is not a phenomenon to be detected only by appara- 
tus of very high sensitivity; rather it permits the production of currents 
measured in thousands of amperes. From the usual descriptions in the 
technical literature, however, it is seldom clear that unipolar induction 
is basically a relativistic effect falling within the compass of equation 
(88.2). 

In technology the unipolar machine often takes the form of a 
cylindrical iron body which rotates on its axis and is magnetized 
parallel to it (figure 73). By means of two brush contacts, A (on the 
axis), and B (on the equator), a current can be taken whose e.m.f. is 
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customarily calculated according to the following prescription: The 


induction law 
1d 
pds = =—- a dS (88.3) 
cd 


is applied to the material integration path ACBVA. In the time dé 
this goes over to the path AC’B’VA, wherein the angle CAC’ is equal 
to wdt (w is the angular velocity of rotation). The increase of flux 
§B, dS in time dt is just that flux which passes through the sector of the 
iron surface ACBB’C’A. The e.m/f. is then equal to 


VO = -1| (v x ds)B= -2{" r|B x ds| (88.4) 
A A 


The integration path from A to B lies in the meridian plane containing 
both these points; r is the distance of the path element ds from the 
axis of rotation. Within the meridian plane the path of integration can 
be arbitrarily chosen. This is because of the source-free nature of B as 
well as the fact that the direction of B is always in the meridian plane. 

The same value for the potential between A and B, incidentally, can 
also be obtained by a consideration of the free electrons in metal. These 
electrons take part in the motion v of the rotating metal body, and the 
Lorentz force ev x B/c acts on them. Equilibrium can exist, however, 
only when throughout the volume of the metal this force is com- 
pensated by an electric field E= —v x B/c. Between the points A and 
B, a potential difference must therefore exist, given by 


B 


B 
= ps4 = -| Eds = Nx Bds= 2 (v x ds)B 


in agreement with the result obtained above. 

In what follows this unquestionably correct procedure for calculat- 
ing the electrical action will be carried through, not for the case of a 
rotating magnet, but, in the interest of having a broader perspective, 
for an iron bar in motion of simple translation. Our aim will be 
primarily to understand how the electric field comes into being. We 
consider a very long iron bar, of rectangular cross-section (figure 74). 
Its long axis lies in the x-direction. Let it be magnetized, inthe y- 
direction so that its upper surface is a north pole and itsdower surface 
a south pole. Whenever this bar moves in the x-direction with velocity 
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v, it can be used as a unipolar machine. Between the two brush contacts 
A and B there is an e.m.f. produced, of magnitude 


il B B 
yo 2 (vx as)B = -2[ B,,ds 
Cy aA CJA 


Instead of this we may ask what electric field there is in the neigh- 
bourhood of the moving bar. For the set-up we are considering, a 
particularly simple form of the relativity principle gives the following 


Fig. 74.—Unipolar induction in an arrangement involving translational 
motion. The electrical polarization of a moving magnet 


answer: On a charge e at rest, the motion of the bar produces the same 
force as when the bar is at rest and the charge moves with velocity —v. 
In this latter case, however, the force is equal to —ev x B/c. Thus the 
moving bar will give occasion for the existence of an electrical field 
strength 


E= -- xB (88.5) 


We say that it must come to the same thing whether the charges 
move against the force lines or the force lines move against the charges. 
Thus we imagine for the latter case that the force lines of moving 
magnets move with them as if they were rigidly attached needle spines. 
This description is not at present reconcilable, however, with any 
reasonable field theory—for the field B which the long moving bar 
produces where the charge is located is constant in time throughout. 
By a measurement of B in the neighbourhood of the charge it is com- 
pletely impossible to decide whether the bar is stationary or moving. 
While the existence of this field (88.5) is not questioned, its origin in 
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this description remains quite problematical. Actually this field is of 
a purely electrostatic nature; it proceeds from the electrical polarization 
of the magnet, as required by (88.2). In the illustration (figure 74) this 
polarization is so directed that the front face of the bar is positively 
charged, and the rear face negative. 

We now convince ourselves that the field produced by these charges 
is to be directly described by (88.5). To simplify the proof we consider 
M and P to be continuous functions of position; also, we consider any 
surface discontinuities as having been replaced by continuous transi- 
tions. Since any vector field is uniquely specified by its sources and 
vortices, it is sufficient to show that the field given by (88.5) satisfies 


the equations iin “anh curlE =0 (88.6) 


Since v is a constant vector, by the known rules of vector calculus we 
find from (88.2) that 2 
divP = — othe 


On the other hand, H being vortex-free, the curl of B is identical with 
the curl of 4nM. Consequently, according to (88.5), 


divE = “curlB = 4n~curlM 


Thus the first of equations (88.6) is proved. To prove the second 
equation of (88.6) we make use of the generally valid vector equation 
(v being constant): 


~auri(® x B) _ —"divB+_(vgrad)B 
c c c 


Here divB is always zero. The second term vanishes for the case of an 
infinitely long bar because in this case B cannot depend on x. Equation 
(88.5) is therefore really identical with the electrostatic field described 
by (88.6). 

Equation (88.5), incidentally, is also correct when, in place of a long 
bar, we have an arbitrarily oriented permanent magnet moving with 
velocity vy. Then, however, the E-field is no longer vortex-free; rather, 
aecording to the last equation, we have 


1 . 
curl E = - (vgrad)B “he 
c » 
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Since for a co-moving observer, however, the total derivative of B, 
1 6B : 
namely 0B/0t+(v.grad)B = 0, we have that curlE = —— er as required 
c 


by the induction law. The field (88.5) naturally also exists within the 
iron. In this region the effect on the co-moving conduction electrons 
is compensated by the Lorentz force ev x B/c. 

The existence of an electric field produced by a moving magnet, 
although known for a long time in electrotechnology, is actually only 
to be understood by the relativistic formula (88.2). In turn, as we have 
seen in the foregoing paragraphs, this phenomenon can be regarded as 
a direct consequence of the Einstein definition of simultaneity. 


CHAPTER EIV 
Relativistic Mechanics 


$89. The mechanics of mass points 


In §75 we showed that the basic equations of Newtonian mechanics 
are invariant with respect to a Galilean transformation. An essential 
characteristic of this transformation is that when two velocities are to 
be added they are simply added vectorially, i.e. in the following way: 

If an observer sees a given mass point moving with a velocity uw’, 
while at the same time he himself is moving with velocity v as seen by 
a second observer, then the second observer would assign the value 
u=v-+u' to the velocity of the mass point. As opposed to this, however, 
the foregoing chapters on Einstein’s principle of relativity together with 
the results of Michelson’s investigation have led us to make the claim 
that all laws of nature must be invariant with respect to the Lorentz 
transformation, so that in particular the Einstein addition theorem for 
velocities must possess universal validity. We can no longer therefore 
look upon the old Newtonian equations of motion as rigorously true 
natural laws. Rather we must seek to modify these laws so that they 
too satisfy the requirements of the principle of relativity. In this 
proposed modification we can allow ourselves to be guided by the 
observation that for the extreme case of very small velocities, the new 
equations must pass over to the old Newtonian equations. Actually, all 
discrepancies predicted for classical electron theory by relativity theory 
are of the order of (v/c)?. 

We begin by examining the motion of a mass point in a given force 


field. The Newtonian equations of motion read 
ae 89.1 

m—= ‘ 
oF (89.1) 


From these, in the well-known way, there follows the energy law 
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which states that the time rate of change of the kinetic energy of a mass 
point is equal to the work performed in unit time. We wish to consider 
how we may endow these equations with relativistic invariance. There 
are two different starting points from which we can proceed. We can 
either rewrite in relativistic form the equation (89.1) relating to the 
mass point, or we can proceed from the basic equations of electro- 
dynamics using the concept of the force density introduced at the 
outset. In §82 we have fully discussed the transformation law relating 
to the electrodynamic force density. An immediate carrying over of 
this transformation law to the force density of mechanics might at first 
sight appear suspect. Actually, however, the principle of relativity 
requires that the transformation law be the same for all forces, regard- 
less of origin—for, the statement that different forces acting on a mass 
point are in equilibrium, has an objective content which in its nature 
is independent of any actual reference system. If there were different 
transformation laws for different kinds of forces, then it could 
happen that observers in motion with respect to one another would 
arrive at contradictory conclusions regarding the existence of the 
equilibrium. 

We now follow the first course, namely that of the direct relativistic 
rewriting of the equations of motion (89.1). For this purpose we substi- 
tute for the velocity v the four-velocity u, with components 


v ic 
(uy,U2,U3) = Va—?) u, = Jd-F) (89.3) 


In addition, in place of the time element dt which depends on a parti- 
cular coordinate system, we introduce the invariant proper time dt. We 
characterize the inertia of the mass point by an associated invariant 
mass which we designate by mp. We then obtain the four-dimensional 
relationship for the equations of motion, as first given by Minkowski: 


du, 


=v 2,3, 4) (89.4) 
dt 


Mo 


in which the four-vector F, appearing on the right side is usually called 
the Minkowski force vector. In order to grasp the physical content of 
our modified equation of motion, and, in particular, to facilitate its 
comparison with (89.1), we resubstitute dt,/(1—B?) for the proper 
time dt, and for the u, we substitute their values given by (89.3). We 
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thereby obtain for the first three components of relations (89.4) the 
vector equation 
d Vv 


M— =r = 
dt /(1—B’) 
if we assume the connection between the first three components of the 


Minkowski force F, and the three-dimensional force vector F to be 
given by 


(89.5) 


(F,, F2,F3) = Fi (89.6) 


In order to find out the meaning of the fourth component of F,, we 
multiply the equation of motion (89.4) by wu, and sum over v from 1 9 


4. The left member is then zero because of the identity Ley = —¢’; 
therefore 
Fy oe eh ic 
Fou = 0 sor 
s i-P* Jap) 


The fourth component of the Minkowski force therefore has the 
meaning ' 


i Fy 
F,=-— 89.7 
Consequently, the fourth component of the equation of motion is 
Gain gic 
— ———_; = F : 
di JA—B9 v (89.8) 


The right side of this equation is identical with the right side of the 
energy equation (89.2) of classical mechanics. We are therefore led to 
regard the energy of our mass point as 


ee c? 
~ JG=v7Fe%) 


i.e. the time derivative of this quantity is equal to the power produced 
by the applied force. If we develop this energy E in a power series in 
increasing powers of v/c = B, we obtain 


E=moc’?+4my0v7+.. (89.92) 


(89.9) 


We shall later designate the first term (9c) of this deyelopment as 
the rest energy of the mass point. It is constant, yee of the 


AY 
cy 
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motion, and for the present it has no particular significance in the 
kinematics of our point. The second term is identical with the ordinary 
kinetic energy of classical mechanics. In the case of small velocities 
our energy is in fact, except for an additive term, equal to the kinetic 
energy in the old sense. As we shall see later, a rather profound 
meaning attaches to this additive constant. We can recognize this in 
a more formal way in that by multiplication of the four-velocity u, by 
the scalar rest mass mg we can derive a new four-vector 


Je That, (89.10) 
whose components have the meaning 


MoV i imgc 
J,,J,,J3)=J= —"* > ) 
ee SE Is) ae iE) 
The first three components of J, are therefore identical with the 
mechanical momentum vector J; the time-like component, on the other 
hand, is identical with the quantity iE/c. The invariant magnitude of 
this vector is given by 


(89.11) 


4 E?* 
—-> B==-P= mie? (89.112) 
yv=1 c 


If we wish to approach the dynamics of a mass point by way of 
the concept of the force density, we are obliged to treat the mass point 
as if it were a continuum, and to ascribe to this continuum a scalar 
function of position fy which we shall call the rest density. Since on 
the basis of the results of electrodynamics the force density f, has the 
form of a four-vector, we expect as equations of motion 


du, 
Ho =f, (89.12) 
5 


which refer to a particular mass element of the continuum. If now the 
four-velocity u, is constant everywhere within this continuum, the 
equations of motion for the entire body can be derived from (89.12) by 
integrating over the volume. We therefore multiply (89.12) by the 
scalar element of rest volume dV = dV/./(1 — 8?) and, with the abbrev- 
iation mo = Jo dVo, obtain as the equation of motion of the mass point 


du,  Sf,aV 


a = Vien (89.13) 
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If now the resulting three-dimensional force is introduced through 
Pe= [hav F,= [fav F.= [fav (89.132) 


then, taking account of (89.6), the Minkowski equations of motion 
(89.4) are again obtained. 

The most apparent new result of relativistic mechanics consists in 
the increase of the inertial mass with velocity; that is, the new equations 
(89.11) for the momentum can also be written in the familiar form 
J=mv, if only it be added that the mass m itself depends upon the 
velocity: 

Mo 


mS d=e]e) 


We notice that for small velocities m is equal to the rest mass; on the 
other hand, when v approaches the velocity of light, the value of m 
becomes infinitely large. We have in fact already become acquainted 
with such a relationship for the mass by considering the electromagnetic 
field accompanying a moving electron. Actually this increase of mass 
has been experimentally observed for very fast cathode rays and, more 
particularly, for B-rays from radioactive nuclei. (We recall our work 
near the end of §65 concerning the variation of mass with velocity in 
connection with the deflection investigations of Kaufmann.) Prior to 
the relativity theory this behaviour of the electron was looked upon as 
evidence for the electromagnetic character of its mass. Now, however, | 
we see that this dependence upon velocity is quite general for any 
inertial mass, whether its origin be of an electromagnetic nature or not. 


(89.14) 
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Through equation (89.11) we have become acquainted with the four- 
vector J, which provides an invariant connection between the energy 
and momentum of a single mass point. In a coordinate system in 
which the space-like momentum J is equal to zero, we have 


Jo=JP al = J2=— 
2 4 


Ep being the rest energy. If we observe the mass point froma  Cdordinate 
system with respect to which it moves with velocity v in the gerton of 


% 


“ 
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the positive x-axis, it follows from the Lorentz transformation of the 
four-vector that 5 0 
on — 1B, = Ja 
me ae ARS 
or, in three-dimensional formalism: 


je pe (90.1) 
Cl 8?) ch J(- 8?) 
In this form our results are capable of a large and far-reaching generaliz- 
ation with which we shall become acquainted in these paragraphs by 
means of several simple examples. This generalization consists in the 
assertion that every closed system for which the rest energy is Eo possesses 
an inertial mass of magnitude 


Mo =—2' (90.2) 


The rest energy is then defined as the total energy in a coordinate system 
in which the resulting momentum J is equal to zero. In §84 the truth 
of the assertion (90.2) was demonstrated for the special case of a 
pure electromagnetic field (wave train of finite length). By means of two 
mechanical examples we shall now see that even to heat energy there 
belongs a mass inertia within the meaning of equation (90.2). 

As the first example we consider a system of mass points capable of 
mutual elastic collision, rather like the situation which we imagine for 
the familiar ideal gas of kinetic theory. If we designate the individual 
rest masses by m°, m?,..., and their velocities by ¥,, V2,---> then, 
for elastic collisions we have the two conservation laws of classical 
mechanics for momentum and energy 


J=)mov,=const. E= > 4m? vz = const. 
§ s 


In relativity theory these two conservation laws are combined in 
the single theorem that the four-vector for the total energy and total 


eee J, =F mu, (90.3) 


is constant in time. In three-dimensional formulation the conservation 
laws are moc 


mg V - 
T-Sh ae 
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We observe our gas from the special coordinate system in which, as a 
whole, the gas is at rest, i.e. in the system for which its mechanical 
momentum is equal to zero. In this coordinate system, when the sth 
gas molecule has the velocity v°, the energy possessed by it is 

m? c? 


c 
E, = -2 =) ——— 
0 LTA 
If, now, we consider the gas from a system with respect to which the 
gas moves with the velocity v, it follows from the known transformation 
formulae for the momentum that 
j- vVEo a vMy 
~ ¢? /(1—-vfc*) (1 —v?/c?) 
if there is ascribed to the whole gas a rest mass of magnitude 
14) 


(90.4) 


(90.5) 


Eo m 
M,=3 =) 90.6 
0 2 Loe] site 

Although we consider the gas now, not as a mechanical system, but, 
from the standpoint of macroscopic heat theory as an extended body 
with a definite heat content, this does not alter our consideration in the 
slightest. In equation (90.6) we recognize, however, that the rest mass 
of the whole gas comprises not only the rest mass of the individual 
molecules, but, in addition, its total kinetic energy, which is macro- 
scopically synonymous with the heat content. 

We wish now to establish this important result in a somewhat different way, 
namely with the help of the Einstein addition theorem for velocities. This will bring 
us to the same result without our having to make use of the energy concept. We 
employ the same symbolism as before, but for simplicity we say that the gas in the 
second system moves with velocity v in the x-direction. We now apply the addition 


theorem for velocities to find from the velocities in the ‘‘rest system” the velocities 
v. in the moving system. For this, in §77 we have derived the relations 


2 
0 i 3) 
vax +0 tend v( ee 


03,2 = Paeore Os,y = er eee (90.7) 
8, 8, 
1+ 1+ 78 


from which, as may be easily shown, it follows that 


Jr Me Ve-8) 


“i9¢(90.8) 
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The total momentum for an arbitrary system is then given by 


oe) eg? 
c2 
Upon introducing the values (90.7) and (90.8), and bearing in mind (90.6), we obtain 


0 
eS ale ei IE 
Ss 


-Bk-3) 3 
= J=%) (90.10) 


0 
0 Us,y 0 
y= ins. ———_ = J =0 
d aloes 
c2 


just as in the momentum expression of (90.5). In this derivation the energy was 
not mentioned; instead, we have derived the rest mass of our gas solely from the 
relativistic theorem for the addition of velocities. 


We justified equation (90.2) for the special case in which the thermal 
energy consists only of the kinetic energy of the free gas atoms. The 
gas as a whole actually becomes heavier when there is an increase in the 
average energy of the individual atoms. 

We wish now to convince ourselves, by the example of inelastic 
collisions, that this inertial property of heat energy is wholly independent 
of any molecular concept concerning the mechanism of heat motion. 
We investigate the special case in which two material spheres collide 
inelastically in such a manner that after the collision they remain united 
with one another. From the standpoint of Newtonian mechanics this 
occurrence can be described by the law of conservation of momentum. 
If m, and m, are the masses of the colliding spheres and v, and vy, their 
velocities prior to the collision, and if v is their velocity after the col- 
lision (i.e. when united), then the momentum conservation law gives 


Mm, Vy +m, V2 =(m,+m,)¥ (90.11) 


The energy law of classical mechanics (for an elastic collision) is clearly 
not applicable here. Kinetic energy is lost in the collision; it is con- 
verted into heat. The magnitude W of the kinetic energy converted 
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into heat is equal to the difference between the kinetic energy before 
the collision and that afterwards. According to (90.11) then, 


m,™M, 
my, +m, 


2W = m,v2+m,v3—(m,+m,) Vv? = (vi—v2)? (90.12) 

We could perhaps be tempted to rewrite the Newtonian conservation 
law (90.11) by introducing the four-velocities u“, u, etc. as 
well as the rest masses m{, m$, in the form 


miu) + mul = (m+ m))u, 


This formulation, while indeed relativistically invariant, is nevertheless 
absurd as we may easily convince ourselves by examining the fourth 
component of this equation. The four components of the velocity u, 
are over-determined in these equations, since between them the relation- 
ship }'u2 = —c? must always hold. 

We can give a four-dimensional formulation of the momentum law 
(90.11) that is free from contradictions only when we take into account 
that a difference can exist between the rest mass of the united bodies after 
the collision and the sum of the rest masses before the collision. Then our 
four-dimensional formulation is 


miu) +mzu = Mu, (v=1,2,3,4) (90.13) 


Here, as opposed to (90.11), we have obtained an essentially new result. 
While the three equations (90.11) are to be regarded as the three com- 
ponents of the new velocity v, there emerges from (90.13) a fourth 
equation for the rest mass of the united spheres after their collision. 
In three-dimensional formulation this equation is 


m? a M° 
V(i=v3/c?) vijc) J =3/c?) =v3/c?) V(l—v?/c?) 


Considered from the standpoint of a coordinate system in which the 
resulting velocity v is zero, equation (90.14) says the following: 

The mass M°® of the inelastically collided and united spheres com- 
prises not only the two rest masses m? and m9, but also a third mass 
m; = W/c?, where W represents that part of the kinetic energy of the 
two colliding bodies that is converted into heat. It can appear, for 
example, as a rotational energy of the two bodies going rome their 
common centre of gravity following their collision. In this C case, too, 
there must be an increase of the inertial mass. i> 

ux 
Ww 
~ 


(90.14) 
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As a further example of the inertia of energy we consider a body 
(rest mass M°) which, during a finite time interval emits a quantity of 
energy E° in the form of electromagnetic radiation (i.e. light or radiant 
heat). This radiation, moreover, is to come out of the emitting body 
in such a way that the resultant momentum of the emitted energy is 
equal to zero. The radiation could, for example, come out in the form 
of a spherical wave, or, for flat bodies, in the form of two plane wave 
trains travelling in opposite directions. It is clear that the body, at rest 
at the outset, remains at rest after the emission of the radiation. 

Let us observe this phenomenon from a coordinate system with 
respect to which the body moves with velocity y. In this coordinate 
system, according to the transformation formula for a four-vector, there 
is associated with this radiation a total momentum whose value is 


E°y 
T= G-P 


During the emission of the radiation our body has provided this 
momentum, without changing its velocity. This is only possible, how- 
ever, by the body changing its rest mass. If we designate the rest mass 
of the body after the emission of the light wave by M’°, the momentum 
law requires that 


(90.15) 


Mv | M'°y f E°y 
OPithat Ja-8) J0-F) & VF") (90.16) 
M? = MoE 
c? 


The radiating body has actually had taken from it a quantity of mass 
equal to 1/c? times the energy which it emitted. So far as our prime 
equation (90.2) is concerned, however, it does not matter whether the 
energy prior to the emission was stored in the form of heat, electrical 
field energy, or mechanical energy. This example is of special interest 
because with its help Einstein for the first time derived the law of the 
inertia of energy as a general law of nature. 

The inertia of energy is especially evident and lends itself to ex- 
perimental measurement in nuclear reactions, as for example in radio- 
active decay. In these reactions the sum M, of the masses of the parti- 
cipating particles before the process does not in general agree with the 
sum M, after the process. The difference (M, —M. 2)c? is the liberated 
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energy or, better, the difference of the total kinetic energies after and 
before the process. Ina similar way the mass defects in atomic weights, 
i.e. the difference between the mass of the whole nucleus and its 
individual constituents, traces back to the binding energy of the 
constituents. 


§91. Mechanical stresses 


(a) Energy-momentum balance of the electron. We continue with 
the further development of relativistic mechanics. We shall have to be 
content here with the handling of two concrete problems embodying 
important questions of relativistic dynamics. The first of these is the 
question first raised in §65, of the energy-momentum balance of the 
electron. The second concerns the negative result of the Trouton-Noble 
experiment. 

We proceed from the result obtained in §65, according to which the 
total momentum of the electromagnetic field of an electron moving with 
the constant velocity v is given by 


_ 4U5 v 
3c? J(1-B") 


where Ug is the total energy of the field of an electron at rest. Now this 
result contains a difficulty in the matter of seeking a purely electro- 
magnetic interpretation for the mass of an electron—for, obviously, the 
theory yields a value for the electromagnetic momentum that is 4/3 
larger than that we obtain if, according to the Einstein principle of 
inertia of energy, a rest mass of U)/c” is ascribed to the electron and 
we then calculate as if the electron were a mass point having that mass. 

Before we turn to a clarification of the puzzling factor 4/3, we wish 
to derive the result (91.1) by using the mathematical aids to relativity 
theory. For this purpose we go back to §83 where we have derived the 
energy-momentum tensor T,, for the electromagnetic field. The nine 
purely space-like components represent the components of the Maxwell 
stress tensor; T,,4, T24, T34 mean (within the factor ~ic) the com- 
ponents of the momentum density; T,,, T,, T,, mean (within the factor 
—i/c) the components of the Poynting energy-flow vector; and finally, 
Ty4 is the energy density of the electromagnetic field. This tensor, when 
employed for the special case of the field of an electron im-its,rest system, 
gives vanishing values for the space-time components becatisg H =0. 

< 


& 


‘ 


(91.1) 
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Accordingly, the electrostatic field of an electron at rest possesses no 
momentum and produces no energy flow. 

If now T,, is the energy-momentum tensor of the electron in a 
system with respect to which the electron moves with velocity v in the 
x-direction, then the components J, of the total momentum, and the 
total energy U of the field, are respectively given by 


J,=- | tae US | Ti,dV (91.2) 


The components J, and J, vanish because of symmetry. 
By (80.17) the two stress components T,, and T,, are derived from 
the tensor T%,, for the electron at rest, giving 


7 iT Ta) Th PTE, 
14 — 1—f? 


since, for the electron at rest, the two mixed components T,, and T?, 
vanish. Since dV = dV,./(1—7), we can carry out the integration over 
space in the rest system, obtaining 


v 
J,= sya |e aVo 
f Ns B) (91.3) 
= ae | (TE 6°TP) dV 


The volume integral over T9, is the total field energy Up in the rest 
system. On the other hand, according to §83, 


1 
[eave = 5 | (E2?-3E aM = — HU 
since, by symmetry, 
| (E9)? dv =4 | (B)? dV 
We therefore obtain for J exactly the result (91.1), while for U we find 
Uo 


U= Tap te (91.4) 
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The emergence of the factor 4/3 in (91.1) indicates to us that the dynamic 
inner structure of an electron is not to be understood solely on the basis 
of its field. This factor enters the derivation because in the expressions 
(91.3), in addition to the term T}, to which the rest energy of 
the field corresponds, there emerges a term T?, having its origin in 
the Maxwell stresses. In the dynamics of the electron, other forces than 
just those of the electromagnetic field must be active. In all attempts 
based on classical physics to construct a model of the electron this is 
recognized. Since charge elements of like sign always repel, such a 
model can only be stable when there are other forces involved which 
hold the electrical repulsive forces in equilibrium. Although at this 
time it is impossible for us to say whether these forces are the results 
of mechanical stresses or are of other origin, we can at least say with 
certainty that: under the Lorentz transformation these forces must 
behave like pure electromagnetic forces, so that when they maintain 
equilibrium in a rest system, they will do likewise with respect to a 
moving system. 

In addition to the electromagnetic tensor T,,, we introduce a second 
tensor Pry of mechanical or other origin. Its structure shall be the same 
rise Tal fo symmetrical, and possessing components P°®, and om (with 
v #4) which vanish in the rest-system. It is to be added to T,, to 
complete the dynamics of the electron. The electron at rest must 
remain in equilibrium under the simultaneous actions of TS, and P9,. 
For the force density coming from these tensors then, we aa have in 
the rest system, corresponding to (83.2), that 


wos ee i, —(T),+P9,) =0 (for v = 1,2, 3) (91.5) 
1 


L= 


From this the important relation follows that 


| (T° +P°,)dV°=0 (for v = 1,2,3) (91.6) 


For proof, we observe that for the rest system 7y49 = Py49 = 0, for v = 1, 2, 3. 
According to (91.5) then, for example, the three-dimensional vector with com- 
ponents T1y° + P1,°, with w = 1, 2,3, is source-free. With the help of Gauss’s 
theorem it is easily shown that the volume integral over all components*éf #8ource- 
free vector is equa] to zero if, as r approaches infinity, the vect6reuanishes more 
rapidly than 1/r2. Ny, 

ao 
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With this the energy-momentum balance of the electron now falls 
into place; that is, if throughout (91.3) we write T},,+P%, instead of 
T°,,, then on account of (91.6), 


yp? 
v 
J= Faas | Tt Poar® 


i 
(a= 0 0 0 
saa | Tt Poa 


which can be written in the form 


MoV nea 
ee (jf eee 
(1—f7) ae 
: Ga (91.7) 
with Mg ¢? = [ctt+Ptoave 


in complete agreement with Einstein’s theorem of the inertia of energy. 

We incline in general to the assumption that the rest energy of an 
electron is of a purely electromagnetic nature, that therefore P3, = 0. 
This does not of course alter the validity of result (91.7)—for it was not 
the introduction of the mechanical rest-density P$,/c? that was essential 
to our considerations, but the introduction of stresses holding the 
electrical forces in equilibrium. 

(b) The Trouton-Noble experiment. We come now to a consideration 
of Trouton and Noble’s investigation. As is well known, this investiga- 
tion consisted in an attempt to establish the existence of an absolute 
velocity by means of a rotatable (delicately suspended) oriented charged 
capacitor. According to classical theory, on a charged capacitor in 
translational motion there should be a resulting torque to which 
the capacitor would have to respond by means of a rotation. Even, 
however, with the most painstaking execution of the experiment, not 
the barest suggestion of such a rotation could be found. From the 
standpoint of classical physics the negative result of this investigation 
was just as puzzling as the negative result of the Michelson experiment. 
In relativity theory, however, the result is understandable: if the 
capacitor does not turn for an observer relative to whom it is at rest, 
it cannot turn for an observer relative to whom it moves. We shall not, 
however, content ourselves with this summary statement. We shall seek 
to understand the result by means of a model. 

As a simplified model of the Trouton-Noble capacitor we choose 
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two small charged bodies which are held at a constant distance apart 
I) by a rigid connection (bar). If the two bodies carry equal charges e 
of the same sign, they repel one another in the rest system with the 
force e7/l?; if the charges are equal but opposite, they attract one 
another with this same amount of force. In order to simplify the 
argument, we shall assume the first case (equal charges of the same 
sign). If both charges move with velocity v in the direction of the 


\. Fig. 75.—For the investigation of Trouton and Noble 


x-axis, then the forces between the two charges no longer act along 
the line joining them. We have already obtained this result in §64 
from a rigorous solution of the field equations. As we saw there, a 
torque exists which, for the case where the charges attract one another, 
has the tendency to set the connecting bar transverse to the direction 
of motion. In the opposite case (repelling charges) the effect is to turn 
the bar so that it tends to align itself with the direction of motion. 

We wish now to derive this result from the standpoint of relativity 
theory. This must lead to the same result as the Maxwell equations, 
since the latter satisfy the principle of relativity. We hold fixed the 
charged bodies A and By shown (figure 75). These charges are kept 
apart the fixed distance /) and repel one another in the direction of the 
bar with the force Fy. The bar itself makes with the x-axis the angle 
@, and its projections on the coordinate axes are given by: 


I2 = 1, cos a I) = Ip sin a 


Acting at its ends are the forces _ ES 
e2 

Fo = FFocosay F) = FFosind& sii io ier 
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in which the upper signs refer to A, and the lower to Bo. If now the 
entire assembly moves with velocity v in the x-direction, then, on 
account of the Lorentz contraction, the new values for the projections 
of the bar are 


1, = 12,/(—B?) = 1p ./(1— B?) cos a L— =i sind, 
On the other hand, from the transformation laws for a force we have 
ie cs ia Fy = F). {A —B?) = F Fo. /(—?) sina 


For the moving observer the forces no longer lie along the line joining 
the charges: they form a smaller angle with the x-axis than that of the 
bar. There results a torque around the z-axis which is given by 


T=I1xF T, = 1, F,—1, Fy = —1p Fo B? cos ag sin a (91.8) 


This torque obviously agrees with that found in §64 from the field 
vectors of point charges. 

Thus, from the standpoint of classical physics, there results from 
the electrical forces a torque for which there is no compensating 
moment. Experimentally, however, there is no concomitant time 
change of angular momentum since no rotation was observed. In 
relativity theory, on the other hand, the situation is essentially this: 
We must include in our considerations here the mechanical forces 
which hold the electrical forces in equilibrium. Without these mechani- 
cal forces the system would not be stable. If, however, we include these 
forces, then the negative result of the Trouton-Noble experiment is 
understandable—for, in the rest system the electrical and mechanical 
forces are in equilibrium; and since, further, both kinds of force 
transform in the same way in going over to a new system, the forces 
likewise exactly cancel one another in the new system. Or, in other 
words: The torque due to the electrical forces is exactly compensated by 
the equal and opposite torque due to the mechanical forces. It is just this 
circumstance that classical mechanics cannot explain, namely that 
mechanical forces possess a torque in a moving system. 


In conclusion, therefore, it is instructive to consider the following problem: 
Let there be given a bar at rest, of length /), and upon each end of this bar let equal 
and opposite tensile stresses Fo act, in the direction of the long axis. In the bar 
therefore there exists a tension of magnitude Fo/ao, where ao stands for the bar’s 
cross-sectional area. 

We wish now to consider the stress from the point of view of a reference system 
with respect to which the bar moves with velocity v in the x-direction. We take 
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the case in which the bar moves in the direction of its length, this having been 
chosen as the x-axis. That in this case an additional momentum density must 
exist can be seen as follows: Let A and B be the two ends of the bar which are 
moving with velocity v in the x-direction. The force Fo acts at B and “pulls”’ it, 
i.e. it performs on B, per second, work Fov. A like amount of work is performed 
at point A against the “‘restraining action” of the force Fy. Power Fov must there- 
fore flow constantly from B to A. This requires a component Sz = Fov/ao of 
the density of energy flow. Now owing to the symmetry of the momentum-energy 
tensor there is associated with every energy flow S a momentum density j = S/c?. 
In the bar, therefore, there must exist an additional momentum density 
Io ag 


= = volo Fo 
Jz = a c2 Sz= 7 c2 


(91.9) 


We can also obtain this result by a consideration of the momentum that will be 
transmitted to, and removed from, the bar during a “‘switching-on” of the tensile 
forces. We say that in the rest system before the time 7° = 0 the bar was stress- 
free. At the moment 10 = 0 the tension forces are turned on (as for example by 


Fig. 76.—World lines of the end-points of a bar which, at time r° = 0, 
is placed under tension 


attaching at this moment, at right and left on the bar, springs under tension). 
During this turning-on process the bar naturally remains at rest. (We assume the 
bar to be so hard that we can neglect any effect of elastic dilatation.) Upon observing 
this turning-on process from a moving system, an entirely different picture results. 
In figure 76 the world lines of the two end-points of the bar are portrayed in the 
new coordinate system. Ag and Bo are the world points at which the two tension 
forces commence their action. (In the new system these forces retain the magnitude 
Fo because force components in the direction of motion are not altered in a Lorentz 
transformation.) As seen from figure 76, in the new system the two forces do not 
both commence action at the same moment; rather, as follows from the usual 
formulae for the Lorentz transformation, there elapses the finite time interval 
f2—t = vlo/e2-/(1 — £2), during which only the applied force on the left-hand 
end-face is active. This unilateral force takes from the bar the momentynt.. 


vlo Fo ihe 


Je= —(2—- WF = — Sa ‘ gD 


& 
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during this time interval without thereby altering its velocity. Clearly this value 
agrees in first approximation with that of (91.9). 

For the case where the bar makes an angle «9 with the direction of its motion 
(=the x-axis) it possesses an additional momentum due to the tension forces 
acting at its ends. By reasoning as above, we find that this momentum has the 
components 


I 
Tis = ASE Fo cos «9 Jy=~— pula COsttoe SESE. Fo sin «o/(1 — £2) 


2/1 — B2) c2/(1 — B2) 


From the general expression for angular momentum L we have for the bar, owing 
to the constancy of the momentum density, that 


L=[rxjdvarxJ 


in which r; is the position vector of the centre of gravity of the bar. Since drs/dt =v, 
the angular momentum changes with time. We have then for the z-component 
(normal to the plane determined by the bar and the direction of motion, this being 
the only component different from zero) 

dL 


2 
—=(¥vx Je = —vWy = — vile Fo COS %g SiN a (91.11) 
dt c2 


In order to produce this continuous change of angular momentum, a continuous 
torque Tz = dL./dt must act. Now, as we have seen in (91.8), such a torque will 
actually be produced on the bar by the tension forces which, in the rest system, act 
in the direction of the bar axis and have the value Fo. 


The negative result of the Trouton-Noble experiment can conse- 
quently be interpreted thus: The torque calculated from electrodynamics 
produces just the rate of change of angular momentum given by (91.11), 
this being connected with the energy flow from one capacitor plate to 
the other and with the consequent additional momentum perpendicular 
to the direction of motion. 


AAG 
. 
2. 


ss 


Exercise 
problems 
and 
solutions 


AAG RN 
Nina 


ot 


CHAPTER FI 


Exercises 


Part A. Vector and tensor calculus 


Ie 


10. 


ili; 


Vector A has the component Az = 2; it forms an angle of 60° with the positive 
y-axis; in addition, its projection on the yz-plane forms an angle of 60° with 
the positive z-axis. Determine: the length of A; the magnitude of its com- 
ponents; the angle between A and the positive x-axis: the angle between A 
and the positive z-axis. 


. Determine the angle between any two space diagonals of a die (cube). 
. The unit vectors x, y, z, of a Cartesian coordinate system form three edges of a 


cube of unit volume. The three surface diagonals from the origin determine 
a regular tetrahedron. What is the angle between any pair of these surface diagon- 
als? What is the area of each face of the tetrahedron, and what is its volume? 


- Let A be a vector extending from the origin in some direction, and let ao be 


the corresponding unit vector. Further, let r be the vector drawn from the 
origin to the variable point P. Show that ay.r = A is the equation of the 
plane which passes through the end point of A and is perpendicular to it. 
The perpendicular extending from the origin to a certain plane is given by the 
vector A = (I, 2,2). A line having direction cosines (1/+/2, 1/+/2, 0) extends 
from the origin. Find the coordinates of the point at which this line intersects 
the plane. 


. The vector (1, 1, 2) is drawn from the origin. Find the vector extending perpen- 


dicularly from the point having coordinates (1, 2, 3) to the line of the given vector. 


The end points of the vectors a, b, c, each extending from the origin, determine 
a plane. What is the distance of this plane from the origin? (Observe that the 
volume of a tetrahedron formed by the three edges of a parallelopiped is equal 
to 1/6 the volume of the parallelopiped.) 


. A rigid body rotates at 300 revolutions per minute around an axis which points 


into the first octant, making an angle of 60° with both the x- and y-axes. What 
is the velocity of a point r = (0, 0, 2) cm? 


. A body rotates around a fixed axis; the rotation vector is w = (— 50, +80, + 100)/s. 


The velocity v of the point r = (4, 5,6) has components vz = 20 cm/s, and 
vy = 30cm/s. Find the shortest distance of the axis of rotation from the origin. 


Let a unit vector t be associated with every point of a space curve having the 
direction of the velocity in the traversal of the curve in a given sense (tangent 
vector). What is the geometrical meaning of dt/ds, where s is the arc length of 
the curve from a fixed point? 

Let r be the position vector, and let a be a constant vector. Calculate the 
gradient of the scalar product a.r, and the divergence and curl of the vectors 


rand a Xr. 
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12. 


13. 


The points of a plane rotate around a fixed point with angular velocity w(r) 
which depends upon their distance r from the pivot point. How must o(r) 
be constituted so that the velocity field is irrotational (vortex-free) ? 


A central force in space is given by y = rf(r). Determine f(r) so that v is 
source-free and irrotational. 


. Show that the same vector field is described by vy = — grad ¢ with ¢ = p.r/r3 


as is described by v = curl A with A =p X r/r3. Calculate div v and curl v 
for this field. 


r 
. Let a vector field be given by v = cr/r. Find (a) the line integral ie *y . dar 


for an arbitrary path, (6) the surface integral fun dS for a spherical surface of 
radius a centred on the origin, (c) this surface integral for a spherical surface 
of radius a whose centre lies on the x-axis at a distance b from the origin. 


. For the vector field y = w X r with constant w, calculate the line integral 


y.dr, first for a circle of radius a around the axis of rotation, and then (using 
Stokes’s theorem) for an arbitrary closed curve. 


. Find div v and Y2¢ in parabolic coordinates ¢, n, «, defined by x = €n cos a, 


y=€nsina, z = 3(€2— 72). 


. A symmetrical tensor is given by Tix = 02¢/0x:0xx with ¢ = (a.r)(b.r) in 


which a and b are two arbitrary constant vectors. Determine its eigen values 
AL, All, AM and the unit vectors n!, n!!, n!™I in the directions of its principal 
axes. 

We 


Part B. The electrostatic field 


1. 


2. 


With what force would two charges, each of 1 coulomb, but of opposite sign, 
attract one another at a distance of 1 km? 


A quantity e of positive electric charge is uniformly distributed as a volume 
charge within a sphere of radius a. Inside this charge cloud there is a negative 
point charge —e. What is the force acting on the point charge as a function 
of the distance of this charge from the centre of the sphere? 


. A point charge of 50 electrostatic units is located 1 cm in front of (a) a metallic 


plane, (b) a glass block (dielectric half-space) of permittivity « = 7. What 
force acts on the charge? 


. What is the force between a metallic sphere of radius R carrying a charge E, 


and a small body of charge e, distant r from the centre of the sphere? Is it 
possible under these circumstances for the sphere and the small body to attract 
each other even if E and e have the same sign? 


. What is the maximum charge that can be conveyed to a sphere of diameter 


10cm if the breakdown voltage of air is 20,000 V/cm? 


. With what radius of curvature must the edges of a conductor carrying a potential 


of 10,000 V be provided if the breakdown voltage of air is 20,000 V/cm? (Set 
the potential gradient at the surface of the rounded edge equal approximately 
to that of a sphere.) 


. Let the field strength on the surface of a rounded edge of radius r and length 


1 (>r) be equal approximately to the field strength at the middle dfiarrellipsoid 
of revolution of length /, with semi-minor axis r. Show thaf*the field strength 
on the edge is less than on the ellipsoid surface of the same radius over 


. 
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. What is the surface density of electric charge on the surface of the earth at a 


place where the potential gradient is 250 V/m? How great is the force here 
on 1 m2 of the earth’s surface? 


. A potential of 100 V is applied between a tungsten wire 0-05 mm in diameter 


and a coaxial anode 1cm away. What is the value of the field strength on 
the surface of the wire? 


A soap bubble hanging from a blowing-pipe is collapsing because of the hole 
in the blow-pipe and the action of the surface tension, whose value is 50 
ergs/cm2, Is it possible to check completely the collapse by charging the bubble 
electrically? If so, at what radius does the soap bubble remain in equilibrium 
when the charge is so great that the electric field strength at the bubble surface 
equals the breakdown strength in air of 20,000 V/cm? 


A uniform field of strength E exists in an extended dielectric having permittivity 
e. What is the field strength in a cavity when this has the form (a) of a very 
long thin cylinder parallel to the field lines, (6) of a thin plate perpendicular 
to the field lines, (c) of a sphere? 


(a) With what force (per cm2) do the plates of a parallel-plate capacitor attract 
each other when the voltage-is 1000 V, and the plate separation is 1 mm? 
(6) What is the force when, after charging to 1000 V, the capacitor is dis- 
connected from the battery and is then immersed in petroleum (¢ = 2)? 
(c) What is the force when the capacitor is first filled with petroleum and then 
charged to 1000 V? 


. Two series-connected capacitors of capacitance 0-5 uF and 0-2uF are connected 


to 220V d.c. mains. What is the charge on each capacitor, and what is the 
voltage across each? 

Two initially uncharged capacitors of capacitance 1 wF and 10uF are joined in 
series and connected to a battery whose terminals have potentials of + 100V 
and — 100V with respect to the earth. The wire joining the two capacitors is 
now grounded. What quantity of electricity flows through the grounding wire 
in the grounding process? 

Calculate the work necessary to bring a dipole p from a point at which the 
field strength is E into a field-free region (at infinity). Let the angle between 
p and E be «. In particular, how much work is needed to bring a freely rotatable 
dipole to infinity ? 

How much force is experienced by (a) a dipole of moment p, (6) a stretched 
quadrupole of moment Q and distance apart r, due to a point charge e when 
this point charge is on the axis of the dipole or quadrupole? 


. Each of two equal dipoles of moment p is suspended so as to be free to rotate 


about its centre of mass. The dipoles are separated from one another by a 
distance a. How will they orient themselves under the action of their mutual 
forces? It should be observed that their mutual interaction energy in the 
position of stable equilibrium possesses an absolute minimum. 


. Let the potential ¢(x, y) for two infinitely long metal cylinders be found such 


that on the cylinders ¢, and ¢2 have constant values and the equation V2¢ =0 
is satisfied everywhere in the space between the cylinders. How is the capacitance 
of the cylinder obtained ? 

Through the function w = u+iv = f(z) of the complex variable z = x-+iJy, 
let there be coordinated with every point of the xy-plane a value u = u(x, y) 
and a value v = v(x, y). Show then that uw and v satisfy the Laplace equations 
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20. 


21. 


V2u = 0 and V2v = 0. If 1 and 2 are two curves on which, for example, u 
takes on the values u; and u2, then u is the solution of the potential problem 
for the field that would be produced by two cylindrical metal bodies having 
peripheral outline curves 1 and 2 when these have the voltage u; —u2 between 
them. 


The complex function ¢ = &+in = F(z) = F(x+iy) coordinates every 
point (x, y) of the z-plane with a point (¢, 7) of the ¢-plane. Let there be 
given in the ¢-plane an arrangement B of conductors (better stated, cross- 
sections B of cylindrical conductors), and let the potential problem here be 
solved, i.e. let a function ¢(€, 7) be found which is constant on the lines B, 
and which satisfies Laplace’s equation. Let ¢ be the real part of the function 
f() =¢+iy. Further, in the z-plane, let an arrangement A be given for 
which the solution of the potential problem is sought. Show that if a function 
¢ = F(z) be given which maps the z-plane on the ¢-plane such that figure A 
goes over to figure B, then the real part of f(F[z]) is the desired potential function 
for arrangement A. In what relationship does the capacitance of two con- 
ductors in A stand to the capacitance of those corresponding in B? 


Determine the capacitance (per cm) of a double conductor, i.e. of two parallel 
cylinders of equal radius r and axis-separation d (> 2r), wherein a cylindrical 
capacitor is carried over, with the help of the function ¢ = c?/z and by suitable 
choice of the zero point of the representation, into the double conductor. The 
capacitance of the cylindrical capacitor is 1/[21n(6/a)] per cm, where a and b 
are the radii of the inner and outer cylinders. (In this representation all circles 
not passing through the zero point go over again into circles, while circles 
through the zero point go over into straight lines.) 


Part C. The electric current and the magnetic field 


Ile 


What is the length of the tungsten filament wire in an electric light bulb if it 
consumes 50W on 220V, and if the diameter of the wire is 254? The specific 
resistance of the tungsten is 5-3 x 10-6Qcem at 18°C and it rises approximately 
in proportion to the absolute temperature. Consider the operating temperature 
of the incandescent filament to be 2500°K. How much greater is the current 
at the moment of switching on (wire temperature 18°C) than in steady operation? 


. Acopper conductor of 1 mm2 cross-section is protected by a safety fuse of silver 


wire whose diameter is 0-2mm. Calculate for a short-circuit current of 20A 
approximately how long (neglecting heat conduction) it takes to melt the fuse 
wire, and how warm the copper wire is at this moment. (For silver the specific 
heat is 0:055cal/gmdegC, and the specific resistance is 1-6 x 10-6Qcem. For 
copper the corresponding values are 0:091cal/gmdegC, and 1:7 x 10-6Qcem. 
The melting-point of silver is 961°C.) 


. Connected to the same 220V mains are: 6 electric light bulbs each 220V, 


50W; a light bulb for 8V and 6A with the appropriate series protective resist- 
ance; an electric motor rated 1/6hp at 220V and having 75 per cent efficiency. 
What is the resistance of the entire load? What is the total current and power? 
What resistance has the series protective resistor for the lamp? 


. Anelectric heating-pot rated 220V and 3A brings 1 litre of water from,18°C to 


boiling in 11 minutes. What is the efficiency, ie. what Percentage of the energy 
supplied is actually used in warming the water? —= 


* 
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We have n accumulators (storage cells) at our disposal, each having internal 
resistance Ri and output voltage V(©). The accumulators are grouped in sets 
consisting of k series-connected accumulators each. The n/k sets are themselves 
connected in parallel. How great must k be in order to obtain, for a load- 
resistance R, the greatest power output, and how great is this power? 


. Let the capacitance C be known for an arrangement consisting of two metal 


bodies of arbitrary shape. The whole space between the bodies is now filled with 
a substance of specific resistance p. Let p be much greater than the specific 
resistance of the metal so that the voltage-drop in the metal electrodes can be 
neglected. What, now, is the resistance R of the arrangement for the passage 
of the current from one metal body to the other? In particular, calculate the 
internal resistance of a Daniell cell consisting of coaxial copper and zinc cylinders 
with radii a and } and height 4. Calculate by considering the arrangement as a 
cylindrical capacitor, and designate by p the specific resistance of the acid 
solution of copper sulphate. 


. A parallel-plate capacitor is filled with a substance of permittivity ¢ and con- 


ductivity o. It is first connected to the terminals of a battery. At time s = 0 
the connection is broken so that the capacitor is gradually discharged. How 
long is the relaxation time,-i.e. the time at which the charge (or the voltage) 
of the capacitor has dropped to 1/e of the original value? 


. A metal sphere of radius a is surrounded by a spherical medium of radius 5, 


having material constants ¢ and o. At time ¢ = 0 a quantity of charge Q is 
uniformly distributed over the surface of the sphere. Calculate the Joule heat 
involved in the subsequent flow of this charge, and show that it is equal to the 
decrease in the electrostatic energy consequent upon the dispersal of the charge. 


. To a good approximation the magnetic field of the earth can be considered to 


be the field of a magnetic dipole located at the centre of the earth. 

(a) How large is the moment m of this dipole if at magnetic latitude 45° we take 
the average value of the horizontal component of H to be 0:230e? 

(6) Give the inclination i as a function of the magnetic latitude £. 

Let an iron sphere of radius a = 5cm be uniformly magnetized to saturation 
(4nM = 22,000G). How great is its dipole moment? What values have B 
and A inside the sphere? What is the value of the surface divergence of M 
and the corresponding surface current density in A/cm? 


. Let there be given two small magnets m and mp; let the radius vector from the 


first to the second be r. (a) What is the mutual energy of the dipoles? (6) How 
great a force acts between them? (c) How do the dipoles orient themselves 
when they are suspended so as to be free to rotate, and what is the force then 
acting between them ? 

Calculate the magnetic field on the axis of a straight solenoid (length J, radius a, 
total number of turns 7m), carrying a current J. First find the field on the axis of 
a single ring-shaped current circuit using the Biot-Savart law; then sum up 
or integrate this field over all m current rings. Discuss the result for the case 
where / > a. 


. An iron ring of diameter d = 20cm and cross-sectional area a = 10cm? is 


wound evenly with nm = 600 turns of wire. What is the value of the flux of 
induction ® = f B,dS in the ring assuming u = 500 anda current of 1A? 


The iron ring in the previous example contains an air-gap dcm wide, but not 
so wide that any account need in this case be taken of possible flux-fringing 
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effects in the air beyond the air-gap. How does the flux of induction depend 
on 6? Calculate this flux, the field energy in the iron, the field energy in the 
air-gap, the total field energy, and the self-inductance for the three d-values 
0-1, 1, and Smm. 


. With how much force (per cm) do the two wires of a parallel pair separated 


by 30cm repel one another when each carries a current of SOA? 


. A “string galvanometer” consists of a thin vertical current-carrying wire under 


tension in a uniform horizontally directed magnetic field. The deflection of the 
middle portion of the wire perpendicular to the magnetic force lines is observed 
with a microscope. How much is the deflection for a current of 1 mA, a 
magnetic field strength of 500 Oe, a wire length of Scm, and a tension 
Z = 0:2 g-weight? The shape of the current-carrying wire is a parabola with 
the equation y = px2/2Z, where p is the transverse ‘‘loading” (force) per unit 
length. 


A ring 20cm in diameter of copper of 1mm? cross-sectional area rotates in the 
earth’s magnetic field with a speed of 300 revolutions per minute around its 
vertical diameter. How does the strength of the current in the ring depend 
upon the angle between the normal direction of the ring and the direction 
north? How much Joule heat is liberated per second? How great a torque is 
necessary? How great is the magnetic field strength produced at the centre of 
the ring? Through what angle would a magnetic needle located here be de- 
flected ? 


An air-core choke-coil of 0:3H self-inductance and 20 resistance is connected 
to an alternating voltage of 220 V7 with a frequency of 50c/s. What quantity 
of heat.is developed per minute in the coil? 


A resistor of 102, a coil with self-inductance of 0-SH, and a capacitor of 
0-5uF are connected in series to a sinusoidal alternating voltage of 220 Vers 
and 50c/s. What is the effective value of the current flowing, what is its phase 
displacement with respect to the voltage, the effective power, and the reactive 
power? 


In the “star” (Y) connection of a three-phase system, alternating currents of 
equal frequency and amplitude, but with phase displaced 120° with respect to 
one another, flow in the three branches which meet at the centre of the star. 
(a) Show that at all times the sum of the currents flowing to the centre point 
vanishes. (b) Three coils are symmetrically disposed around a circle, their axes 
all passing through the centre point. They carry currents supplied by a three- 
phase system. Each coil produces a magnetic field at the centre point in the 
direction of the coil axis. What direction has the resulting field strength at the 
centre point? 


A choke coil with L = LH and R = 1Q is connected at time ¢ = 0 to a battery 
with constant voltage V. What is the behaviour of the current with respect to 
the time? How long does it take for the current to reach 99-9 per cent of its 
eventual steady value? 


A straight wire of length and direction s moves with velocity v in a magnetic 
field B. The ends of the wire are in sliding contact with a fixed conductor 
which, with the moving wire, forms a closed circuit. What is the value of the 


induced e.m.f. ? 7 
“OHS rR 


The two rails of a railroad track are insulated from one anothgpand also from 
the earth. They are connected together through a millivoltmeter. What voltage 
4 
Sey 


“a 
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will be indicated when a train travelling at 100km/h goes over the rails? The 
rail separation is 1435mm, and the vertical component of the earth’s magnetic 
field is 0-15G. 


Part D. The fundamental equations of the electromagnetic field 


1. 


10. 


The energy of solar radiation passing through a 1cm2 area at the earth and 
perpendicular to the direction of the radiation is 2-2cal per min (the “‘solar 
constant’’). Calculate the r.m.s. average of the electric field strength Gin V/cm), 
and the magnetic field strength (in G) in sunlight. 


- How many watts of power must an electric lamp radiate in order to produce 


at 1m the brightness of sunlight? 


. A plane light-wave is incident at an angle « upon the plane boundary surface 


of a metal. Does the depth of penetration show an appreciable dependence 
on the angle of incidence? 


Let a plane light-wave travelling in an insulator approach at angle a a plane 
surface bounding air. From the law of refraction, determine the limiting angle 
«: for total reflection. For, > a discuss the behaviour of the wave in air. 


A plane wave falls at normal incidence upon the boundary surface of an ex- 
tended conductor. What is the force (calculated from the momentum transfer) 
exerted on the conductor by the radiation? How great is the radiation pressure 
of the sun on the earth’s surface (neglecting reflection and assuming normal 
incidence throughout)? 


In the interior of an absorbing body the E-vector of a light wave produces a 
current density g upon which the Lorentz force F = g x B/e acts. Using 
Maxwell’s equations, show that the radiation pressure in problem 5 is identical 


oa} 
with the integral p = i Fzdx. 
0 


. A plane light-wave described by the vector potential A = (0, A(x — cf), 0) falls 


upon an electron initially at rest. Here A = (x — cf) is an arbitrary function 
of its argument, vanishing for t— — oo. Show that the wave causes the 
electron to experience a force in the x-direction. 


. Ifa suitable liquid (e.g. nitrobenzene) is brought into a strong electric field Eo, the 


dipoles in the liquid acquire a partial orientation in the field direction (say the z- 
direction). The permittivity then becomes direction-dependent and can be des- 
cribed by means of a symmetric tensor with ez2=éyy<ée2, Exy = Exz 
=€yz==0. Determine the propagation of a plane wave in a medium made 
anisotropic in the manner indicated. 


If a substance be brought into a strong uniform magnetic field Ho, then, owing 
to the Lorentz force, all atomic electrons acquire an additional rotational com- 
ponent which, because the electrons are negatively charged, is in the positive 
sense around the field direction. Show in the example of the Thomson atom 
model how the polarizability of an atom in an alternating electric field is altered 
by such a field Ho. 

For the situation described in problem 9, investigate the propagation of plane 
waves, in particular for the case in which the wave normal lies in the direction 
of Ho. (The H-field in the light wave gives a negligibly small contribution to 
the Lorentz force.) 
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Ph 


Give the vector equations of the Lorentz transformation for the case in which 
the primed coordinate system moves with velocity v with respect to the unprimed. 


If we pass from a first system (S1) by means of a Lorentz transformation with 
vy, to a second system (2), and then, joining up with this second system, pass 
by means of a transformation with v2 to a third system ($3), we cannot in 
general go from S; to S3 by means of a Lorentz transformation (say with 
v3 =¥1+V2). Rather, for this direct transfer we need in general, besides this 
Lorentz transformation, an additional rotation perpendicular to vy; and v2. 
Calculate this additional rotation (Thomas precession) for the special case of 
v1 = —V, V2 =v+ ov, with |dv| < v. 


._ As from the components of a three-dimensional tensor, so similarly from the 


components of a tensor of four dimensions it is possible to derive certain 
expressions that are invariant against general coordinate transformation. Thus 
it is shown directly in §81 that E.H and E? — H? are invariants of the field 
tensor (81.13). To which invariants of a general tensor do these structures 
correspond? Are there still other tensor invariants ? 


. A particle falls in a constant force-field F. How is the law of free fall modified 


by the variation of mass with velocity ? 


. Derive the trajectory of a particle in a force-field F for the case in which the 


initial velocity vo is perpendicular to the force. 


. How, in consequence of the variation of mass with velocity, does a charged 


particlé move in a uniform magnetic field? 


. A particle of rest mass m and initial velocity vp = cp collides with a particle 


of mass M, initially at rest. What is the maximum energy that can be trans- 
ferred in this elastic impact ? 


. At what angles 9 and 4 with respect to the initial velocity do the particles m 


and M leave the point of impact in the collision described in problem 7 when 
the energy TJ is transferred? 


. Let the collision of two particles of mass 71 and m2 be observed in the “‘centre- 


of-mass system”, i.e. the system in which the total momentum of the two 
particles vanishes. In this system the collision appears as a change in the 
direction of the velocity of the two particles by the same angle © without 
changing the magnitudes u; and uz of the velocities. By means of a Lorentz 
transformation, calculate the collision process in the “laboratory system’’, in 
which before the collision the second particle is at rest, while the first has the 
velocity v9. Calculate the dependence on the angle of deflection © in the centre- 
of-mass system and the energy transferred in the laboratory system. 
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CHAPTER FII 


Solutions 


Vector and tensor calculus 


-A=V6; A= {2,/(3/2), V(1/2)}; <A, x> = 54°40’; <A, z> = 16°47’. 
. If we consider the special case of the unit cube spanned by the unit vectors 


X, y, Z, then the space diagonals can be represented by means of the components 
(+1, +1, +1), (—1, +1, +1), (+1, —1, +1), and (+1, +1, —1). From 
the scalar product the value 1/4/3 follows for the cosine of the angle, and this 
gives for the angle itself 70-5°. 


. The three face diagonals have the components (1, 1,0), (1,0, 1), (0, 1, 1). 


The angle between them is 60°; the surface of the tetrahedron is 44/3; and 
the volume of the tetrahedron is 1/3. 


. The equation represents a plane because it is linear in the coordinates of P. 


If it be written in the form A(ao.r — A) = A.(r — A) = 0 it follows immediately 
that the point r = A lies in the plane, and that any other vector r— A drawn 
from this point is perpendicular to A. 


. (3, 3, 0). 


6. G, =i 0). 


. The area of the triangle formed by the end points of the vectors a, b, ¢ is 


S = 4/(a—b) X (a—c)| =4/a x b+b x c+ce X a]; the volume of the 
tetrahedron is V = 1a.(b X c); its height, and therefore the required distance 
of the plane is h = 3 V/S. 


. v= (31-4, —31-4, 0)cm/s. 
. 63cm. 
. From t2 = 1 it follows that t.dt/ds = 0. The vector dt/ds points toward the 


centre of curvature, and its magnitude is equal to the reciprocal of the radius 
of curvature. 


. grad (a.r) = a; divr = 3; div(a x r)=0; curlr = 0; curl(a X r) = 2a. 


= k/r2, 
. f= kir3. 
“v= a 2 ee, divv =0; curly = 0. 
r3 PG 
3 
. (a) c(r2—1r1); (6) 4xca2; (c) = 3(a2 — b2) for a > b, and = for a <b. 


. (a) 2wa2x; (b) 2wSw, where Sw means the projection of the circumscribed 


surface on a plane perpendicular to w. 
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Mt, 


Seay 


AN nN 


. Force of attraction = 


For the line element we have ds2 = (€2 + 2)(dé2+dn2)+¢2n2da2. From 
this it follows that 

: 1 1 (Eve) | 1 0(yvn) , Svet 7] 1 Ova 
Fe earache eh | 

WV era Le a i on | @+at 1 Fy oa 

1 1¢ o¢ 1a 6¢ 1 62¢ 
arp lex(?%) + ay" an) | + Bae ae 
= (a.b)—ab, AN = (a.b)+ab, AT =0. 
ba—ab es ba-++ab one axb 

/ {2ab[ab — (a.b)]} /{2ab [ab + (a.b)}} / {a2b2 — (a.b)?} 


vV2¢ — 


ne 


. The electrostatic field 
. 917kg-force. 


. (a) 625 dynes; (6) 470 dynes. 


e2R3(2r2—R2) _ Ee 
r3(r2 — R2)2 r2° 


. 1667e.s.u. = 5°56 x 10-7coulomb. 
. 0-Scm. 


7. If V is the applied voltage, the field strength on the edge is V/r, and in the 


middle of the ellipsoid of revolution it is V/[rIn(d/r)}. 


8. w = 6:6 X 10-4e.8.u./em2, F = 0-028 dyne/m2. 

9. 6670 V/cm. 

10. r = 11mm. ; 

Tt 

11. (a2) E; (6) E =E+42P; (c) —— et = 2 Pea 

12. (a) 44-3dynes/em2; (6) 22:2dynes/em?; (c) 88-6dynes/cm2. 

13. 3-15 x 10-Scoulomb = 94,500e.s.u.; V; = 63V, V2 = 157V. 

14. 9 x 10-4coulomb = 2:7 x 10%e.s.u. 

15. p.E = pEcosa. For dipoles that are free to rotate, we must place « = 0. 

16. (a) 2ep/r3; (b) 3eQ/r4; in both cases repulsion if e has the same sign as the 
charge in the dipole (or quadrupole) nearest to e. 

17. The dipoles are parallel to each other and have the direction of the line joining 
them. 

18. C= mncnid a ; the integral is to extend over the periphery of 
the cylinder designated by subscript — 1. 

19. Differentiation of w = u(x, y)+iv(x, y) = f(x+iy) once with respect to x, 


and a second time with respect to y leads to the Cauchy- Riemann differential 
equations du/dx = dv/éy, dujdy = — dv/ex. By elimination a v oie we 
obtain the desired Laplace equations. 


20. 
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For the first part of the example it suffices to remark that the real part of 
J (F(z)] satisfies the Laplace equation and also is constant on the desired line 
of A.—The capacitances of the constructed arrangement and the original 
arrangement are equal. We show this with respect to the formula for capacit- 
ance in the above solution to exercise 18. First, the potential values on the 
cylindrical surfaces will not be changed by the representation; secondly, on 
account of the Cauchy relations applied to /(f) = ¢+iy, we have 


Piri cactg oo *) = 9 Gr tea”) 


and the value of the line integral over the closed path also remains unchanged. 


21. In order to find the zero point of the representation (map) which carries the 
twin parallel conductors over to the cylindrical capacitor, we construct the 
circle which cuts perpendicularly the circles of the two parallel wires in two 
points. Each of the two intersection points of this auxiliary circle with the line 
joining the two conductors can be used as the zero point of the representation 
¢ = F(z), for then the auxiliary circle goes over into the line x = 0, which 
must be perpendicular to the representation of the two conductor circles be- 
cause of the angle-preserving feature of ,the transformation € = F(z). On 
symmetry grounds, then, it follows that both these pictures must consist of 
concentric circles. Their radii then come out to be 

c2 
==. | ———___. 36 || 
a, wos ee ] 
and therefore the reciprocal capacitance of the twin conductors per cm is given by 
i 
== In i 
aa2in?=4 E +/(S+)] 
C. The electric current and the magnetic field 
1. Wire length ~ 1m; Jo/J = 8-6 for Jp = 1:95A. 
2. 0:35s; during this time the copper wire has warmed up 0-7°C. 
3. 27:2Q; 8-1A; 1780W; protective resistor: 35-42. 
4. 79 per cent. 
5. k =V(R/Ri); power = nV@2/4R;. 
6. R= p/4nC; particular case R = p In (6/a)/2zh. 
7. €/4na. 
2 
3, 2? (; a 3): 
2e\a 6 
9. (a) m = 8:37 X 1025G; (6) tani = 2 tan £. 
10. m = 916,000G, H = —73500e, B = 14,700G; the surface divergence of M 


(surface density of magnetization) is —Mcos 6, the corresponding surface 
current density is cMsin 6, with the maximum value cM = 17,500 A/cm; 
6 here is the polar angle of the sphere with the polar axis in the M-direction. 
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11. 


12: 


1S, 
» This 
17. 


25 fom —a(o (oo) 


r 
(6) 5 {cos .r)m2+(m2.r)m,+(m1. m2)r — 5 (m 5 =) (m2 . =r 
(c) Stable equilibrium for mj4||m2||r; the attractive force then becomes 
— 6m, m/r4. ‘ 


ae (Fa = aa) : z here means the distance 


le \WI@+4/2)2+a2] v{(2@—1/2)? + a7] 


from the plane of symmetry of the coil. In the case /> a@ the expression in 
parentheses for {z| < //2 —a becomes practically equal to 2, and thus H 
becomes equal to the field in an infinitely long coil; while for |z| > /, the field 
H falls off like 273, i.e. like a dipole field. 


60,000 maxwells. 
_ 0-4znIgu 

DP = FG maxwells. 
Air-gap thickness.............. (mm) 0-1 1 5 
Flux of induction.......... (maxwells) 55,500 33,400 12,100 
Energy inviron eer (joules) 0-154 0:055 0:007 
Energy in the air-gap......... (joules) 0-012 0-044 0:029 
Motalkenereyencemme eee rat (joules) 0:166 0-099 0-036 
Self-inductance............. (henrys) 0-332 0-198 0-072 


1:67 dynes/cm. 


If R is the wire resistance, r the radius of the ring, and A the horizontal com- 
ponent of the earth’s field, then we have 


orrH . : 
l= sin wt = 2:1 sin at mA; 


the heat developed is 5-6 x 10-9cal/s; 
the torque = 6:7 x 10-61 — cos 2m!) g-weight cm; 
the field strength perpendicular to the plane of the ring is 


2 
ZOO sin wt = 1:3 X 10-4 sin wt Oc 
c2R 


2n2@rH . 
sin2 wt 
c2R 


with the component 


perpendicular to the earth’s field. The deflection of the magnetic needle at the 
centre of the ring: « ~ 1’, in the direction of rotation of the ring. 


. 1490cal/min. 
. lety =0-0354A; 4 = 89°54-5’ (leading); effective power = 0:00RSW, 
reactive power = 0:779W. ole 
Wee 


22. 
MB. 


Bw NN 
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. (a) sin ct + sin (wt + 27/3) + sin (ot + 42/3) = 0; 


(6) H =constant, H rotates with the frequency o. 


= R a —eRtiL), The time required is 6-9s, 


V=s.(v x B)/c. 
0-6mV. 


The fundamental equations of the electromagnetic field 


. 75Vi/em; 2:5 x 10-2G. 
. 19kW. 
. Since n % k > 1 it follows from sin « = (n—ik)sin B that B, as regards its 


magnitude, is small compared to 1; thus we have that f ~ sin «/(n —ik) 
and cos 8 = 1 —sin? a/2(m — ik)2. Therefore the depth of penetration varies 
with « only in terms of higher order. 


. Sina; = I/n. For « > the wave in air decays exponentially with a depth 


of penetration d= c/w+/(n2 sin2 «—1), and with a Poynting vector parallel 
to the boundary surface. 


5. The radiation pressure is E2/4z; for sunlight 5 x 10-5dyne/cm2. 


. From Maxwell’s equations we have for a wave travelling in the x-direction and 


polarized in the y-direction, in a non-magnetic on a 


1 1 (1 0,2 WOE 5 
—— = s./£ E, H, 
i go is 4n \2 ox up aaes Ox 5 i a} 


and thus for the time average Fz = — == (Ey2 + Hz2), etc. 


. The velocity of the electrons at any chosen time is given by 


#(1 = x) eee yo pe — Aa a FO, 
2c mz2c3 me 


. The medium becomes doubly refracting (Kerr effect); a wave travelling per- 


pendicularly to the Eo-direction becomes split into two components with 
different velocities of propagation. Thus a linearly polarized wave whose 
plane of polarization makes an angle with Eo, is in general elliptically polarized 
after traversing the medium. 


. From m(f + @o2r) = —eo (= ap oe Ho) with E = Eo et, it follows that 
@ 


a= €o2/m x 
7 oeoH 2 
(a2 — 0) Vs | oe Ge =| 
_ imeo(E x Ho) 
ss (E — Feats — mail CEH oHe me(@o2 — @2) 


In the special case of Ho||z we obtain an e-tensor with ézz = tyy ¥ é223 
€rz = Eyz = 0; Exy = — Eyx 1S Pure imaginary. 
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10. 


os 


._2=— 
K 


. Maximum energy transferred = 


The medium becomes circularly birefringent (Faraday effect). For the particular 
case f||Ho we obtain two different directions of propagation for the two 
circularly polarized waves (Ey = +iEz, Hz = F ify). 


Relativity theory 


r.¥ 
——— 


ne _ @.v)v rev v iy c2 
ae (So) ace Taso 


v2 2c2 


. The rotation vector v= — 1X" (Tas 1) ae cae for v<c 


G—v%Jc2) 


. For a skew-symmetric tensor of second rank Fyy there are only the two in- 


variants Se Fyy2 and Det (Fy); in the case of the electromagnetic field- 
vou 

tensor the first is 20H2—E2), the second —(E.H)2. For a symmetric tensor 

there are in addition other different invariants which, as in §15, can be derived 

from the principal axis transformation—in particular, the spur of the tensor 


yt. 
v 


2 2 
= / [1 a 9) ] a 1}; that is, a hyperbola in the z—+s diagram 


with the asymptotic final velocity c. 


setae) WG-4 


7 OP 
with : = Kv — otk) Trajectory: z = 2/ sinh2 (xc/2/vo). 


. Helix, or in the special case, a circle, which is traversed at the frequency 


eH ( °) 
iS {j-— 
me c2 


2Mm2v 92 
V (1 — Bo?) (@n2 + M2)/(1 — Bo?) + 2mM] 
4Mm  mvo2. 


For fo < 1 we obtain from this Ga 


. If po and Eo are the momentum and energy of the particle of mass m before 


the collision, then after the collision this particle has the momentum 
p = V\(Eo — T)2/c2 — m2c2] 
The other particle then has the momentum “AQ IERN, 
P =VQMT+T2Jc2). AO 
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For the angle sought we have 


pa ys pa 
eee (M + Eo/c2)T ce (M + Eo/c2)T 
PoP PoP 


. The relationships between the velocities u; and u2 in the centre-of-mass system 
and initial velocity in the laboratory system are 


uy = m2vo/[m V1 — Bo2) +m], uz = my v0/ [m1 + mV — Bo?)] 
If the Lorentz transformation be carried out on the four-vector of the momentum 


it follows then from the fourth component, m2T = p2(i—cos ®), with 
P = P1 = p2 = momentum magnitudes in the centre-of-mass system. 


List 
of 
formulae 


CHAPTER GI 
Vector and Tensor Calculus 


1. Vector algebra 


Vectors are indicated as such throughout the book by the use of 
bold-face type, e.g. A, their magnitude by the use of absolute bars or 
Roman (Latin) letters, e.g. |A| or A. For two vectors A and B, 
<A,B> means the angle between them, A.B is their scalar product, 
and A x B their vector product. The unit vectors in the directions of 
the coordinates are designated by x, y, z. 


Components of a vector: 


A, = Acos <A, n> 
= A, cos (x, n) + A, Cos Cy, n> + A, COs <Z, n> 


Scalar product: 
A.B = ABcos<¢A, BD = A, B,+A,B,+ A,B, 


Vector product: 


x y Zz 
AxB=-BxA=|A, A, A; |A x B| = ABsin¢A, B> 
B, B, B, 
Spar product: 
Ae Al aA. 
A.(B x C)=B.(C x A)=C.(A x B)=/B, B, B, 
Com, Cz 


Product rules: 
A x (B x C) = B(A.C)—C(A.B) 


A x (B x C)+B x (C x A)+C x (A x B) = 0 
(A x B).(C x D) =(A.C)(B. D)—(A. D)(B.C) 
(A x B)? = A?B?—(A.B)* 

423 
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2. Vector analysis 
(a) Differential relationships: 


Del or nabla operator: 


Differentiation with respect to the direction of the unit vector n is often 
described as 


0 
n.V= an 
Gradient: 
do a6, Oo 
grad @ = Vo = x5 clic eer Ae 
Divergence: 
0 0 
Pn ees len A; 
0 Oy Oz 
Curl: 
culA=VxA 


0A, OA, 0A, OA, dA, OA, 
- «(5- az + dz ox )+e(2-S) 
Calculation rules: 
divdA = ddivA+A grad ¢ 
curl dA = dcurlA+grad¢@ x A 
div(A x B) = Bcurl A—AcurlB 
curl(A x B) = (B.V)A—(A.V)B+AdivB—BdivA 
div grad 6 =(V.V)6 = V76 = 2 os oh = 
curl grad ¢ = 0 
divcurl A = 0 
curl curiA = graddivA—V7A 


Ana FR 
For the differential relationships in curvilinear coordinatesasee § 3s 


& 


“sf 
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(b) Integral relationships: 
Symbols: 


pd 


signifies a line integral over a closed curve (circulation). 


tb dS 


signifies a surface integral over a closed surface (total flux). 
Surface integrals and volume integrals are often written with only a 


single integral sign. 
{fa Adv= db, dS 


| (curl A), dS = pA-de 


Gauss’s theorem: 


Stokes’s theorem: 


Green’s theorem: 
2 = ep ow 
{{ (WV o—oV*) dv= iH an ry) x) dS 


3. Tensor algebra 


If instead of the indices x, y, z, the indices 1, 2, 3 are used, a tensor 
T is then described by the nine components T;,, with i,k = 1,2,3. For 
the tensor components with respect to two directions n and m we have 


3 
Tim = p>» Ti, Ny My 


Symmetric tensor: 
Ti = Thi 


Skew-symmetric tensor: 
Ty, = — Th 


426 GI. Vector and tensor calculus 


The eigenvalue equation 
YT 44 = 44; for i= 2a 


gives with 
T,,-4 Ti2 Ti; 
Th T,.—A Th; |=90 
T31 T32 T33—A 


the three eigenvalues, 4!, A", A™! of the tensor and the associated 
principal-axis directions a’, a", a". Referred to these three mutually 
perpendicular directions as coordinate axes, it follows that 


Ti1 = a T>2 = an T33 = ae Tx = 0 for i ss k 


A tensor with spur zero is designated as the deviator: here the 
spur, being invariant against rotations of coordinates, is defined by 
Sp(T) = T;;+To2+T33- The associated deviator is obtained from a 
tensor T by subtracting one-third of the spur from all components T;,,. 


CHAPTER GII 
Electrodynamics 


The Gaussian CGS system and the Giorgi MKSA system are 
employed. If a given formula is different in these two systems, then, 
in the following, both formulae will be given side by side. 


1. The field equations and the constitutive equations 


CGS System MKSA System 
10D 47 | aD 
ae ca tee | cull =—"+8 
10B éB 
Maxwell equations: curlE = — ap curl E = ays 
| div D = 4p : divD =p 
divB =0 | divB=0 
D=E+4nP | D=«e,E+P 
Constitutive equations: 
onstitutive equation: 1 B-H+4nM B= jp H+M 
: ane op : : op 
Equation of continuity: divg+=" = =0 div gta =) 


If the quantities D and H, considered in electron theory to be 
secondary quantities, are eliminated from the Maxwell equations, we 
obtain the new equations: 


c Ot 
div E = 4n(p+ pp) éo divE = p+ pp 


The meanings here are: 
pp = —divP, the density of polarization charge 


10E 4n i 4 dE 
curlB =~ —+——(8+ Bp + 8m) pee CUB ho etl Bost Bu) 
i 0 


{p= e the density of polarization current 
ot 


427 


428 GII. Electrodynamics 


gu = ccurlM ‘ou = aw M, the density of magnetization current 
Ho 


2. The material constants 


Normal isotropic substances (i.e. non-ferroelectric non-ferromag- 
netic substances) are, in their relations to static fields, characterized by 
special material constants: 


Electrical conductivity: g=o(E+E®) | g=o(E+E) 

Permittivity (dielectric constant) D = cE if D=ee,E 

or electric susceptibility: P=y7E P= xe, E 
e=1+4ny i e=1+y 

Permeability B= yH B= ppoH 

or magnetic susceptibility: M = kH i M=xpH 
p=14+4nK i p=l+K 


In fields changing with time, o, e, and p are in general frequency- 
dependent; the foregoing relationships then only hold between the 
Fourier components of the field strengths. 


3. Energy and force expressions 


Ou 


D 
+divS = -g.E= 2 ig BO 
ot o 


Energy theorem: 


i 1 

pe eee y ee (EdD ena) dee. dD ren 

field: 4n ; 
specially, for normal eg “ 

PS ve u=— (E.D+H.B) : u=4(E.D+H.B) 
Poynting vector: S= zE xH | S=ExH 
Force on moving 7 v aan 

ohare F= (e+! x B) : F = e(E+v x B) 
Forcedensityin matter ,_ g ler 

uses fete eae ) TS gE s§ 


Force density in matter with p = 1, 
o = 0 (conductivity): 
1 1 d 
f = pE—— E’ grad e+ — grad| E? oo 
8x 8x do 
(The o in this formula is the matter density.) | AR 
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The force density can always be represented as the divergence of the 
Maxwell stress tensor. 


4. Wave propagation 


For normal homogeneous uncharged media (e, yp, o constant in 
space, E® =0, p=0) every field component F satisfies the wave 
equation 


OF AnopoF : OF OF 
2p pl i 2 
ii Or a Hee = BHO done? Sica 


For material constants that are frequency-dependent this equation has 
meaning only for the individual temporal Fourier components of F. 


From this, the wave velocity in vacuo C—a I/(Eo Lo) 
Wave velocity in insulators c/n = c/./(en) 
Index of refraction n= /(en) 


The calculation of fields in vacuo is facilitated by going over to the 
potentials A and ¢ by means of 


B=curlA B=curlA 
De -- S —grad b= ~S_ grad g 
Potential Vang a 2 7 Aton Ge a 
equations: v4p—4 oe aes v4p— Maus = -= 
Lorentz convention divA+- “ =0 divA+€p Hose =0 


General integral of the ¢-equation in the CGS system: 
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5. Electrotechnical concepts 


Capacitance: C=Q/V C=0/V 

Parallel-plate capacitor(plate Se See 
separation d, surface S): 4nd d 

Cylindrical capacitor le 2rleE 
(radiiry <rg;length!): 2In(r,/r,) In(r2/r,) 

Capacitance of a sphere re : 4nréeé 
(radius r): 

Ellipsoid of rota- (a? —b*)e 4n,/(a? —b*)eey 


tion (axesa>b): Infa+,/(a?—b)]—Inb In [a+./(a?—b*)]—Inb 


dr,. 
Inductance: a ier are i L= ok 


c his T ae 

Self-inductance of a coil 4nn pa n7 Up @ 
(length /, cross-section a, 1 1 
nturns): 

Resistance: R=V/I 


Field energy of a capacitor: 
Us =4OV =4CV" 
Field energy of a current system: 
Ung = Ey Lali le 
Oscillatory circuit with capacitance, self-inductance, and resistance: 
Oscillation equation: — R ats = 


Eigen frequency (resonance frequency) of the undamped circuit: 


Wy = 1/,/(LC) _— 
Logarithmic decrement: D=z7R J(C/L) he <_ 
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6. Conversion table: MKSA units to Gaussian 


In this table, as in certain places in the text, the symbols for quantities in the 
MKSA system have been temporarily written, for distinction, with a small star. 
If the symbols in the two systems represent different physical quantities, then in 
the comparison of units we have an arrow instead of an equal sign. In this case the 
unit quantity in the MKSA system is not equal to the similarly named quantity in 
the Gaussian system given on the right, but corresponds to it only in the sense of 
the relationship given in the second column of the table. 

The numerical factor 3 in the table should, more accurately, be replaced by 
2:99790, the number associated with the velocity of light. 


Quantity of o* =Q 1 Coulomb (C)= 3 x 10° CGS units 


electricity 

Electric ay 1 Ampere(A) = 3x 109 CGS units 
current 

Electric a _ i 
Reel =V 1 Volt (V) = 500 CGS units 

Electric * ae i 
ae E* =E 1V/m = 30,000 CGS units 

Electric 8 ey este + 4x x 3 x 10° CGS units 
displace- 4n 
ment 

Dielectric p* =p 1 As/m? =3x10° CGS units 

polarization 

Magnetic as 4nx1073 Oecersted (Oe 
field ut Tae oe ae, say 

Magnetic Jee 18 livsim? -+1x10*  Gauss(G) 
induction Cc 

Bae UEUZAR a oll M/}1 Vs/m? me x10* Gauss(G) 
tion c 4n 


pisencuc o* = 1. | 1 Weber (Wb) +1x108 = Maxwell (Mx) 
ux 


c 
Power I*V*=I1V |1Watt(W) =1x10" erg/s 
Capacitance |C* =C iFarad(F) =9x10'! cm 
Inductance |L* =L tHenry(H) =4x107'! s?/cm 
Resistance |R* =R |[1Ohm(Q) =4%x107"! s/cem 
Conductivityio* =0a 1Siemens(S) = 9x 10? 1/s 
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Permittivity of a vacuum: 


1 1 

* —s — . -12 = =—— 

& = & = 8:86 x 10 ** As/Vm 4G 102 As/Vm A 
Permeability of a vacuum: 


4n 4 
ut = po = 4n x 1077 Vs/Am = - = > x 107?°s2/cm? 


ios 
“Rs, 


as 
gir 


CHAPTER GIII 
Relativity Theory 


All physical relationships must be invariant against a Lorentz 
transformation. Such a special transformation is given (with B = v/c) 
by 

eet iy ee t—xv/c? 
a=?) Ja=8?) 


and inversely by 


mca OF = y’ zZz=27' tx ele? 
RiGl=82)) 7h eos a=) 


Every Lorentz transformation can be represented as a rotation in 
the four-dimensional space in which x, =x, x2 =y, X3=2Z, X4=Ict. 
Relativistic invariance of an expression is guaranteed if it appears as 
a scalar equation or as a vector equation or tensor equation in four- 
dimensional space. Four-vectors or four-tensors are: 


Position vector: x, = {r, ict} 


v ic 


Four-velocity:  u,={——3, —— u2 = —c? 
: (yi =P)’ Ja =I “ 
iE E? 2 2eye 
Four-momentum: J, = <P, = al Pp’ =moc 
F iF.v 
Four-force: Fi=4sS? TT on F,u, =0 
4 a =f)’ eV aot 2 

Zz @ 

Wave vector: k, = {k, ik} k= = n k= = 


Four-current: g, = {g, icp} 
438 
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Field tensors: 


0 8B, —B, —iE, 0 WH, 1D, \ 
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FOREWORD 


Richard Becker intended that the second volume of Electromagnetic Fields 
and Interactions should contain an introduction to the quantum theory of 
radiation and the electron in its new edition. He considered that the 
following two provisions were essential for this purpose: firstly, the 
presentation should be complete in itself, and should include the 
detailed mathematical basis of quantum mechanics and, in particular, 
a summary of the theory of Hilbert space. Secondly, this volume should 
lay the foundations for the treatment of the properties of matter in 
electromagnetic fields, which is dealt with in the third volume. Becker 
himself considered the latter point to be of secondary importance; it 
does, however, determine the scope of the present volume. Even 
supposing that the quantum mechanical approach were unnecessary 
for the applications treated in the third volume, a knowledge of the 
formal basis of the quantum theory and an understanding of its methods 
are still indispensable for anyone who wishes to have a proper com- 
prehension of the subject. 

Richard Becker was unable to complete his Quantum Theory: at the 
time of his death about half this volume was in a more or less completed 
state. We have endeavoured to continue the presentation in a manner 
which, we hope, would have satisfied the author. Our task was rendered 
easier by many fruitful discussions with Becker over a number of years, 
as a result of which we felt able to convey his intentions and his approach 
to the subject. 

The only knowledge assumed here is a familiarity with the basic 
principles of classical theoretical physics; we hope, therefore, that this 
volume will constitute a useful introduction for students. A revision 
of the classical properties of electrons is followed by a detailed present- 
ation of the principles of the quantum theory. Later chapters are 
chiefly concerned with the application of the theory to problems 
involving respectively one and more than one electron. Finally, the 
principles of quantum field theory are developed to a stage sufficient 
to permit the treatment of the quantum theory of the Maxwell field and 
the Dirac field theory of the electron. 


Foreword 


A number of exercises is included in each chapter, the solutions of 
which are given at the end of the book. They should help the reader to 
grasp the subject matter, since they offer him the opportunity of solving 
real problems, and enable him to make sure that he understands what 
he has read. Several important applications are treated in these 
exercises; we therefore recommend their study, together with their 
solutions, even for those readers who do not intend to work out the 
problems in the first instance. 

Frau H. Geib and Fraulein F. Albus have been responsible for most 
of the work involved in the preparation of the manuscript. We have 
received considerable help from Dr. W. Ludwig in the preparation of 
the text, and from Dr. G. Siissmann and Dipl.-Ing. K. Fischer, who 
undertook a critical revision of the manuscript. Our sincere thanks are 
due to them. 

G. LEIBFRIED 
W. BRENIG 
AACHEN and MUNICH, September, 1958 


‘< GERMAN EDITOR’S FOREWORD 


Messrs. Leibfried and Brenig were the last colleagues of R. Becker to 
work in close contact with him. They are therefore most qualified to 
complete his posthumous half-finished manuscript of the second vol- 
ume of Electromagnetic Fields and Interactions, which he had planned 
as a work of three volumes. The present volume shows how successful 
they have been in this task, and I should like to express my warmest 
thanks to them and to their collaborators. 

My own participation in this volume has been limited to some 
suggestions, and to co-ordination with the other two volumes of this 
work. We have tried to ensure that this textbook in three volumes 
should have a uniform character in spite of the multiplicity of col- 
laborators. 

A few changes and corrections have been made in the ninth 
edition. 

My special thanks are due to Messrs. B. G. Teubner, publishers, 
whose co-operation was much appreciated. 
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CHAPTER AI 
Motion of an electron in electric and magnetic fields 


§1. The equation of motion 


From the fundamental experiments of P. E. A. Lenard (cathode 
rays), R. A. Millikan (measurement of the elementary charge), and 
J. J. Thomson (motion of electrons in electromagnetic fields) it is clear 
that we may conceive the electron as a charge distribution concentrated 
in a very small region of space, with total charge’ e and mass m. Then 
the force F acting on an electron moving with velocity v in an electric 
field E and a magnetic field H is given by f 


F = cE+<vxH (1.1) 


It is assumed that E, H and v are practically constant within the 
region of the charge distribution; E and H may then be taken as the 
fields at the electron’s “position”. For normal applications the precise 
charge distribution is unimportant, provided that the fields do not vary 
appreciably within the region occupied by the electron. 

The force F = mdv/dt in accordance with Newton’s law (force = 
mass x acceleration). Substituting in (1.1), we obtain the equation of 
motion 


Hi 
m— = eE+-vxH (1.2) 
at c 
mi = eE+"#xH (1.2a) 


where r(t) = [(t), y(t), 2(¢)] represents the position of the electron. 
This equation is sufficient in most cases to describe the motion of an 
electron in a given field E, H. 


* In this work e always represents the actual electron charge: it therefore has the negative value 
e€ = —eo, where e9 = 48 x 10-1 e.s.u. = 1:6 X 10-18 coulomb (C). 
+ Cf. Vol. I, §§18 and 44. As in Vol. I the Gauss system of measurement is used in all formulae. 
The force on a charged particle in a vacuum may therefore be expressed by H instead of B. 
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4 AT. Motion of an electron in electric and magnetic fields 


It should be mentioned, however, that neither side of equation 
(1.2) is strictly correct. The left side is incorrect because the mass 
is no longer constant at very great velocities, but becomes 
infinitely large as v pie the velocity of light c. Instead of 

my 

7 Va 07/0)" 
the equation a further term is required to take account of the fact that 
the accelerating field which acts on an electron moving with non- 
uniform velocity can no longer be considered constant over the region 
occupied by the latter. An accelerated electron is a source of electro- 
magnetic radiation, the energy of which must be drawn from the 
electron’s kinetic energy. This “‘reaction of the electron with itself”’ 
will be discussed in §4 (radiation damping). This term plays no part 
in our immediate applications, however, and we may therefore consider 
the external fields E and H to be constant in the electron region. 

We see firstly, from (1.2), that the magnetic field has no influence 
on the magnitude of the velocity. The scalar product with v gives 


dmv/dt we should strictly put — On the right side of 


i ‘ (4mv?) = e(E.v) 
A change in kinetic energy is produced by the electric field alone. For 
an electrostatic field E represented by a potential ¢ (E = —grad¢) 


Z mee (22 ees) dd 


AE ie Gp ice Get) we FE 


This expression transforms the potential ¢, which is a function of 
position alone, into a time-dependent function taken at the position 
of the electron. The theorem of the conservation of energy 


4mv* + ed = constant 
or 4mvz —{mvj{ = e(¢,— $2) (1.3) 


is therefore also valid in the presence of a steady magnetic field. 

We now consider the effect of a uniform steady magnetic field alone. 
the direction of which is taken to be parallel to the positive z-axis o! 
the system of coordinates: H = (0,0, H). For this case the equation: 
of motion are 


cee care a é. ns aA 
my = ~ yH my = ——(+H mz = — ‘€1.4) 
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§1. The equation of motion 5 


The third equation shows that the component of motion in the 
direction of H is unaffected by the field. We therefore only need to 
consider the projection of the motion on the xy-plane (the component 
of r perpendicular to H.) 

To integrate the first two equations of (1.4) we describe the motion 
in the complex plane x-iy by the introduction of the quantity 


¢=xt+iy 
If the second equation of (1.4) is multiplied by i and added to the 
first, we obtain the following equation for ¢: 
H, 5 
(ase (1.4a) 
me 
H 
where @ = ale 
m 


Taking initial values £,.9=¢ and ¢,-) =, the first integral of 
(1.4a) is we 
C=loe 


and the second, 


C(t) = cot | bobs Coto (1-094 a) 


The vector {(t) then appears in the complex plane as the sum of 
the three complex vectors 


lo Lo —iwt 
aad ——e 
bo = iw iw 


> 
In figure 1, let A be the initial position of the electron (OA = €), 
and AA’ the direction of its initial velocity. The direction of R= 


— a , ; 
AB = ¢,/iw is at right angles to AA’, measured in a counter-clockwise 


aed 2 
sense, because w is negative for an electron. Finally, BC = —Re™'”’. 
The electron therefore describes an orbit with centre B and radius 

mc 
R=v|— 1.6 
»| A (1.6) 
with the constant angular velocity 
o= el (1.62) 


6 AI. Motion of an electron in electric and magnetic fields 


Equation (1.6) also follows directly from the fact that, for circular 
motion, the centrifugal force mv?/R must be balanced by the “Lorentz 
force” evH|c. 

Equation (1.6) suggests a valuable method for the production of 
cathode rays of precisely determined velocity. If a series of small 


Fig. 1.—Electron track AC in a uniform magnetic field, with initial 
position Co and initial velocity ¢o (@ is negative as in ( 1.6a), because e is 


. negative) 


apertures is arranged along a circle of radius R, perpendicular to a 
magnetic field H, and a beam of cathode rays (also perpendicular to 
H) is directed on to the first aperture, the only beam electrons to pass 
through the apertures will be those whose velocity exactly satisfies the 
relation 

eH 
me 


— R 


In a steady electric field, the acceleration is in the direction of the 
field. For initial values of position rg and of velocity fp at time t= 0, 
the solution of (1.2) is 


e 
t) =1rot+io t-+—— Et? 
r(t) ro +Fo Tae t (1 7) 
The equation of motion and the electron path are identical with 


those of a particle in a uniform gravitational field acting in the,direction 
of E. Figure 2 shows the parabolic track of an electronzin a steady 


‘& 
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§2. The charge-mass ratio 7 


electric field acting along the x-axis [E =(E£, 0, 0)], the initial velocity 
of which, Vo, is normal to E. 


Fig. 2.—In a uniform electric field the track is a parabola 


§2. The charge-mass ratio 


The charge-mass ratio e/m can be determined from an investigation 
of the paths described by electrons acted upon by electric and magnetic 
fields in accordance with equation (1.2). It must be emphasized that 
such experiments can never permit the values of the charge or the mass 
to be separately determined, since only the quotient e/m occurs in the 
fundamental equation (1.2). 

Ax 
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Fig. 3.—Measurement of e/m by simultaneous deflection in uniform 
electric and magnetic fields 


We now consider the application of the equation of motion (1.2) to 
the case of a cathode-ray beam of velocity v (parallel to the z-axis), 
acted upon simultaneously by steady electric and magnetic fields, the 
directions of which are parallel to the x-axis (figure 3). The beam is 


8 AI. Motion of an electron in electric and magnetic fields 


laterally defined by suitable apertures, and in the absence of deflecting 
fields would strike the point O of a screen placed perpendicular to it 
at a distance / from the apertures. We choose this point as the origin 
of a coordinate system x, y on the screen. If the beam consists of 
negatively charged particles, its point of impact will be displaced 
parallel to the negative x-axis under the influence of the electric field, 
and parallel to the negative y-axis under that of the magnetic field. 
Under the simultaneous effect of both fields, therefore, the beam will 
strike the screen at a point (x, y) the coordinates of which we will 
now calculate. We assume that the deflections x and y are very small 
compared with the distance /, and that an approximate method of 
calculation will therefore be satisfactory. The field E acts only along 
the x-coordinate: 
ie 
es = eF 


The time is reckoned from the instant the electron passes the aperture, 
therefore x =O and X=0 at ¢=0, and 
mx = teEt* 


The timé.taken by the electron to travel from the aperture to the 
screen is //v, so that 


le El? 

~ 2m v 
For the deflection y we have 
2 

m me = =, He : vH 
For small deflections integration therefore yields 
le Hie 
~2me v- 


Measurement of the deflections x and y accordingly yields values for 
e/m and v, as follows: 
H 2 272 
yee 
omen Dat ~ 82 ce 
The tracks of particles of the same velocity but of different charge- 
mass ratios lie on a straight line through the origin of the cagrdinates. 
From the experimental point of view, however, the secting case is of 


f 


x 
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greater importance: if the beam is composed of particles of one type 
only, all with the same charge-mass ratio, but with different velocities, 
the resultant image on a photographic plate (replacing the screen) will 
be a parabola, known as the Thomson parabola (figure 4). 

On performing the above experiment in as many different ways as 
possible, the theoretically predicted parabolas were always obtained, 
provided that the velocities of the cathode rays were not too great. 


Fig. 4.—Evaluation of results of the deflection experiment. The electrons 

meet the photographic plate at S. For positively charged particles such as 

canal rays, the point of impact is given by the intersection S’ of the 
straight line with the broken parabola 


The experiments proved that these rays consist of a single type of 
particle, negatively charged. Measurements of the important ratio 
—e/m yielded the value 1:76 x 10°C/g, which is about 1800 times 
greater than that attributable to the proton (96,500C/g). 

For very fast cathode rays, the velocities of which approach that of 
light, experiments yield a curve which departs appreciably from a 
parabola in the neighbourhood of the vertex (see §3). At this stage the 
increase in the inertial mass with velocity becomes apparent, an effect 
which we did not take into account in the above analysis. 

Another method of measurement of the charge-mass ratio is based 
on the fact that, according to equation (1.6a), the angular velocity w 
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with which an electron describes an orbit in the magnetic field is 
independent of the radius. The orbital period is 


2x 2nme 


H. Busch has shown that this fact may be used to focus a beam of 
cathode rays by means of a longitudinal magnetic field. The arrange- 
ment is shown diagrammatically in figure 5. 

Electrons emitted by an incandescent filament are accelerated along 
the z-axis of the figure by means of a potential difference V. Having 
attained the velocity v (given by 4mv? =eV), they pass through an 
aperture B and impinge on a fluorescent screen S, which is situated 
perpendicular to the z-axis at a distance 1 from the aperture. In the 
first instance the beam produces a diffuse spot on the screen, since it 
has left the hole B with a finite angular aperture. Ifa uniform magnetic 


Fig. 5.—Focusing of a divergent cathode-ray beam by a uniform magnetic 
field parallel to the beam direction. The projection of the electron trajec- 
tory on the screen is indicated by the broken circle 


field is now switched on, parallel to the beam, all the electron orbits 
will become helical. One turn of the helix is described in time t; the 
pitch of all helices is therefore v,t. If the field strength is such that the 
pitch is exactly equal to the interval /, all electrons will have executed 
precisely one revolution, and will therefore be concentrated on the 
screen into a spot of the same size as the aperture. The resultant 
focusing condition is /=v,t, or, since 
yee e 8n2c?V 
Om? mA 
In order to determine the charge-mass ratio, given the«poetential 
difference V and the path length /, it is therefore only“tecessary to 
Ny 


< 
~. 
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determine the field strength H at which the spot first becomes sharp. 
This method has also been developed to a stage of great accuracy. 

The fundamental importance of the deflection experiments described 
above is illustrated by the fact that, in addition to the determination 
of the charge-mass ratio for slow electrons, they also permit the 
measurement of the relativistic variation of mass, an analysis of the 
velocity distribution of electrons occurring in radioactive decay pro- 
cesses, and the determination of the charge-mass ratio for canal rays, 
or positively charged ions. 


Following the above description of procedures for determining the charge-mass 
ratio of cathode rays, we now give a short account of the methods of determining 
atomic and molecular masses by deflection experiments in electric and magnetic 
fields, The direct determination of e/m for individual groups of charged particles 
(ions) is particularly important, since it afforded the first means of isotope investiga- 
tion; chemical methods of determining atomic weights only give average values for 


CM, Chy| CHC 


Fig. 6.—Parabolic spectrum of methane [O. Eisenhut and R. Conrad, 
Z. Elektrochem. 36, (1930) 654] 


large numbers of particles. Using deflection methods, J. J. Thomson was the first 
to demonstrate the existence of isotopes, by showing that ordinary neon, the 
chemically determined atomic weight of which is 20-2, consists in fact of a mixture 
of two isotopes of atomic masses 20-0 and 22-0. 

Thomson performed his experiments using the “‘parabola method” described 
above, in which the charged particles are subjected to parallel electric and magnetic 
fields. The points at which the particles meet a plate perpendicular to the beam 
give rise to parabolas; the points of impact of all particles with the same charge- 
mass ratio lie along a single parabola, the faster and therefore less easily deflected 
particles striking nearer the vertex (figure 6). 
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An essentially different method was employed by Thomson’s pupil F. W. Aston, 
who passed a beam of ions first through an electric field, and then through a magnetic 
field at right angles, which compensated the deflection produced by the first field. 
The arrangement of Aston’s apparatus is shown diagrammatically in figure 7. A 
collimated beam of ions is passed between the plates of a capacitor, which deflects 
the individual particles to an extent dependent on their masses and velocities and 
so produces a fan-like dispersion of the beam. A narrow pencil of rays is selected 
from the wide beam by means of the slit B and passed through a magnetic field, 
which deflects it in the reverse direction. In figure 7 the magnetic field is at right 


Fig. 7.—Aston’s mass spectrograph. Trajectories are shown for two 
different values of e/m 
Se 

angles to the plane of the paper. If the magnetic field is of the correct strength 
relative to the electric field, the beam diverging from the slit B is rendered convergent; 
the rays most strongly deflected by the capacitor also suffer the greatest deflection 
in the magnetic field, and the tracks of all particles having the same charge-mass 
ratio converge to a definite point. The essential feature of Aston’s method is that 
the “image points” of rays with different values of e/m lie approximately in a 
straight line (cf. Exercise 2, p. 16). Hence, if a photographic plate P is placed 
along this line, a set of sharp images is obtained which correspond to the individual 
points of convergence of the rays and so enable the separate charge-mass ratios to 
be determined. A mass spectrum is thus obtained of the atoms contained in the 
primary rays. 

A description of a modern mass spectrograph, with detailed references, has been 
given by H. Ewald, Z. Naturforsch. 1 (1946), 131. See also: Handbuch der Physik, 
Vol. XXXIII, p. 546ff., Berlin, 1956. 


§3. Variability of mass at high velocities 


We now wish to see how the Thomson parabolas change their shape 
when allowance is made for the relativistic variation of mass with 
speed (cf. Vol. I, §89). The momentum p of an electron moving with 


velocity v is now : 
SRN, 


p= Ti where B= : “  (3.1) 


. 
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From Newton’s basic equation (force = rate of change of momentum) 
and equation (1.1) we obtain the relativistic equation of motion of the 
electron 

dp d= mv e 

ee 

di dt (AB) e +ovxH (3.2) 
Hence we have for the equations of motion applicable to Thomson’s 
experiment, where E=(E,0,0) and H=(H, 0, 0): 


GE gp 
dt./(1—f’) ayy ce (3.3) 
dom, | en 
dtja—-B) °° 


If the deflections along the’x- and y-axes are very small, i.e. v, and vy 
are always very small compared to v,, then v = ,/(v2+v?+v?) may be 
taken as practically constant and equal to v,; the rate of change of 
v, itself is only a small quantity of higher order, as may easily be seen 
from the third equation of motion. Then both the other equations may 
be approximately integrated; the first yields the following expression 
for the deflection along the x-axis: 


1eE I? 
— ale B?) (3.3a) 


where t = //v, =//v is the time interval from the slit to the plate. 
The deflection along the y-axis is 


fs 
pee 2) (3.36) 


~ 2me v 
If we once more form the quotient 


sees (3.4) 


we see that the traces of particles of equal velocity but different charge- 
mass ratios still lie on a straight line through the origin. If, however, 
we now investigate the traces made by a single type of particle (i.e. of 
fixed charge-mass ratio), we find that the results of the two cases differ. 
If the velocity v is eliminated from both expressions (3.3), we no longer 
obtain a parabola as in the case for which 6 <1, but parabola-like 
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curves of the fourth degree, similar to the solid curve shown in figure 
8 (the broken curve is the parabola of figure 4). The fact of chief 
interest is that these curves do not meet the y-axis tangentially, but 
intersect it at a definite angle «. Since the smaller values of x and y 
correspond to the higher values of v/c, the neighbourhood of the origin 


Fig. 8.—Increase of mass with velocity. The experimental arrangement of 
figure 3 yields the solid curve in place of the Thomson parabola (broken 
curve) 


illustrates the differences between the old and new theories. The non- 
relativistic theory predicts that only particles of infinite velocity would 
strike the origin; the present theory, however, indicates that this would 
be achieved by particles with the limiting velocity of light. From 
equation (3.4), the angle « is seen to be given by 

H 

tana = lim2 =— 

mee 18) 
The effect of the variation of mass may be demonstrated by means of 
the following construction. In figure 8, the broken curve,denotes a 


2 We Pie” 
parabola calculated from the formula a = hs assuming 
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constant mass; this parabola represents the trace that would be 
produced by particles of a single type but with different velocities. 
Further, according to the relation (3.4), the traces of particles of differ- 
ent masses lie on straight lines through the origin; in figure 8, for 
example, these lines are drawn for v/c = 0-5, 0-6, etc. In order to find 
a point on the modified curve, for a given velocity, the intersection of 
the appropriate straight line with the parabola is marked, and the 
distance along the line to this point is shortened in the ratio ,/(1— 7): 1. 
For example, the point A, corresponding to B = 0-6, is transformed to 
the point B by means of the factor ./[1—(0-6)7] =0-8. In particular, 
it is evident from this construction that the point of intersection D of 
the line 8 = 1 with the original parabola is transferred to the origin. 

The experiments described above indicate that the mass of a 
rapidly moving electron does in fact increase in the manner predicted 
by equation (3.1). 


Exercises 


1. Rutherford’s scattering formula 
Calculate the deflection of an electron with initial velocity vp by a proton 
considered to be at rest at the origin of the coordinates. The equation of motion 


of the electron is mf = ——r. 


(a) Verify that the following three conservation theorems are valid, by reason 
of the equation of motion: 


dE d e2 
i —S — PZ — — 
1. Energy: i a (amt =) 
dM d oe 
2. Angular momentum: ra mr Xt=0 
de _ d r 
—=— lt x M—e2-} = 
2: dt at ( : | 


(6) The electron’s initial velocity is vo, and ve is its velocity after scattering, at a 
great distance from the proton. The magnitudes of these velocities are the same, 
in virtue of the conservation of energy. It follows from the theorem on conservation 
of angular momentum that the orbit is plane, and normal to M. The deflection 
angle @ depends on the impact parameter b (see figure 9). Show the vector e in a 
graphical construction, using the initial and final velocity vectors, and the fact that 
e is invariable with respect to time. Derive a relation between 0 and 6 from this 


construction. 
(c) The elementary effective cross-section dQ producing scattering in the element 


of solid angle dQ is defined as follows (cf. figure 9), Imagine a large number of 
electrons all with the same velocity vo, and of uniform density, travelling towards 
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the proton. A surface dQ is placed across this electron stream, such that all particles 
passing through dQ are deflected into the element of solid angle dQ. Calculate 
the elementary effective cross-section from the relation between b and @ which was 


Fig. 9.—Derivation of the Rutherford scattering formula 


derived in (6) above. Here dQ = 2zbdb and dQ = —2nsin@dé (because dé is 
negative). (Since the geometry is cylindrically symmetrical about the direction of 
incidence, dQ does not depend on the azimuthal angle.) 


2. Aston’s mass spectrograph 


In Aston’s mass spectrograph (figure 10), particles of charge e are first of all 
accelerated by a potential difference V. All those particles with the same kinetic 
energy 4ymv2 are then deflected through the same angle 6 by the electric field E. 


Fig. 10.—The focusing conditions for Aston’s mass spectrograph 


As a result of the distribution of the particle velocities v about the average value 0, 
the beam diverges slightly; this deflection is cancelled out by the succeeding deflec- 
tion through the angle 4, which is produced by the magnetic field H (‘‘velocity 
focusing”). At what point (xy, zr) does focusing occur? What. is ‘the position 
of the registering photographic plate? De 


CHAPTER AII 
The classical model of the atom 


§4. Free oscillation of the elastically bound electron 

One of the most important objectives of theoretical physics consists 
in the detailed description of the structure of the atom. How may we 
construct an atomic model from positive and negative charges so that 
its properties, when calculated from the fundamental electrodynamic 
equations, agree with experimentally observed phenomena? Historic- 
ally, three steps must be distinguished, corresponding to successive 
approximations to the required objective: they are represented, firstly, 
by the atomic models due to J. J. Thomson (until 1912), secondly, by 
the model due to N. Bohr (1912-25), and finally, by the statements of 
quantum mechanics (W. Heisenberg, E. Schrédinger, since 1925). Each 
step in turn was so successful in its applications that it was permissible 
to consider previous conceptions to be definitely superseded. Today 
the axioms of quantum mechanics are accepted as the point of departure 
in the systematic representation of atomic phenomena. We shall, 
however, analyse in some detail the properties of Thomson’s model of 
the atom; our justification is that this model affords a particularly 
clear and simple means of understanding a number of important 
electrical and magnetic properties of atoms. We must be prepared for 
the introduction of corrections of varying degree into the results 
obtained in this manner when the stricter methods of Bohr’s theory 
and of quantum mechanics are applied. The latter make no attempt to 
give a clear picture of the atom, but many of their conclusions may be 
interpreted by postulating that the atom behaves as though it contained 
elastically bound charges as assumed in Thomson’s model. In any case, 
a knowledge of the properties of this model is essential, because the 
terms used to interpret the formulae of quantum mechanics have 
largely been drawn from the concepts developed with the aid of 
Thomson’s simple model. 

The existence of (nearly) sharp spectral lines, characteristic of each 


type of atom, provides the experimental starting-point of modern 
17 
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atomic research. (Spectra of this type are produced, for example, by 
the rare gases when rendered luminous in a Bunsen burner flame or a 
discharge tube.) In accordance with the electromagnetic theory of light, 
any given spectral line must be assumed to originate from an emitter 
oscillating with a frequency v corresponding to the colour of the line. 
The simplest emitter of this type would consist of an electron bound to 
an equilibrium position in such a manner as to permit it to execute 
harmonic oscillations of just this frequency. Its equation of motion 
along the axis Ox would then be 


mi+m(2nv)*x = 0 
for which the general solution is 


x = Acos2zvt+Bsin 2nvt 


In order that the electron should perform oscillations of frequency v 
it must be bound to the equilibrium position x =0 in such a manner 
that, when displaced from the latter by a distance x, it is drawn back 
towards it by a restoring force —m(2nv)*x. A model of this sort was 
proposed by Thomson, as follows. 
Let an electron of charge e move within a sphere of radius a which 
is filled with a uniformly distributed positive charge of total value —e. 
We wish to calculate the force acting on the electron when it is at a 
distance r <a from the centre of the sphere. The charge outside the 
sphere of radius r makes no contribution to this force. The charge 
inside this sphere is —e(r/a)*, and acts on the electron as though it 
were concentrated at the centre. The force on the electron is therefore 
e? 
Saag 


= 


This gives rise to harmonic oscillations of frequency 


t™ fe? 


y= — 
2n\j a*m 


If we introduce the known values of e and m into the above expression, 
together with the order of magnitude of the characteristic optical 
frequencies of free gas atoms (10'*s~*), we obtain a value of about 
10-%cm for the radius of the positive sphere. This is precisely the 
order of magnitude of atomic radii as determined from,the kinetic 
theory of gases. “AS 

a 
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This result could be considered to provide support for the Thomson 
model of the atom. Later, however, Rutherford’s experiments on the 
scattering of «-particles were to afford direct proof that the positive 
charge of atoms is concentrated into a space no greater than 107 !? 
to 10~1%cm; its dimensions are therefore about 100,000 times smaller 
than is required to account for the optical spectral lines by Thomson’s 
theory. The very result, a~10~*cm, previously considered to be 
supporting evidence for this theory, now made it quite untenable as 
a result of Rutherford’s experiments. The latter, in fact, constitute the 
starting-point of Bohr’s quantum theory. 

Without going further into the details of Thomson’s model, let us 
now consider the motion of an electron acted on by a force of magni- 
tude —fr. From mechanics alone, its equation of motion would be 


mt+fr=0 (4.1) 
with the general solution 


r=acoswt+bsinwt, where w?= £ (4.2) 


The constants of integration are the arbitrary vectors a and b: they 
may, for instance, serve to specify the initial position and velocity. 
The energy W of this mechanical system is 


W=4mit? +4fr? 
From (4.2), therefore, 
W = 4mw?(a? +b?) (4.3) 


Now, since an electron possesses charge as well as mass, it emits 
electromagnetic radiation in the course of its oscillations, transmitting 
radiation energy to space at a definite rate as it does so. Equation 
(4.3) shows the total amount of energy that can be emitted for given 
initial values of a and b. It would therefore be a contradiction of the 
theorem of the conservation of energy if the equation of motion (4.1) 
were to be taken as strictly correct; on the contrary, we expect the 
amplitudes a and b to decrease with time in proportion to the emitted 
radiation. 

In Vol. I, §67ff. we deduced an expression for the radiation energy 
S emitted per second by an oscillating electric charge. It is 

o> 


S= 305 i? (4.4) 
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The conservation theorem requires that this should be equal to the 
rate of decrease of energy of the oscillating electron: 


ey (4.5) 


Equations (4.4) and (4.5) are only significant if the energy ST emitted 
during a single period T= 2z/a is small compared with the existing 
energy W or, in other words, if the oscillations are lightly damped. 
With this restriction in mind, we can immediately obtain an expression 
for the damping from equation (4.5). From equation (4.2) 


2 = 4w*(a? +b’) 
From (4.4) and (4.3), therefore, 


The expressions for emission and damping are therefore 


7 2e7m? 
S=yV= —W; W=Woe™ where y= anGe (4.6) 
The time 
1 3mc? 
ay 2e*@? it) 


is the period required for the energy of the radiating atoms to decrease 
to a fraction 1/e of the initial value. Its approximate values are given 
for 


== 10'4+s-!; + =4x107’s 


O = 10!s-!; + =4x1079s 
2m 


The range of application of the above analysis depends on the ratio of the energy 
radiated in each period to the total energy, ST/ W= yT= T/t. Light damping occurs 


2 
when yT is much smaller than unity. Now T= Ba — = (8722/3) x Re/A if we 


introduce the classical “electron radius”’* Re: = e2/mc? = 2:8 x 10-i3cm and 
Oy 4 rR 
* The classical electron radius is that radius Ret which a uniformly distributed ¢) aige e must possess, 


in order that the electrical energy (~ e#/Ret) of this distribution should be equal t ¢ relativistic rest 
energy mc? of a stationary particle of mass m. . ‘Ny 


‘& 
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the wavelength A = 2zc/w. Provided, therefore, that the wavelength is large 
compared with Rei, the oscillation is very lightly damped. Since 4 is always much 
greater than Re: for atomic radiation, the application of equations (4.4) and (4.5) 
is justified. 
The corresponding expressions for the attenuation of the amplitudes 
a and bare 
a = a, exp —4yt, b = boexp —Hhyt 


the logarithmic decrement of which is 


We do not violate the principle of the conservation of energy if we 
replace equation (4.2) by 

r = (ay cos wt+ bo sin wt) exp —4yt (4.8) 
Naturally, equation (4.8) is not a solution of the original equation of 
motion (4.1), but is merely the result of a subsequent and therefore 
unsatisfactory correction to the solution of this equation. 

It is natural to go one stage further, and to investigate the possibility 
of introducing a supplementary force F into equation (4.1) in order to 
avoid violating the principle of conservation of energy. Provided that 
we confine ourselves to nearly periodic motion we can indeed find a 
possible expression for such a force. Introducing it into equation (4.1): 


mi +/fr = F 
which, after multiplication by f may be written as 


d ‘ : 
Gy aint? +44") =F.i 


On the left-hand side we have the rate of change of energy, which is 
prescribed by equation (4.5); the force F must therefore be such that 


(4.9) 


This equation cannot in general be solved by simple methods. Here, 
however, we shall limit ourselves to satisfying the conservation principle 
as a time average during nearly periodic motion. Using the identity 


Le.DaP ti 
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If we now take the average value of the above expression, say from 
time t=0 to ¢=1¢,, then 


Fa = cape ue [Mat -B=0] 
T=33 rr i 


If t, is sufficiently great, the second term is small compared with the 
first, and may be neglected. We may then satisfy our equation by 
putting 


F=—,f (4.10) 


and thus obtain for the corrected equation of motion of the elastically 


bound electron 
3 


me-+fe—=aF = 0 (4.11) 
This equation must of course lead to the solution (4.8). If we put 
r=Ae™ 
where A is a complex vector, (4.11) yields the following equation for w: 


iL 


io? +— = 


2 
—OW + 
3mc? 


ee 
> =y the equation becomes 


2 
Putting | f = Wy and S 
m 3 
—w’* +ioy+o% =0 


If we limit ourselves to the case for which y < a, the two approximate 
solutions are 
@, = Wottiy, @2 = —Wot+tiy 


We thus obtain for the general solution of (4.11) 
r= Aexp —(4y—iwp)t+ Bexp —(4y+ iwo)t (4.12) 


which is identical with (4.8), apart from its complex form. . “Since r is 
real it must equal its complex conjugate r*; therefore B= A*, and 
(839 
aly ) 
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there are only six arbitrary constants in (4.12)—three each for the real 
and the imaginary parts of the vector A. 

It must be emphasized that the expression (4.10) for the radiation 
damping is only valid for nearly periodic motion, for which 


2 24 2 Zone 
Sie — Set (4.10a) 


Absurd results are obtained if (4.10) is applied to other forms of 
motion, such as the retardation of a free electron in a constant opposing 
field. In this case only the second time derivative would be different 
from Zero, and equation (4.11) would therefore predict no radiation 
damping at all. 

The above derivation of the radiation damping is unsatisfactory, because it is 
not at all clear how the emitted spherical wave influences the electron’s motion. 


In order to gain a closer understanding of the nature of this “self reaction” it is 
necessary to compute the resultant force on all electron volume elements. 


This “self force” Fs is given by F; = | p (E + x H) av where the charge 


density p and the velocity v of the moving electron are functions of x, y, z, and t, and 
E and H represent the field strengths produced by the charge and current distribu- 
tions at the point x,y,z, as shown in Vol. I, §66. If we consider the limiting or 
non-relativistic case, for which |v|<c, then F; = f{pEdV approximately. 

Consider the particular case of an electron moving along the x-axis as a rigid 
spherically symmetrical charge distribution with centre at xo(r). For the calcula- 
tion of Fs and E, we can confine ourselves to the x-components: 


where the retarded potentials ¢, Az are 


#20 = [20 [&— x0(r—2).ne ]atanat 


; 
Ax(X,942,0) = 2 f = io b= ‘) po [é — x0(t— ‘), nt | abana 


and r2 = (x — €)2 + (y — n)2+ (2-02 


Po(é, 7,¢) is the rigid charge distribution of the electron at rest at the point ¢, 7, € =0. 
If xo and po can be developed as a power series, we may express 


{00} = polé —xo(t—r/c), 9, €) 


as a power series in terms of r/c: 


an répo. _(r\21[ép0, _ (:)'3 po « 
{po} = pot «ae *o () AR -.|+ c) 6 LG Bot... | +. 
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to the third power of r/c, and leaving out terms that may be omitted for reasons 
of symmetry in the following integration for Fez. 
We then obtain the following expression for the contribution of ¢ to the force 


Fz, after integration by parts to eliminate the derivative — £ 
1 1 —x)2 
3 £0) o(%,-.-)P0lE,--) [E-"| FIM... 
2c2 r rn 


= = Fo polx,.. )pPolE,...)de...dx... 


Similarly, the contribution of Az to the force Fez is 


= $0 | Dol.) POEs) 2 dB dn 
c r 


— Fo | pols. POEs.) AB... 
c 


Now Uy = 5 [Poca Poe ad... 
2 r 
is the electrical rest energy of the electron, and 
—)2 
va {|S (x ¢) dé,..dx... = i Us 
\ 2 p r2 3 


Ay 


since X¥+ Y+Z = Up, because po is spherically symmetrical. The series expansion 
for the self-force Fz is therefore 


4Uo., ,2e2 


Fez = 732 *oT33 Xo... 


The first term represents the familiar contribution, so, to the electron mass 
c 


(cf. Vol. I, §§65 and 91). The second term agrees exactly with expression (4.10) 
for the self-reactive force of the electron due to emitted radiation. The omitted 
terms contain higher derivatives of xo. 

In considering the useful range of application of the above series, we observe 
that it represents a development in powers of Re1/c =e2/mc2. Now if xo is expressed 
as a Fourier series terminating at @m, where @m corresponds to the highest significant 


nm 
frequency, and t = 1/@m, then, since (a | = t-"|xo|, Fsz may be expressed 
in powers of Rej/ct, interrupted after the term Xo, provided that 
2 
t> Re = ce 
@ mce3 


This provision implies that the point xo should not have moved significantly during 
the time required by light to traverse the region occupied by the electron. For 


instance, if x9 = ae’, we must have AQ, 
mc3 a 
oo — a 
e NY 
AS 
Wey 
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If this motion is caused by a light wave, then 


2 
i Ra 
mez 


The formula derived for Fez is applicable to radiation in the normal optical region, 
for which it predicts the damping effect discussed above. 
In other cases, however, such as that of the free electron, it is not permissible 


3 Pe ee : 
to solve the equation TEN Oa Xo = 0 by putting x = ae%t, « = mc2/e2, because 


the omitted terms of the series expansion are of the same order of magnitude as 
the others. 

Types of motion for which 7 = e2/mc3 can only be treated in the light of a 
more precise knowledge of the “structure” of the electron, for which the primitive 
representation by means of a rigid sphere is quite inadequate. 

More thorough analyses of the “self force” have been given by P. A. M. Dirac, 
Proc. Roy. Soc. Series A 167 (1938) 148, by F. Bopp, Z. Naturforsch. 1 (1946) 53, 
237, and by H. Steinwedel, Fortschr. d. Phys. I, 1953 and 1954, 7, 


§5. The width of the emitted spectral line 


Pure monochromatic light would be equivalent to an infinitely long 
simple harmonic wave train of form asin2n(vt—x/A). Any departure 
from this form results in the presence of a mixture of different fre- 
quencies v, ie. of different colours, as may be seen from spectral 
analysis. The frequencies contained in a given wave train may be 
determined by means of Fourier analysis; using this method, the wave 
train is represented as a linear superposition of infinitely long simple 
harmonic wave trains. The essence of Fourier’s theorem is that any 
such wave form may be represented in this manner. In particular, if 
the wave train is approximately harmonic in form and has a definite 
frequency vo, its deviation from a strictly harmonic form is character- 
ized by a definite widening dv of the corresponding spectral line of 
frequency Yo. 

In many cases, the amount of broadening, dv, may be evaluated 
approximately almost without calculation. Consider, for instance, a 
wave train of finite length L, represented at a given instant (say t = 0) by 


f= asin2n= for O<x<L 
0 


f=0 for x <0 and x>L 


The number of wavelengths contained in the train is n = L/A), where n 
is considered to be large compared to 1. In order to represent this train 
by a set of infinitely long waves, components are required of wave- 
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lengths such as to interfere destructively with the wave train A» (con- 
sidered here to be infinitely long) outside the interval L. For this 
purpose, constituents with n+1 and n—1 wavelengths in the interval 
are necessary; if these waves are in phase with the original wave in the 
middle of the interval, they are 180° out of phase at the boundaries. 
Hence, in the Fourier expansion, waves will occur whose wavelength is 
given by n+1=L/A’. In terms of frequencies: 


_ @tbe 
ee 


, 


Vo => and 

We then obtain for the order of magnitude of the line width: 
Come 
ls ese 
[NS =e 


where t represents the time required by the wave train to pass a station- 
ary observer. Expressed in terms of wavelength, the line width is 


Wain A 
: |dA| = Z A. = L 
The expression for the relative width is particularly simple: 
hi pry 
, ae 


which is the reciprocal of the number of wavelengths present in the 
wave train. 

Now the wave emitted according to (4.11) by an oscillating electron 
is not suddenly chopped off but has the form of a damped wave train, 
the amplitude of which falls to 1/e of the original after a time t = 2/y. 
We assume, however, that as regards line width it is comparable to a 
chopped wave of just this time interval. Then 


dv x ty (5.1) 


and the numerical value of the line width measured in terms of fre- 
quency is therefore given directly by the damping factor y. 

We now wish to verify the above treatment by means of the strict 
Fourier analysis of the oscillation equation (4.12). Since the field 
strengths of the wave region are linearly dependent on accelegation, the 
Fourier analysis of ¥ is also directly valid for the emitted2wave train. 

For this purpose, let us consider an electron which is initially con- 

Ss 


‘ 
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strained. If it is released at time ¢ = 0, it moves according to equation 
(4.12), in which the amplitudes A and A* are determined by the initial 
conditions r(0) =r, t(0) =0. Then 
F(t) = ( Gy—iao)’ A exp —(47—ia)t+ 
+ (47+ iw)? A* exp —(4y+iwy)t for 1 >0 
0 for t<0 


Confining ourselves initially to the first term of (5.2), we must seek a 
function ¢(@) such that 


c(w) e' dw = {(47— imo)? Aexp —(4y—iaw,)t for t>0 
(5.3) 
an 0 for t <0 


(5.2) 


We know from Fourier’s theorem that any function f(t) for which 


| [f(t)| dt exists may be represented by 


I@= (hs c(a)e'' dw with c(w)= =. fe" dt 


From this and from (5.3) it follows that 


5 2 
—ia A 
c(@) = Gx Io): —__--~ (5.4) 
2x $y—i(@o—-@) 
The same treatment of the second term yields a similar expression 
with —q@, instead of wo. We therefore obtain the result 
(oo) —4 2 0 2 

Tita || eel ee ay Pe at}ot do (5.5) 
2m J—o (4V—i(@p—-@) Sy +: i(@y +a) 
When studying the distribution of intensity in a spectrogram we must 
bear in mind that we are not concerned with the relation between 
intensity and time; experimentally it is always the total intensity that 
is measured at any point of the spectrum. We are therefore interested 
in the spectral distribution of the quantity 


00 2 2 fo 
i sai= 55 i? dt 


| ee | esayan (5.6) 


such that 
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Equation (5.5) may be written 
+00 
i= | g(w) e! dw 


f is a real number, therefore g(w) = g*(—q@). We may therefore also 
write 


+ 
i= | 2*(w)e"' dw 


0 +o 00 
| i’ dt = | doe") i(t) edt 
0 


0 oO 


It follows that 


From Fourier’s theorem the time integral is 2xg(w), therefore 


0 -—0 0 


im #? dt = 2n [. a g(w)g*(w) dw = 4x IL g(w)g*(w) dw 


since the integrand is symmetrical in w, as may be seen from (5.5). 
We have now accomplished our analysis and determined the amount 
of radiation energy arising from the elementary region w, a+dw of 
the spectrum: 


2 
S(w) do = 5 4ng(o)e*() dw (5.7) 


In order to evaluate (5.7) it is necessary to form the product g(w)g*(), 
using (5.5), and this results in a rather long formula. A simpler ex- 
pression is obtained if we confine ourselves to the neighbourhood of 
the frequency corresponding to wp). This simplification is satisfactory 
in practice, because almost the whole spectral intensity is distributed in 
a narrow band of frequencies of approximate width y, as we saw in our 
earlier simplified treatment. We therefore restrict ourselves to fre- 
quencies such that |w—@ |< . In addition, » is always much 
smaller than wo, aS we saw in the last paragraph. On examining the 
expression for g(w) given by (5.5) we see that in this frequency region 
the first term is much larger than the second. Since we are only con- 
cerned with the value of the vector sum in (5.5) we may restrict our- 
selves to the first term. We then obtain 


we AA* a 
* 0 “Re, 

= a wy (5.8 
g(w)g"(w) An? (@— ao)? +4" ~ ) 
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(In the above expression we have neglected the quantity 4)? in the 
numerator, since it is much smaller than wé.) Inspection shows that 
equation (5.8) possesses a maximum of value wo AA*/n7y? at w= ap. 
We also see that the intensity function has decreased to half its maxi- 
mum value at a frequency separation given by |w—wo| =ty. The 
“half value” width of the line is therefore 


= Bias 
6o=y or dv= an (5.9) 


which agrees roughly with the earlier approximate estimate (5.1). It 
is now clear that we were justified in restricting our more complete 
analysis to the immediate neighbourhood of the spectral line. 


As a check, we shall calculate the total radiated energy from its spectral distribu- 
tion, using equations (5.6), (5.7) and (5.8): 


Ps 4 ie} 
if SOdt = if Sada = Aas | le 
0 0 


3c3 2 0 (w—e)2+4y2 
F ; 2(@— wo) 
Introducing the variable x = ——_—_”* 
&2 2e2 wo4 22 dx 
S(thdt = &_ 20" par2 i ace 
J, On 303 ¥ J -2w9/y X2-+1 


Since y < wo, the value of the integral is not appreciably altered if we substitute 
ao 

—o for the lower limit. Then i Bera 

damping factor y given by (4.6), we have for the total radiated energy 


= 7, and inserting the value for the 


‘| ” S(t)dt = 2me2AA* 
0 


which is necessarily equal to the total mechanical energy of the elastically bound 
electron at time t = 0; 
Wo = Gmt2+4fr2)100 
From the equations of motion (4.11) and (4.12), neglecting y in comparison with ao: 
Wo = 2mao2AA* 

The total initial energy of oscillation therefore reappears as the total energy radiated. 

For an understanding of the optical properties of matter it is 
particularly important to know how an elastically bound electron 


behaves in an alternating field, and in the field due to incident light 
waves in particular. We shall restrict ourselves to the consideration of 
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a linearly polarized wave train, the field strength of which at the 
electron is E=E,e'*. The electron’s equation of motion is 


F+ytt+oer= “FE, iat (5.10) 


in which we allow for the loss of energy by radiation through the 
introduction of the damping term yi, where y is the damping factor 
given by equation (4.6). 

The inhomogeneous equation (5.10) may be satisfied by putting 


=e (5.11) 

where 
e Ky 
=— > Salil 
morz—o? +ioy CR AKY 

If we write rp =S,e~'*, where s, and ¢ are real quantities, we obtain 
the following result: the motion produced by the field E=E,e'” 
may be described by the vector r=s,e"°'~®, of amplitude 


a. 
: e Eo 


°F neo FO] es 
and phase 
oon als 
a aeeae (5.12b) 


(The general integral of (5.10) is obtained by the addition of an arbitrary 
solution of the homogeneous equation; since this solution decays with 
time, after a sufficiently long period the electron is solely influenced by 
the light wave, and only the forced oscillation remains.) 

For the amplitude and phase angle of the forced oscillation we 
obtain the familiar curves of figure 11. Outside the region of resonance 
(ie. when |@—a@p | > 7), it is in phase with the exciting force at lower 
frequencies, and at very low frequencies its amplitude approaches the 
value applicable to steady fields, rpg = eE/mm?. On the other side of 
the resonance frequency the phase of the oscillation is opposed to the 
force. As the frequency increases without limit the amplitude tends to 
zero. In the region of resonance (i.e. when |w—ao| x Vets ampli- 


: es ; e 
tude rises steeply, attaining a maximum value — for OX Wo. 
Moy ~ Ny 

oa 
™ 
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The “‘half-value width” for the square of the amplitude is once more 
dw = y, as in the case of free oscillations. 

In consequence of the “frictional term” in equation (5.10), work 
must be performed by the field on the electron in order to maintain 


So 
ey 
MW 7 


Wp @ 


Fig. 11.—Amplitude so and phase shift ¢ of a forced oscillation in the 
resonance region wo, from equations (5.12) 


oscillations. For periodic motion, we may deduce the average value 
of the power produced by a force acting on the electron from the 
equation 

mi -+myt+mogr = F 


The power produced by F at any instant is F.i. If we take the time 


f the ab ion, the term poe id 1 eee 
average of the above expression, the terms SS re t= 5 
drop out, and we obtain 
Ft = my? = 4myorr? (5.13) 


in view of (5.11). If we are dealing with radiation damping alone, in 
which the electron loses energy only from emitted radiation, the value 
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deduced above for the average power must correspond exactly to the 
energy radiated per second. From (4.4) this is 
wee we 2e? w*r2 

3c? 308 2 


If this expression is equated with (5.13) we obtain the correct value 
for y, as given by equation (4.6). 

The law of forced oscillations expressed by (5.12) corresponds 
experimentally to the finite width of the absorption lines observed 
when light is passed through a gas. If no other sources of disturbance 
are present, the half-value width due to radiation damping alone is 

2e7w? 


3 


OWrad Sea 3mc> 


When we discussed the emission from a freely oscillating electron we 
saw that the finite line width could be simply interpreted as the reci- 
procal of the electron’s time constant for radiation; if t,,g is the time 
required for the oscillation amplitude to decrease to a fraction 1/e of 
its original value, then 


y= Z (5.14) 


Trad 


If the free oscillations are interrupted by collisions between atoms 
we must expect increased broadening of the spectral lines. This is 
obvious for the case of emission, since, as we have already seen, line 
width depends essentially upon the length of the individual wave trains 
and not on the cause of their limitation. If we designate by t the average 
time between collisions, then a line width of order 6m ~ 1/t will be 
produced purely by the collisions. We shall now show that the same 
factor applies to the process of absorption, by considering the average 
motion, under the influence of an alternating electric field, of a large 
number of electrons bound to colliding atoms. Equation (5.10) is still 
valid for this average motion, provided that the supplementary term 

a Z (5.15) 
% 
is introduced and added to y. We may thus describe the average 
motion of the electron by means of a damping constant | dt 
both sources of damping are present. 
& 


‘“ 
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For proof, we start from the general solution of equation (5.10) 


r(t) = rq ef +(A e+ Be fot) o- at (5.16) 


which includes the particular integral (5.11) and the two constants of 
integration A and B. The vector ro is related to the (complex) amplitude 
vector Ey by the equation 
Io = a (S.11a) 
MWo—w* +iwy 

Now assume that the atom under consideration suffered its latest 
collision at time ¢,. If we were to know the values of r and f immediately 
after collision, the constants A and B would be determined. Now we 
do not know these values for individual atoms; if, however, we consider 
a large number of such oscillators, all of which have been subjected to 
collision at time ¢,;, we can assert that immediately after ¢, all directions 
of the displacement r and the velocity t are equally probable. The 
average value of r and f at time ¢, will therefore be zero for all these 
osciliators. The equations determining the constants of integration are 
therefore, from (5.16), 


rp 28 +-(A ett + Be fot) e371 = 0 
feat e'"* + {itd — dy) A 21% — (ie + 47)B eT} e 3 = 0 


If we insert the resultant values for A and B into (5.16), and introduce 
the time elapsed since the last collision, @=t—t,, we obtain 


_ @+o—siy 


ae ae [i(@p —w) —4y]O— 


Oo—at+tiy 
209 


Tg (t) = To eo {1 


exp —[i(@p+@)+ ano} 


If t is the average time between collisions and N is the total number of 
oscillators present in the volume under consideration, then the number 
of these oscillators whose last collision took place during the time 
interval 6,9+d6 is given by 


N 
—e * dg 
T 
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The mean contribution of each individual oscillator to the resultant 
displacement is therefore 
— = dé 
r(t) = | rg (t)e~ /*¥— (5.17) 
0=0 T 
Integration yields 
r(t) = rj e™ (5.18) 
where 


wo —(w—tiy)? 


, 
1) Oe 7 7 
-(0-407-2) 
tT 


If we neglect the quadratic terms in y, as before, then from the above 
expression and (5.1la) we have 


ae Eo 
10 mw,—@* + iw(y +2/t) 

Inspection shows that the original denominator of (5.1la) has been 
replaced ‘by a new one, which differs from the first only through the 
addition of the collision damping constant 2/t to the radiation constant 
y. Our previous statement is now proved. 

Apart from the broadening of the spectral lines by radiation and 
collision damping there is also the Doppler effect, which is caused by 
the thermal motion of the emitting and absorbing atoms. For details 
of this broadening effect, see Exercise 1 below. 


Exercises 


1. Broadening of spectral lines 


In addition to the effects of radiation and collision damping on line width, 
there is also the Doppler broadening effect arising from the thermal motion of the 
radiating atoms. Atoms moving towards the observer exhibit a shift towards the 
violet end of the spectrum; those moving away, a red shift. Compare the orders 
of magnitude of the three effects. How may these three effects be separated? (Note 
that the gas atoms possess a Maxwellian velocity distribution; the fraction of the 
N atoms, each of mass M, with an x-component of velocity lying between vz and 
ve+dvz, is , 

RL I, 
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Nwvz) dvz = N exp —E = doe] {” exp — Te — Se 
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2. Radiation damping and the electron radius 


Let a plane linearly polarized light wave excite oscillations in a free electron. 
If we imagine the electron to be a sphere of radius Rez, then according to this 
conception Re: is determined from the fact that the power radiated by the electron 
is equal to the wave energy incident on this sphere in unit time. 


Hint: Take a wave E = [E(), 0, 0] polarized parallel to the x-axis, note the 
equation of motion mx = eE when the Lorentz force is neglected, and the average 
value of the energy flow (Poynting vector) S = c/4z E2. 
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The Hamiltonian form of the equations of motion 


$6. The Hamiltonian theory in mechanics 

The Hamiltonian form of the equations of motion is of proved 
value as a powerful general method employed in connection with many 
different physical problems. Two important applications are in 
statistical mechanics (with which we are only incidentally concerned 


5 ty 


Fig. 12.—Determination of the correct path x(t) (full line). A varied path 
is shown as a broken line. It must coincide with x(t) at the end points. 


here), and in the quantum theory. We shall begin our account of 
Hamiltonian theory with a mathematical digression on the calculus of 


variations. 
Let us first consider a single function x(t), and a function of the 


three variables x, x, and t, L(x, x, t), designated the “‘Lagrange func- 
tion”. We may choose any function x(t) (figure 12) with fixed initial 
and final values x) and x,: 


X(to) =Xq and x(t, =x, (6.1) 


Using this function, which is arbitrary except for the above condition, 
we form the integral 


. SETS 
c= | L(x, x, t) dt ‘am (6.2) 
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Among all the possible functions x(t) that satisfy condition (6.1) we 
seek the one that makes G an extremum; in doing so we must take 
account of x =dx/dt along all possible paths. We shall call this the 
“correct function”, or in mechanical applications, the ‘‘correct path”’. 
Thus, let x(t) be the correct function; we now form the varied function 


x(t) + an(t) 


where @ is a numerical factor, and y(t) is an arbitrary function vanishing 
at the terminal points: 


n(to) = n(t,) = 0 (6.3) 


G is now a function of a: 


ty 
G(a) = | L(x+an, x+an, t) dt (6.4) 
to oo 


The extremum condition is (dG/dx),.,9=0 for all functions n(r) 
satisfying (6.3). Differentiating under the integral sign we obtain 


aL aL, ab _(dab\ a (ab 
Ge ox! wom cn) Taian: 
Therefore 


dG) _("(ab_daL\ |, (ab,\ _(@L, 
da Jae JN Gx GRO NOR" Jar, (Ok | jens 


The last two terms vanish on account of condition (6.3). In order that 
dG/d« should vanish for all functions 4, x(t) must satisfy the “Euler 


equation”’ 
a ob = éL (6.5) 
dt\ 0x Ox 

The above treatment may clearly be extended to three functions. If 


we call these x,(t), x(t), x3(t), the Lagrange function is L(x, %;, 
eon er. <2, Pe Weerequire thatyG should be an extremum for 


ty 

G= | L(x;,%;, 8) dt (6.6) 
to 

for a variation of x,, X2, x3, 


x; ae a; nt), where n,(t,) = nj(ta) = 0 ©) = IE 2, 3) 
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The Euler equations are 


ad fol OL : 


We now introduce the Hamiltonian function, which is related to the 
Lagrange function as follows: Let us introduce the ‘“‘momenta”’ 


oL 
Er 
Ox; 
and assume these three equations to be solved for x,, X,, X3. Then the 


x; appear as functions of the p; and x,. Using these functions x,(p,, Xj), 
we define the Hamiltonian function as 


3 
re 
From (6.7), it is clear that 
, CF P OH? ; 
x, xj a dp; P; — nos G aa 1, a, 3) (6.9) 
If L, and hence #, do not depend explicitly on 14, 
dH 
a 
and from cant 
dH aE ee ee _ 0 
- a "ox, ire =! ay 


The value of #(p;,x,) therefore remains constant with respect to 
time if the “‘correct” path is chosen for the p,(t) and x,(t). 
For physical applications L(x,, X,,t) must be so chosen that the 
Euler equations do in fact represent the correct equations of motion. 
For a particle moving in a field of force of potential energy V(x, y,z), 
L is equal to the difference between the kinetic and potential energies. 
In the non-relativistic case,* therefore (writing x, y, z instead of Kiss 
X3) 
L = 4m(x? + y? +27)—V(x, y,z), «9(6,10) 
WO, 


* Cf. §55 for the relativistic Lagrangian and Hamiltonian functions. ~~ 
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The first of the equations (6.7) then states that 


ge 
Ox 


— mx = 
dt 


This is the correct Newtonian equation of motion. The momenta are 


OL : 
Px» = = = mx, etc. 
Ox 


From (6.8), the Hamiltonian function is 
1 
= 5 (Ps + Py +2) + V(x, y,2) (6.11) 


which is the sum of the kinetic and potential energies. In this case, 
therefore, # is the total energy, expressed in terms of momenta and 
coordinates. 


Equations (6.6) to (6.9) are clearly also valid for a system of N particles with 
coordinates (x1, X2,...,*3w); the index number / now runs from 1 to 3N. Here 
too, if the forces between the particles can be represented by means of a potential 
energy V(x;,...,%*3n), L is the difference between the kinetic and potential 
energies and # is their sum. 

We have seen that the Newtonian equations of motion (6.7) may be considered 
as Euler equations corresponding to the requirement that the function G should 
be an extremum for the “‘correct”’ paths.* This alternative concept is important, 
because it enables the equations of motion to be expressed in a form that is invariant 
with respect to the coordinates. The extremum requirement, known as Hamilton’s 
principle, contains only physical quantities such as kinetic and potential energy, 
which are independent of the coordinate system. Equations (6.7) are therefore 
valid for any arbitrary system of coordinates, such as the polar form (cf. Exercise 1, 
p. 46). It is then only necessary to express L as the difference between the kinetic 
and potential energies in the coordinate system selected. The same applies to 
Hamilton’s equations. For any arbitrary coordinate system, the “momenta” 
p; = OL/éx; do not in general have the dimensions of a true momentum (e.g. if 
the coordinate x; is a dimensionless angular quantity); however, the product of 
any “momentum” p; with its associated coordinate x; always has the dimensions 
of action (energy x time). The momentum p; and coordinate x; are said to be 
canonically conjugate. 

The Newtonian equations of motion for N particles form a system of 3N differ- 
ential equations of the second order. Therefore, in order to specify a “path” 
uniquely, we require 6N initial conditions, namely the positions x; and velocities 
%,; at a given time. The motion of the system may then be represented by a curve 


* G does not always have to be a minimum, always a maximum, or a saddle point. There are 
cases in which G is a minimum for certain variations, and a maximum for other equally possible path 
changes. Al! that is required is that in the first approximation G should not change if a varied path is 
substituted for the correct path (cf. Exercise 3, p. 47). 
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in this space of 6N dimensions composed of position and velocity coordinates. 
One point in this space determines the course of the path; for if we define x; as 


d 
—xj=% 6.12a 
it x4 4 ( ) 


then, in conjunction with the Euler equations 


Clee (6.128) 
dt 0X; Ox; 

we have @L/0x; = p; = mx; for Cartesian coordinates. Hence, if x;(r) and x;(¢) 
are given, we can immediately determine x;(¢+dr) and x;(t+dr) from the above 
equations, from which it follows that the whole path can be constructed. In 
arbitrary coordinates p; is no longer proportional to x;, but may depend on the 
other coordinates in a complicated manner. It therefore seems reasonable to 
introduce the p; and the x; as new variables, since their variation with respect to 
time is directly given by equation (6.12). The path can now be described in a 
“phase space” of 6N dimensions, the coordinates of which are the pj and xj. The 
Hamilton equations (6.9) enable the path to be constructed from an initial point in 
this space, provided that the Hamiltonian function is known. Newton’s equations 
are replaced by (6.12) and (6.9), representing a system of 6N equations of the first 
order; the advantage of this substitution lies in the fact that the symmetrical form 
of Hamilton’s equations makes them more suitable for the treatment of problems 
in any coordinate system. 


Canonical ‘transformations 

In order to change from one pair of canonically conjugate variables p, x, to 
another pair p, X, we introduce a function of the old coordinate and the new 
momentum, S(x, p), for which 

ye end ees (6.13) 
ox Op 

The relation p(p, x), ¥(p, x) between the old and the new variables is given implicitly 
by (6.13), The functional determinant (Jacobian) of the transformation (6.13) is 
unity. This is most easily demonstrated by expressing the total differential 
aS = p.dx+<x.dp in terms of the new variables: 


dS =p sr de+( +3) dp 
Ox Op 
ee, nr 
eS © 
2z/)5 ap) 


Then the criterion for integrability 


yields the functional determinant 
Op 0x Opéex _ Ap, x) = ‘AD 
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Hamilton’s equations are still valid in terms of the new variables introduced by 

the transformation (6.13), as we shall show. If we take an arbitrary function 
b(p, x), its time rate of change is 

: .0b, 0b dH Gb Cho AH#,b) 

op Ox op ox ép ox a(p, x) 


Since the functional determinant of the transformation is unity, we also have 
5 = AH») Ap, x) _ AF, b) 


Ap, x) OP, x) AB, *) 


for any function b. If we now put b equal to f or to X, we obtain Hamilton’s equa- 
tions in terms of the new variables and the old Hamiltonian function: 


8,» Be 


Equation (6.13) represents the most general form of canonical transformation 
of canonically conjugate quantities. We may obtain the special case of the “pure 
coordinate transformation” by putting S(x,/) = g(x)p, from which <x = g(x) 
and p = p/g’(x). This result may clearly be generalized to several degrees of free- 
dom. 

§7. The electron in a given electromagnetic field 


From equation (1.2) we know the electron’s equation of motion 
eR 3 (7.1) 
dt c 


which we may consider to have been experimentally proved in the 
non-relativistic case. We now seek a Lagrangian function the Euler 
equation of which will agree with (7.1). For this purpose, let us intro- 
duce the potentials A, ¢ (cf. Vol. I, §64) from which we may calculate 
the electric and magnetic fields 


1 
E= —gradg—- A, H=curlA 


If these expressions for E and H are inserted in (7.1), the x-component 
of this equation is 


d e 0 e 
x -- =—<— -(XA,+ ~A,+ ZA, 1 
A(nesta)ae{eosteasseeagh 02 
(For verification, we note that 
dA CAL nOAD OC Ages 
— = — x Zz 
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But (7.2) is the Eulerian form of the equation of motion for which 
L=4m(32+ P42) —eb-+-(8A,+ yA+2A,) (7.3) 


The x-component of the momentum is 


OL 
Pe = a= mi+~A,, therefore p= my+—A (7.4) 


At first sight, thisappears to be a strange result: the momentum is no 
longer equal to my, but contains an additional term (e/c)A, the inter- 
pretation of which is not self-evident. The formal Hamiltonian treat- 
ment, however, compels us to designate mv+(e/c)A as the momentum 
that is canonically conjugate to r. If we now consider the Hamiltonian 
function as expressed by (6.8), we first obtain 


(p-i) = mi?-+<(F.A) 


If we use this equation together with (7.3) to form equation (6.8), we 
have 

‘ A 5 . 

: (p.t)—L = 4m(X? +7427) +e¢ 

This is again the sum of the kinetic and potential energies; the vector 
potential and hence the magnetic field have disappeared. The above 
expression, however, is not the Hamiltonian function, which must be 
obtained by expressing the x; by means of the momenta p, jj» according 
to the general rule. If we do this, using (7.4), we finally obtain the 
(non-relativistic) Hamiltonian function for a charged particle in a field 
specified by ¢ and A: 


no hale ed 7.5 
nk ae oe 
We shall frequently have occasion to refer back to this expression. 


§8. Some applications of Hamilton’s theory 


Hamiltonian theory is of fundamental importance in the transition 
from classical to quantum mechanics, as we shall see later on. In this 
section we shall consider some further problems of classical physics in 
which Hamiltonian theory is of value. —_—s 

Statistical mechanics and the theory of heat are based. in the first 
instance on the Hamiltonian form of the equations of motign. The 


% 


“ 
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fundamental statement of statistical mechanics may be expressed as 
follows: 

“Consider a system of N particles with coordinates Fic shn: 
momenta pj,...,Py, the Hamiltonian function of which, #(p,,...,ty), 
is invariant with respect to time. Assume that it is known only that 
the energy of the system lies between E and E+AE. Then the probabil- 
ity Wdp,...dry of finding the system in an interval (p,,p, +dpy3...5 
I'y,¥ytdry) is given by 

Wdp,...dty=Cdp,...dry with ES #SE+AE (8.1) 
The constant C is determined by the normalization condition 
f...J Wadp,...dry=1” 


ESH#SE+AE 

In order that normalization should be possible, the volume of 
phase space defined by EX 4 <E+AE must exist. This may be 
achieved most simply by imagining the system to be enclosed in a 
container of volume V. Then the function # contains a share of the 
potential energy arising between the particles and the wall, which 
prevents the former from penetrating the latter. The volume V appears 
as a parameter in the Hamiltonian function. The energy indeterminacy 
may be arbitrarily small, and is only introduced for convenience in 
formulation.* The expression (8.1) is to be interpreted as a statistical 
statement of the course of the system in phase space. In virtue of the 
principle of conservation of energy, the system lies within the range 
ESH#<SE+AE. Equation (8.1) then implies that, for a sufficiently 
long period of observation, the time during which the phase point 
Pi (t),...,8y(t) of the system remains within a small element of volume 
dp,...dty lying in the range ES # S$ E+AE is directly proportional 
to the size of this element. 

If the system of particles is in contact with a heat source at tempera- 
ture 7, the course of the phase point can no longer be described by the 
Hamiltonian equations alone; the system is now coupled to a statistical 
ensemble defined solely by its temperature 7, and because of the energy 
interchange with the heat source, the phase point path cannot be 
determined purely on mechanical grounds. In this case (8.1) is replaced 
by the “canonical distribution” 


W dp, ...dty = Ce7*""T dp, ...dry (8.2) 


* If we wish to avoid the use of 4E, and to consider E as an exact quantity, we may express W by 
means of the Dirac 6-function: W = Cé(o? — E) (cf. Exercise 1, p. 137). 
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where k is the Boltzmann constant.* Equations (8.1) and (8.2) are 
independent of the selected coordinate system. 

If f(p,,...,%y) is an observable function of the “‘phase”’ p,,...,ty, 
its average value, f, is 


po ity acl, 


ae eee (8.3) 
f...[ Wap, ...dty 
or, with the particular value for W given by (8.2), 
— (kT 
foe lfe dp,...dty (8.4) 


be [owe cow Sloe Crp 


In the above expressions, f may be taken as the time average of f 
during the period of observation of the system, or as the average of 
simultaneous observations on a large number of identical systems. 

In addition to the phase space volume, # may also contain as 
parameters the electric fields E and H, represented by the potentials 
A(r) and ¢(r). Then, generalizing from (7.5): 


ee e 2 
KH = x am PA) ae bed} +M(C Oe) Ty) (8.5) 


The above expression includes the mutual reaction between particles 
of mass m, and charge e,, V, and other possible mutual effects such 
as the reaction with the wall that defines the phase volume. 

This definition is of particular importance in the investigation of 
the electric and magnetic moments of the atom, and of their dependence 
on temperature in the presence of external electric and magnetic fields. 
If an atom consists of N charges ¢,,...,¢,,...,@y at positions r,,.. 
I,,.-.,Fy, its electric and magnetic moments, p,,, Pmagns are given 
ie mean values of 


N 
Pe = Ay é,f, (8.6a) 
vel 


1 N 
and} Pragn = 5, DL CvtyX ty (8.6b) 
y=l1 


* (8.2) may be deduced from (8.1). For a thorough exposition of statistical megbanics and its 
bearing on the theory of heat, see R. Becker, Theorie der Warme (Berlin, 1955), 


+ For (8.65), cf. Vol. I, §47. Only the mean value of Pmagn is significant. AP oes orbit of an 
electron corresponds to a current round a closed circuit, and therefore gives rise to a one moment. 
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Homogeneous electric and magnetic fields, E and H, are derived from 
potentials 


g(r) = —E.r —gradgd = E 
A(r) = 4H xr curlA = H 


The potentials appearing in (8.5) may therefore be written 
@=¢°-E.r A=4Hxr (8.7) 


where the potential ¢° is determined entirely by the mutual electro- 
static forces between the individual charges in the atom. We may 
neglect the effect of the magnetic field due to a single electron on the 
orbits of the others, since it is very small compared to the electrostatic 
effect e,e,/|r,—r,|. In any case it could not be taken into account 
by means of the Hamiltonian function (8.5), since the vector potential 
A would not depend on the coordinates alone, but also on the momenta. 

The following simple relationships may now be deduced from equa- 
tions (8.5) and (8.6), using the values for the potentials given by (8.7): 


OH? 

Pea = —ae (8.84) 
OH 

Pragn = ~ OH (8.8)) 


The derivation of equation (8.84) is obvious; to prove (8.85), we 
differentiate and substitute m,t, for p,—e,A(r,)/c, in accordance 
with (7.4). 

From (8.4) it follows that, with the thermodynamic “free energy ” 


: 0% _,0InZ__ oF 


_ 0H _,pOinZ__ oF 8.9 
or 2E. OE SEE) 


where Z is the “phase integral’’, defined as 


ZH, Py |. i les*/ app. .dry =e!" (8.10) 
Similarly, 


eee ee Ze (8.9b) 


Pmagn = ~ ay oH ~ dH 


These relationships may be retained in the quantum theory, in which 
each system is characterized by its stationary energy value E;. The 
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probability W; of finding the system in a state corresponding to E; is 


E; 
at 8.11 
W, = Cexp —7 (8.11) 
The energy values depend on the parameters E and H. Equations (8.9) 
remain valid in the quantum theory if the phase sum 


_E,(E,H) 


Z(E, H, T) = 2 exp 


(8.10a) 
is introduced in place of the phase integral; the summation extends 
over all possible energy values E;. We shall be particularly concerned 
with the application of equation (8.95) in chapter CIII. 

In classical physics, however, equation (8.95) is strictly speaking of 
no value, since it turns out that p,,,,, always vanishes. This is because 
the phase integral 


Z(E,H, T) = 


1 1 aN 7 Sie 
[---[ex(-za] Sa (- 9) +e,0¢e) [+1 b) doy... dy 


is independent of A, and hence of H. Integration over any p, from 
— oo to +00 always results in a factor (2nm,kT)*/? which is independ- 
ent of A(r,). According to classical theory, therefore, no magnetism is 
present. By contrast the quantum theory is able to explain the magnetic 
properties of matter both qualitatively and quantitatively. The mag- 
netic Moment Pynag,, When formed by means of the phase sum, does not 
generally vanish. For further discussion the reader is referred to 
chapter CIII. 


Exercises 


1. The Hamiltonian function in polar coordinates 

A particle is situated in a central field of force, for which the corresponding 
potential is U(r). Express the kinetic energy in polar coordinates, and hence obtain 
the Hamiltonian function #(pr, pe, pg, r, 9, ¢) and the equations of motion in 
polar coordinates. 


2. The Lagrangian function and the conservation of momentum 
The Lagrangian function for N particles is 


° ° ad B Sade 
L(@f1,...,fN;3 t1,...,%y) = © 4rmti2—V@y,..., TR) 
int 
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If transformations r;—>r;+R; are introduced that leave L unchanged, then 
t 
Gr | ; Ldt also remains unchanged. If the potential depends only upon the 


to 

distances between particles, then L is invariant for a “small” common displacement 
of all points ry; > 1r;+Ro, and for a small common rotation m—>rtn <r; (n is 
small). If the Ry are small, then +R: may be looked on as variations of the 
correct paths, Since G does not change when these variations are introduced, show 
that the theorems on the conservation of linear and angular momentum may be 
obtained respectively from the invariance property of L with respect to displacement 
and rotation. (Note that the correct and the varied paths do not coincide at the 
limits fo and 14.) 


3. Hamilton's principle of the extremum 


t 
Discuss the behaviour of G = | , L(x, x)dt for arbitrary variations 
to 


(a) in the case of a free particle capable of motion along the x-axis, for which 
L = 4mxz2, 


(6) in the case of a linear oscillator, for which L = 3m(%2— 2x2), 

If x(t) is the correct path, find G for the varied paths x()+y(0), for which 
y(to) = y(t1) = 0. For what variations y(t) is G respectively a maximum and a 
minimum ? 
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CHAPTER BI 
The development of the quantum theory 


§9. Planck’s radiation formula 


The first indication of the inadequacy of the concepts of classical 
physics appeared in the problem of radiation from an enclosure (black- 
body radiation). This subject will be treated in some detail in section 
E; at this stage we shall confine ourselves to the following short 
discussion. : 

According to G. R. Kirchhoff’s analysis, if an enclosure is at a 
certain temperature, radiation must exist inside it. If u is the radiation 
energy density 

ioe) 

We [ Uy daw (9.1) 

0 
then its spectral distribution function u,(7T) must be independent 
(a) of the nature of the enclosure, (b) of the manner in which it is 
brought into contact with a heat source at temperature 7, (c) of the 
nature of any emitting and absorbing materials present in the enclosure. 
If the enclosure contains a linear oscillator, such as an elastically bound 
charged particle oscillating at an angular frequency w about its equi- 
librium position, and if (7) is the mean energy of the oscillator at 
temperature 7, then classical physics yields the following result for the 
equilibrium condition (see § 47): 


2 
49(T) = (1) (9.2) 


According to the law of equipartition, e(T)=kT. The energy 
density u,,(T) would therefore be proportional to w?, and therefore 
infinitely large at all temperatures. This catastrophic prediction can 
only be avoided by drastic assumptions which have no foundation in 
classical physics. One of these is known as Planck’s hypothesis, and 
assumes that the oscillator cannot take any arbitrary energy value, but 


only those values that differ by integral multiples of a finite energy gp. 
51 
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In consequence of this assumption the following expression for ¢ is 
obtained in place of the classical value :* 


Eo 


= expGolkT)=1 ie 


It was shown by W. Wien, from very general thermodynamical con- 
siderations, that u,,(7) must have the form 


¥_(T) = o(2) 


where fis a function only of @/T. This requirement is satisfied by (9.3) 
if we put &€) = haw, where h is a new universal constant.f Then from 
(9.3) 


= ho 
=ah =e 9.4 
; ye exp(ha/kT)—1 Ce 
If we assume (9.2) to be correct, then 
h 2 
- men = = = (9.5) 


exp (ha/kT)—177c° 


This is Planck’s radiation formula, which has been shown to give a 
perfect description of the radiation from a black body. 

Two consequences of the greatest importance were deduced from 
the above considerations by Einstein. These were: the hypothesis of 
light quanta, and the extension of equation (9.4) to any number of 
oscillator degrees of freedom. If the oscillator can only gain or lose 
energy in integral multiples, the radiation field must be able to accept 
these energy quanta. Einstein expressed this postulate as follows: 

“When radiation interacts with matter, it behaves as though it 


consisted of light quanta of energy h@ which can only be emitted or 
absorbed as whole quantities.” 


* In order to derive this formula we start from the partition function Z. Writing 8 = 1/kT, Z is 


defined for a linear oscillator by Z,, ae dE if all values of E are permitted, or by 


-Bneo, if the only values allowed are En = neo (n = 0,1, 2,...). In each case 


OAR 
2B <a ee 
+ The experimental value is A = 1-05 x 10-2’ ergs. A is often called the Dirat @onstant to distin- 
guish it from Planck’s constant h = 27h = 6°63 x 10-*7 ergs. a 
. 
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The first consequences of this hypothesis concerned the lower 
(short-wave) limit of X-ray spectra and the photoelectric effect. When 
an electron possessing energy e@ strikes the anode of an X-ray tube, 
the highest angular frequency ®max that can occur in the resulting 
radiation is given by 

hogs = e® 


In the photoelectric case, if a light quantum strikes a metallic 
surface and transfers its whole energy fw to an electron, the latter can 
escape from the metal with kinetic energy ha — W, where W is the work 
function (i.e. the work done by the electron in escaping). Both state- 
ments have been confirmed experimentally and have been used as the 
basis of precision methods for the determination of h. 

The extension of (9.4) to the natural modes of vibration of solid 
bodies forms the basis of the theory of the specific heats of crystals. 

In its first stage (until about 1913) the quantum theory might be 
described as the theory of the linear oscillator, because it only recog- 
nized the “permitted” states given by the formula E,, = nho. 


§10. The Rutherford-Bohr atomic model 


The only “‘classical”’ model of the atom that could explain the occur- 
rence of sharp spectral lines is due to J. J. Thomson; it was discussed in 
§4. Thomson assumed that the positive charge of the nucleus was 
approximately homogeneously distributed over a sphere of radius of 
order 10~ cm. The electron is then bound to the nucleus by an elastic 
force and can execute oscillations, the frequency of which lies within 
the range of visible light. 

Thomson’s hypothesis became quite untenable as a result of the 
experiments of Rutherford, who investigated the deflection of «- 
particles by thin metal foils. Rutherford’s results, in particular the 
occasional deflections through more than 90 degrees, forced him to 
the conclusion that the positive charge of individual metal atoms is 
concentrated in a space less than 10°'*cm. The atom accordingly 
consists of a positively charged nucleus of not more than 10~!2cm 
radius, around which the electrons revolve at distances* up to 107 ®cm. 

* It would at first seem possible to attempt to preserve Thomson's model in the light of Rutherford’s 
experiments, simply by interchanging the signs of the charges so that the electron is now regarded as 
distributed. This assumption leads to the same properties of an ‘‘atom”; it corresponds approxi- 
mately to the results yielded by a quantum mechanical description (cf. §28). Such a model is of com- 


parable value to Thomson’s, but is incompatible with the fact that the electron must also be described 
by a charge distributed over a very small radius (Re * 10-13 cm). 


54 BI. The development of the quantum theory 


It was impossible, however, to explain the sharpness of the spectral 
lines in terms of classical theory and the new model of the atom, as 
we may see for the simplest case of the hydrogen atom. An electron 
revolving around the nucleus at a distance of 10~8cm must be con- 
tinually radiating electromagnetic energy. In doing so it loses energy 
itself, and revolves in spirals round the nucleus which it gradually 
approaches, and by which it is finally captured. This model is therefore 
quite unstable, and in addition it cannot possibly radiate at a single 
well-defined frequency. 

To provide a way out of this dilemma two postulates were put 
forward by N. Bohr: 


1. There are definite orbits for the electron, in which it does not 
radiate. Let the energies of these orbits be 


EL Ene ee (10.1) 


2. From time to time, the electron will cross from an orbit 1 to 
another orbit s, for which E,<£,. When such a transition 
occurs, the energy difference E,—E, is radiated as a light 
quantum: 

ho,, = E,—E, (10.2) 


If the electron is initially in orbit s, the same equation gives the fre- 
quency at which the transition from s to m can be induced by the 
absorption of a quantum ha,,. 

In order to describe the optical properties of the atom we need a 
rule for the evaluation of the terms &,,...,£,,.... In this connection 
a hint is provided by the expression EF, = nha for the permitted energy 
states of the linear oscillator, which we have already encountered. For 
an oscillator of mass m and angular frequency 2zv = w, the Hamiltonian 
function is 
=P? +4mo?x? = #(x, p) 
where the momentum p is canonically conjugate to x. Consider the 
“orbit” in the xp-plane (figure 13) for which the energy is E. Since 

~— 


1 : 
a p?+4mw?x? = E * (10.3) 
way 


“’ 
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it is an ellipse with semi-axes a= ,/(2mE) and b = /(2E/mw?). The 
area ® of the ellipse is E 
® = nab = 2n— 

7) 


Our postulate E,=nho therefore states that the only orbits allowed 
are those for which ®/2x = nh. Now the area is 


P= pote x)dx 


where p is expressed as a function of x and E according to (10.3), and 
the sign § means the integration around a single orbital circuit. 

We now have a Starting-point for the calculation of the energy 
values, and one that is capable of considerable generalization. If we 


Fig. 13.—The path of a linear oscillator in phase space. The arrow 
indicates the direction of motion 


restrict ourselves at first to one-dimensional motion, with a potential 
energy V(x) (in place of the particular elastic energy of (10.3)), then 
(as did Bohr) we assume the following rule for the determination of E,: 


J(E) = = pote x)dx = nh (10.4) 
In the above expression p=,/{2m[E-—V(x)]} is the momentum 
resulting* from the equation p?/2m+ V(x) = E. 

If the system possesses f degrees of freedom, each orbit is specified 
by f—1 constants c,,c2,...,cr_, in addition to the energy. If the 
coordinates q;,...,q, and the canonically conjugate momenta p,,...,p f 


* Expression (10.4) is invariant with respect to canonical transformations by means of the function 
S, since, by (6.13), pdx = pdx — d(S — px). 
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are so chosen that each momentum p, depends only on the conjugate 
coordinate q, and the constants E,c;,...,¢r—,, then, as was shown by 
A. Sommerfeld, equation (10.4) may be generalized to give the quantum 
conditions 


5 (an Be me, cpm) dar = n,h (r — indy af) (10.5) 
required for the determination of the constants E,c,,...,c;y_, as 
functions of the quantum numbers 7,,...,/,. 
We shall describe the procedure for the case of a particle moving 
within a spherically symmetrical potential V(r). In spherical coordinates 
6,¢, the Hamiltonian function is* 


1 1 fl 
Hr, 9,, Drs Pos Po) = ne; 2(o+5 sararptve (10.6) 


ine 


The variables are already separated: from Hamilton’s equations we 
have 


d 
r aire as Pg = &¢g 

also : 
d/ Ca 2 CS 2 
3 (ri+3885)=° Tarr G 

and finally 
d# 1 ce 
——S= = 0 — 2 ao — 
ape ae a (0 1 3) +r (0) 


It is evident that c, is the component of the angular momentum 
about the z-axis, and that c,” is the square of the angular momentum. 

In particular, if we put the potential V(r) equal to the Coulomb 
energy —e?/r, we have three phase integrals to evaluate. The results are 


i 
Jg= 55 Peds = Cy 
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If these equations are added together, Cy and Cg, are eliminated: 


me? 1 me* 
JgtJ +J,= ————_ or SS 
ea J(—2mE) 2(JgtJetJ,)? 


If we now introduce the quantum condition (10.5), the energy E is 
found to be a function of the three quantum numbers 12g, tpt 


1 met* 1 
Es DS appear 
2 h° (ny+ng+n,) 
Putting ng+ng+n,=n, we have 
1 
E, = —2nhcR -5 (10.8) 
n 


1 oll 
Where R = zai is known as the Rydberg constant. The only 


“allowed” energy values are those given by (10.8), with n= See 
From (10.2) it then follows that the wave numbers (reciprocal wave- 
lengths) of the spectral lines are: 


We es yee ot i 
= 5 -*(5-3) (10.9) 


In particular, 
m=1, n=2,3,4,... gives the “Lyman series” 
Cu 2. n= 3.4 oe.. the “Balmer series’’ 
Nit 3. n= ASG... the “‘Paschen series’’ 
of the hydrogen spectrum. 
The quantum numbers are often referred to as follows: 
Agtngtn,=n, the principal quantum number, 
nNy+ng=/, the angular-momentum quantum number, 
n,=m, the magnetic quantum number. 
The above treatment of the hydrogen atom must be considered to 
be a provisional one; a consistent theory can only be obtained by 
means of quantum mechanics (e.g. the Schrédinger equation). The 


subject will be discussed in detail in §29, where it will be seen that 
many of the above results are confirmed. 
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In the quantum-mechanical treatment of the hydrogen atom, the 
energy, the angular momentum, and any arbitrary component of the 
latter are still subject to the quantum conditions, i.e. they can only 
assume certain discrete values. 


§11. The correspondence principle 


Bohr’s assumptions of the existence of stationary energy values 
E,,...,Eq)... and the emission of light as quanta hw,, of frequency 


me Joe 


= 11.1 
Dns h ( ) 


represent such a fundamental change from the concepts of classical 
physics that it seems hopeless to try to base them on a model, although 
this was often attempted during the period of currency of his theory 
(1913-25). 

In spite of this difficulty, an attempt can be made to establish a 
relationship between the laws of classical physics and those of the 


A. 
‘ 


Fig. 14.—Motion of a particle in a field of potential energy V(x). The 
energy E determines the amplitude of the oscillations 


quantum theory. For the purpose of discussion we may take as an 
example the radiation from a charged particle oscillating parallel to the 
x-axis at a fundamental frequency w=2z/T under the influence of 
potential energy V(x). 

If E is the energy of the particle, the maximum and minimum 
amplitudes are given by E = V(x,,,,) = V(%min) (figure 14). The motion 
can be described by a Fourier series containing the fundamental 
frequency w and integral multiples thereof, ta. (Harmonics. of the 
fundamental frequency are absent only in the case of ths] linear oscil- 
lator, where the potential is a parabolic function.) The oscillation can 


Q 
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be expressed in terms of E, or in terms of J, in view of the relation 
(10.4). Then 


x(t) = D x) Ge atiduemecer(sy=x" (J) (11.2) 


Let the constant J = nh designate the state of the “atom”. On classical 
theory we should expect the atom to emit spectral lines of angular 
frequencies @,2w,...,tw,..., in virtue of (11.2), and that the intensity 
of the line tw would be proportional to the square of the amplitude 
and therefore to |x,(J)|?, in accordance with Hertz’s formula for the 
radiation from a dipole oscillator. 

According to the quantum theory, an atom in state n can change 
to a lower state s, as a result of which it emits one of the lines 
come; 
Ons = wa 


It is hopeless to try to establish a simple relationship between the 
classical and quantum theory predictions regarding the behaviour of 
an individual atom. The situation becomes more tractable, however, 
if we consider a gas consisting of a large number (say N) of identical 
independent atoms in a state J=nh. According to classical theory, 
each of the N atoms will emit spectral lines w,2m,... as described above. 
According to quantum theory, on the other hand, each atom is free to 
change to a lower energy level E,. In general, therefore, all frequencies 
@,; can occur, and the intensity of each line depends on the number of 
atoms changing from state nm to state s. This number, however, is 
proportional to the probability of the transition ns. It is therefore 
only when a large number of atoms are considered that the quantum 
theory predicts a spectrum of many lines, capable of comparison with 
the “classical” spectrum predicted by (11.2). 

The correspondence principle was first enunciated by Bohr. It 
states that the experimentally realized predictions of the quantum 
theory must tend asymptotically to those of classical theory, for 
quantum numbers 7” increasing without limit and for transitions* 
n—s=An for which An <n. An example would be a highly excited 
hydrogen atom, in which the electron revolves slowly round the 
nucleus at a great distance from it (about 10~*cm). In this case the 


(s =1,2,...,m—1) 


* Another form of the principle states that in the limit as h-0 the predictions of the quantum 
theory must coincide with those of the classical theory. 
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field could certainly be calculated according to the laws of classical 
electrodynamics. In the limiting case of large quantum numbers, 
therefore, the spectra of a great number of atoms calculated from the 
classical and from the quantum theories, should coincide asymptotic- 
ally as regards all observable particulars, such as the position, intensity, 
and polarization of the individual spectral lines. 

We must now establish a “correspondence” between the classical 
harmonic frequencies tw and the Bohr frequencies w,, to which they 
tend at high quantum numbers. This may be achieved by means of a 
fundamental theorem of classical mechanics. 

If the energy E is calculated as a function of J from the phase 
integral defined in (10.4) 


1 
= — E,x)d § 
J 5a hr ,x)dx (11.3) 
the fundamental frequency of the motion is given by 
dE 


This is a generalization of the equation E =Ja, which is restricted 
to the case of the linear oscillator. Equation (11.4) may be proved 
as follows. From the relation p= {2m[E—V(x)]}'/? we obtain 
dp/OE = m/p = 1/v. Therefore 


dJ 1 dx T 1 


dE 2n i Pie 


: dx , : ; eae 
since $< is the time required for one oscillation. 
v 


When there are several degrees of freedom, then instead of the one constant, E, 
we have f, say: C1, C2,..., Cr-1, E. If we use these to construct the f phase integrals 


1 A 
iy == $ ries cr Pens) mn yn 


the latter may be used to calculate the constants c; and hence the energy as functions 
of the J;, as we did in the case of the hydrogen atom: 
12 =I Ig ooo gdh) 


The variables x; may then be expressed as Fourier series: 


AN .. ty J1,... Sr exp l@itit... FOF ee, 
h OE ‘AD 
where o;=— ae 
1 ai 


WN 
~ 
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Using equation (11.4), we may express the frequency tw of the tth 
harmonic as 
J ee 
lim +té)—E(J) 


TO= T= 11 


ay aon ; (11.5) 


since the last expression is the definition of the differential coefficient. 
In quantum theory, J can only assume integral values nh; in 
place of the continuous curve E(J) there occur the discrete energy 
values 
E,, = E(nh), E,41 = E{(n+1)h},... 


In view of the discontinuous nature of the J values, it seems reasonable 
to substitute a difference quotient for the derivative in (11.5). This 
means that we no longer pass to the limit 0, but that we put e=h., 
This is in fact the difference between successive values of J. From 
(11.5) we therefore obtain the correspondence* 
En4+,—-E 
TW <> = (11.6) 

When the quantum number changes by t units, the emitted or absorbed 
frequency corresponds to the tth harmonic of the classical motion. 

The recognition of this fact enables us to establish a relationship 
between each term of the Fourier expansion for the classical orbit in 
the state J = nh, and the corresponding quantum transition: 

Eo. 


x,(J)expitat <> pees (11.7) 


This relation may also be written in a slightly modified form:t 
Xm—n(nh) exp i(m—n)ot <> Xn EXP ID t (11.7a) 


In quantum theory, therefore, although Fourier coefficients associated 
with electron orbits may not appear, we nevertheless anticipate the 
existence of the corresponding “transition amplitudes” x,,,. We shall 
meet these amplitudes later as the elements of a matrix associated with 
the x-coordinate, and shall often have occasion to employ them. 


* This correspondence is by no means unequivocal: we should, for instance, be equally justified 
in using the relation 


Tos 


En— En at 
A 


t Here too, we are free to write either xm-n(nh) or xm-n(mh) for the left-hand side. From (11.2) 
we have xnm = X* mn. 
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The correspondence must be interpreted to mean that at infinitely 
large values of n the amplitudes x,4,,, coincide with the Fourier co- 
efficients x,(nh) of the classical orbit. It is true that the quantum 
theory amplitudes have no significance for any single orbit, but the 
correspondence principle enables us to establish a relationship between 
the quantities |~x,,,|? and the radiation from N atoms in the state 
J = nh. 

For this purpose, we make use of classical theory to calculate the 
energy radiated at frequency tw by an electron oscillating in accordance 
with equation (11.2). The motion contributing to the energy at this 
frequency is 

x,(t) = x,(J) ee {x,(J)}* e itor 


From (4.4) the radiated power is 


%e7 — 
i eee? 
eee 


Substituting the value given above for x(t): 


Ss 
. 


4e? 
Se = 5-3 (#0) 1x, (J)? 


We assume that a gas consisting of N atoms in state n emits energy at 
angular frequency w,,, at the following average rate per atom: 


4e? 
Squ = 3o3 Onn | Xmn |” (11.8) 


Also, a single atom emits energy ha,,, in the course of the transition 
mn. 

Now if A,,,0¢ represents the probability that an atom in state m 
radiates during the interval dt and thereby changes to state n (where 
E, <E,,), then the number of atoms undergoing this transition will be 
NA, Ot, and the total energy emitted will be ho,NAmnOt. The 
average emission from a single atom in this interval is therefore 


Soy Ot = hOmn Amn OF (11.8a) 


Comparison of the two equations for S,, yields the following expression 
for the transition probability: 


RAR 
4e*m? _~" = 
A... = 2a, 2 ae 11.9 
mn 30h | Xmn | * ( ) 
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So far we have restricted ourselves to motion in one dimension. For 
the three-dimensional case, we must take account of the additional 
contributions y,(J) and z,(J), and the corresponding transition ampli- 
tudes y,,, and Z,,,. The transition probability is then: 


4c? Winn 

ame Cais; 

We shall deduce this equation again by strict quantum methods, after 

having provided general methods for the evaluation of the amplitudes 
Bsc 

The foregoing analysis may be used to determine the “matrix 


elements”’ x,,, of the linear oscillator, for which the classical equation 
of motion is simple harmonic. Hence from (11.2) 


x(t) = x, (J) e+. x* (J) ei (11.10) 


In order to evaluate x, (J) we note, first, that E = mw?x? =Jw for the 
oscillator. Also, if we take x,(J) to be real, then x? = 2[x,(J)]? 
from (11.10). Hence J 

“Oat O= | 


2m@ 


(Spa | Yan 1 +1 Zeca I) (11.9a) 


According to the correspondence equation (11.7) we therefore have, 
for J =nh, 
ee 1 
h 
E SF, 


xX, (nh)expiwt < x,,,-1expi— 


n 


h 


The only matrix elements to occur are those for which |n—m]|=1. 
According to (11.9), therefore, this means that the only transitions 
that take place are those from ” to n—1 for emission, and from n to 
n+1 in the case of absorption. Also, 


i 
Xnjn-1 =r-10™ | at (11.11) 


2m@ 


x, (nh) exp —iwt <> x,-;,,exp —i 


We shall often encounter the above equation. 


We shall now calculate the transition probability An,n-; in order to verify 
the above analysis. Using (11.9) and (11.11), we have 
2e2 


2 
3me3 es 


An,n-1 = 
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If we now put nhw = E, the energy radiated per second is 


2ezqm2 


S= h@An,n-1 — ane 


i.e. the fraction of the energy radiated per second, y, is 2e¢2a@2/3mc3. This agrees 
with the classical value. 


An important application of the correspondence equations (11.6) 
and (11.7) is based on the assumption that only those quantum transi- 
tions occur for which a corresponding classical harmonic exists, and 
that all other transitions are “forbidden”. We have already met the 
simplest example of this assumption in the case of the linear oscillator. 

The correspondence principle has been of particular assistance in 
the determination of the “selection rules” of the atomic spectra. For 
instance, when we discussed the hydrogen atom in §10 we found that 
the state of the atom could be described by means of three quantum 
numbers, n, /, m. This classification may also be employed for many 
of the more complex atoms, such as those of the alkali metals. The 
selection rules state that in general, the only transitions to occur are 
those for which A/= +1 and Am= +1 or 0. We shall return to this 
subject later (in §24); at this stage we should merely note that the 
selection rules become comprehensible if we make the assumption that 
the corresponding harmonics of classical motion do not exist. 
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Heisenberg’s approach to quantum mechanics involves the extension 
of the correspondence principle in a direction to which brief reference 
was made in §11. The basis of the method is briefly indicated in what 
follows. We shall again restrict ourselves to a single degree of freedom 
in order that the crucial aspects of the theory may be easily recognized. 

(a) Product formation.—Consider a system of fundamental angular 
frequency w, and assume that two quantities a(t) and b(t) depend on 
time as follows: 


a(t) = Ya,(Je™™ and b()=>b, (Je (12.1) 


In §11 we showed that a “matrix element” in quantum theory cor- 
responds to a single term of the Fourier expansion, thus 3 — 
A 


a,(J) eitot <> Aan ei@nmt oy % 
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where 
n—m=t, J=nh or mh, Om =(E,—Em)/h 


In order to extend this correspondence to the product a(t) b(t), we 
shall develop the latter in a Fourier series and then seek the matrix 
element corresponding to the factor of e'**' in this expansion. By 
(21) 


a(t) b(t) = Ea bah es Gb )ae ae (22) 


In the above expression we have so arranged the double summation 
that all terms with the same time factor e'™' are collected together in 
the summation )'a,b,_,=(ab),. Similarly, in the case of the quantum 


Ss 
mechanical terms 
Cae Mand  beate onnt 


we may seek to associate with the product ab a matrix element (ab) 1m 
that also contains the time factor e’’»"'. The fact that 


Onm = Ons + Oem 
for any value of s necessarily leads to the result 


(ab) wn ern = > Ans (i Tee Cee 
s 


for the matrix element associated with the product ab and the transition 
from E,, to E,,. Hence we have the following rule for the multiplication 
of two quantum terms a,,, and b,,,: 


(4b) am = 2, Ins Osm (12.3) 


This rule is the same as the multiplication rule for matrices; in this 
connection we should note that in general, matrix multiplication does 
not obey the commutative rule, i.e. 


(b) The Poisson bracket.—lf p and x are canonically conjugate 
variables as defined in Hamiltonian theory, and if a(p,x) and b(p,x) 
are any two functions of these variables, then the “Poisson bracket” 


{a,b} is defined as 
Aaa Abin Be) 


™ alata 12.4 
ied apdx Odpdx a(p,x) oe) 
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By the special choice of a and } we obtain 


da da 
aaa ———— 12.5 
14, x} = 5 : (4, P} = — > (12.5) 
{p,x}=1 (12.6) 
The Hamiltonian equations may also be expressed by Poisson brackets: 
OH OH 
= —= % = ——_ = 12.7 
{#, x} ép x {#, P} ox D ( ) 


Hence it follows that for any arbitrary function* b(p, x) 
{#,b}=b (12.7a) 


According to (12.4) the Poisson bracket can be written as a Jacobian; 
its value therefore remains unchanged if new variables p, x are intro- 
duced by means of the canonical transformation (6.13): 


' {a, b} = (a, b) = NG 2) 
: A(P,x) OCP, X) 


since the Jacobian of the transformation is unity. For the same 
reason, equations (12.5,6) remain valid when expressed in the new 
coordinates, 

At this stage it seems natural to introduce J (equation 10.4) as a 
new variable, because the quantum conditions can be very simply 
expressed in terms of this quantity. If we put J =p, and if w = X is the 
coordinatet canonically conjugate to J, then 


O(a,b) dadb dbda 
AJ,w) dJdw dl dw 


(12.4) 


(a0, = 


(12.8) 


The function S(x,J) that produces the required transformation is 
Sx) | p{E(J), x} dx 
0 


* The function 6 does not depend explicitly on time; its variation with respect to time is merely 
the result of the time rate of change of the quantities p and x, of which it is a function. 
+J and w are termed the action and angle variables. The corresponding transforiitat}dns may also 
be performed for periodic motion in problems with several degrees of freedore:pgf. the treatment of 
the hydrogen atom in §10, The Hamiltonian function then depends only on the action variables, and 
the canonically conjugate angle variables (usually angular quantities) are proportionalyg the time, 
S 


“| 
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It may easily be shown that this function possesses the properties 
expressed in (6.13). The canonically conjugate quantity w is obtained 
by differentiating, taking into account the relation (11.4): 


The Hamiltonian function is #(J,w) = E(J); the Hamiltonian equa- 
tions J =0, W =dE/dJ = (J) also give the result w= at, as is to be 


0b 10 
expected. Using this last result, we may write —=— se the rth 
Ow w Ot 


Fourier component of 0b/dw is therefore 


(2) = ith, 


To find the corresponding expression for {a,b}, we put 


{a,b}, = oD AB) -ra,(5) 


in accordance with (12.2). The derivatives with respect to J are re- 
placed by appropriate difference quotients, so chosen as to eliminate 
the factors r and s: 


da a,(J)—a,(J —sh) ob ep Ds()—b. (J —rh) 
aJ es sh oJ }, rh 


In the resulting expression 
; y {a,(J)b,(J—rh)—b, (J) a, (J —sh)} 
r+s=t 
let us put J=th, and let r=m—lJ/, s=/—n in the first term, and 
s=m-—TI, r= /—n in the second. We then obtain the familiar cor- 
respondence 


(2, man = 5 (abba) (12.9) 


The right-hand side of (12.9) may be termed a quantum-mechanical 


Poisson bracket. 
A comparison with the special cases quoted above reveals that, for 
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two canonically conjugate variables p and x, the corresponding ana- 
logue of (12.6) is 


h 
(PX —XP)am = (ele = e Ona 


h 
or px—xp=[p,x]= - 1 (12.10) 


where the symbol I represents the unit matrix 


oor 
oO © 


0 
0 
1 


Again, corresponding to (12.7a), we have the following relation for the 
rate of change of a quantum-mechanical term: 


db i db 
(Fp) = OP B and == Dx, b] (12.11) 


In order to verify this last relation, we shall restrict ourselves to the 


case (tacitly assumed in §11) in which 4,,, is a diagonal matrix, i.e. 
i — 2,0 een 


(4b —bH) am a Yi ns Dawe KH sm) = (E,—E,,) Dim 


db : 
(3). = 1Onm be 


Bam (t) = Bym (0) enn! 


which is the quantity we started with. 

The relations (12.10) and (12.11), which have been derived some- 
what intuitively from the correspondence principle, will be seen later 
to constitute the ermine ous of us. whole agentum theory, in which 
they will be introduced as “axioms” 

(c) Stationary energy values. om the above considerations, 
Heisenberg, Born, and Jordan deduced the following procedure for 
the determination of the Bohr stationary energy values ina mechanical 
system with one degree of freedom and potential energy VO. 


Hence 


“A 
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Consider the classical form of the Hamiltonian function 


2 


z ; e 
SV (x) = 90,2) 


as a matrix equation 


Da 
Fr} = Hm (12.12) 


We express the fact that the energy is constant with respect to time 
by the requirement that the matrix H,,, be diagonal, i.e. equal to 
E,Omn The reason for this postulate is that a term nm of each matrix 
contains the time factor e’-™', which is only independent of time 
when m=n. We therefore require that the matrix # should have 
the form 


EO 0 
wo Ex 0 


Womens. 


where the diagonal terms £,, £>,... are initially unknown. We can 
now formulate the problem precisely: Do matrices p,,, and X,, exist, 
such that firstly 


: 
(Px —XP am = = Sam (12.13a) 
and secondly 
PA 
etre) =F 6. (12.135) 
2m a 


becomes a diagonal matrix (with initially unknown numbers E,, £,...)? 

It will be seen later that in the case of potentials for which the 
question has any significance, these two postulates serve to determine 
unambiguously the quantities Xyn5 Pam, and £,. We shall perform the 
relevant calculation for the case of the linear oscillator in §15, to which 
the reader is now referred. 


$13. De Broglie’s hypothesis of the wave-like properties of the electron 

(a) De Broglie’s hypothesis—We have shown how Heisenberg’s 
form of the quantum theory was developed by means of an extension 
of the correspondence principle. An independent and formally 
simpler approach was presented by an extremely bold speculation by 
L. de Broglie, the main features of which we shall now describe. 
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The approach starts from Einstein’s light quantum hypothesis, 
according to which monochromatic light of angular frequency « inter- 
acts with matter as though it consisted of discrete light quanta of 
energy hw. Without entering too deeply into the difficult subject of 
““wave corpuscles”, we may describe the situation as follows: 

A plane wave of angular frequency w, amplitude vector A, and 
(vectorial) propagation constant k is represented by 


Arent oo (13.1) 


The wavelength 4 is derived directly from the magnitude k of the 
vector k: 


2n 
k=— 
A 
Also, for propagation in a vacuum 
@ =ck 


The light quantum associated with the wave described by (13.1) 
possesses an energy E=hw. Introducing this energy into the phase 
factor in‘the wave equation, we may write it as 


exp + (fk .t—Et) (13.2) 


Since the phase of a light wave (i.e. the exponent Ak.r— Et) must 
be relativistically invariant, and according to the Special Theory of 
Relativity (Vol. I, §80) the quantities {x,y,z,ict} constitute a four- 
vector, then the quantities {hk,,hk,,hk,,iE/c} must also be the com- 
ponents of such a vector, since the exponent contains the scalar pro- 
duct of both vectors. But the quantity iE/c is the fourth component 
of the relativistic four-momentum {p,,p,,p,,iE/c}. If hw is inter- 
preted as the energy of the light quantum in (13.1), then the momentum 
associated with this quantum must be p=/k. Hence we obtain the 
following familiar value for the magnitude of the momentum: 


=— By, 
eae (13.3) 
The above considerations led to de Broglie’s hypothesis, which will 
now be described: Tey, — 
Since all attempts to interpret light quanta according taclassical 
EN 
We 
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physics have failed, we must accept the fact that the same entity (in 
this case a light wave) behaves on some occasions as a wave and on 
others as a corpuscle, according to the experimental conditions. Now, 
if the unknown fundamental laws of nature are such as to permit this 
dualism, it would be unsatisfactory if they only applied in the case of 
light. On the other hand, if this dualism is really of a more general 
nature, applying also to an electron, for example, then we may employ 
the same argument that we have just used for the case of the light wave. 
This means that if we find that under suitable experimental conditions 
an electron of momentum p and energy E behaves like a light wave of 
angular frequency w = E/h, then the following relation exists between 
the momentum and the propagation vector: 


p = hk (13.4) 


This equation is the well-known relation of de Broglie for momentum 
and wavelength. Putting k = 27//, we have, from (13.4), 


2th h 
==: (13.5) 
Pp P 
For an electron of rest mass m, we must replace equation (13.3) by the 
aoten E=c./(p*+m’7c’) (13.6) 
The x-component of the velocity v,, may now be derived: 
OE cp 
= — = SSS 13.7 
"=~ Op, — [7 + me) por 
Hence, : 
mv mc 
Syne d E=——— 
ey a JVa=v Ic?) 
In the energy equation (13.6), two extreme cases are of particular 
importance: 


1. The limiting case p > mc leads to the relation for light quanta, 
E = cp, which is also obtained from the same equation if the rest mass 
m is allowed to become vanishingly small. 

2. The non-relativistic case occurs when p <mc. Equation (13.6) 


then gives the approximation P 
Eames (13.8) 
2m 
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to which we shall confine ourselves in the first instance. We may then 
safely put E=p?/2m in the expression w= E/h, since an additive 
constant is undetectable when the frequencies of matter waves are 
measured, and is therefore of no significance. If a particle of charge e 
falls through a potential difference ®, it acquires kinetic energy e®. 
Using the non-relativistic approximation (13.8), the corresponding 
momentum is p = ./(2me®). De Broglie’s relation (13.5) then predicts 
the following value for the associated wavelength: 


= 2nh 
~ ./(2me®) 


This result may be experimentally verified. If we introduce the known 
values of h, m, e, and measure ® in volts, then 


150 
A -/( ) 10-#em (13.9) 
Dvotts) 


This is the wavelength associated with an electron of kinetic energy eo. 

It is well known that a beam of electrons passing through a crystal 
gives rise to a diffraction pattern, the position of which can be calculated 
from the crystal lattice dimensions and the wavelength given by (13.9) 
in basically the same way as the X-ray diffraction pattern discovered 
by von Laue. At the time of de Broglie’s hypothesis, however, nothing 
was known of the possibility of such experiments. 

(b) The free electron.—De Broglie’s hypothesis leads directly to the 
relation (13.4) between momentum and wavelength. The term 


i see f : 
exp i (p.r—E£t), however, is inadequate to describe a single electron, 


because its amplitude is unity everywhere in space. In order to obtain 
a spatially limited expression we make the assumption, essential to all 
wave theory, that waves may be superposed. Since E is given as a 
function of p, the most general superposition of such waves is 


W(x, 2%; t) = 


1 i “i 
~ aan ||| 9 Pes Pye Pz) eXP (Pa X+ Py Y+ Pe 2— EN) dps ty tp, 
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where g(p,,P,,P,) is an arbitrary function. (See figure 15 for the 
explanation of the factor 1/(2zh)?/?.) In vectorial notation 


1 
Wr, 1) = (nhs? [ay exp=(p .t—Et) dp (13.10) 


We shall restrict ourselves at first to one dimension and discuss the 
function 


; | 
W0.0 = oan | g(p)exp=(px—Et)dp (13.11) 


We confine ourselves to a narrow frequency band by assuming that the 
function g(p) is only appreciably different from zero in the neighbour- 
hood of a given momentum py. We therefore put g(p) = 9(po+q), 
where g is only different from zero for lq| < | Po |. Then we can replace 
E(p) in equation (13.11) by E(po)+(dE/dp),,9g, when we obtain 


W(x, 2) = (13.12) 


dE 
Oe sar expe “ [po x—E(Po)t] [ate +4) exp (; E = (=). | a) 


This is a plane wave expi(pox— Eot)/h = expi(kygX—@ot) multiplied 
by an amplitude factor which is propagated along the x-axis with 
“group velocity” v, = (dE/dp),,. According to (13.7), however, v, is 
identical with the velocity v, of a particle with momentum py = mv. 

For the further treatment of the wave packet represented by (13.12), 
we shall select for g(p) the Gaussian function 


(p— Po)” qV 
= melee ON | — elf ee 13.13 
g(p) = Aexp As Aexp 55 (13.13) 


where A is an initially unimportant constant. Using this function g, 
the integral in (13.12) can be evaluated by elementary methods. We 


obtain ; 
We i (x—v9t) 
a es i A exp > (PoX— Eo t)exp ae (13.14) 


It is important to realize that the expression (13.14) is an approximate solution 
for small time intervals. The exact determination of the integral in (13.11), using 
the value of g given by (13.13), leads to the result 

s(2/A)l/2 A _s2 (x—vot)? vot)? 
yw, I) = ge eons xD (ne Eot) exp Ra Dstt 1 2st (13.142) 
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In particular, the amplitude factor no longer travels as a rigid entity with velocity 
vg as in (13.12), but becomes increasingly spread out: in effect, the wave packet 
breaks up. It is easy to understand the reason for the spreading of the originally 
compact wave packet: it occurs because y is composed of waves possessing different 
phase velocities, since E/p is not constant, and dispersion therefore arises. The 
wave packet must therefore become increasingly dispersed with time. The rate of 
this dispersion increases with the difference between the various phase velocities 
(cf. §16c). 


(c) In attempting to explain the physical significance of the wave 
functions given by (13.10) or (13.11), we are inclined to interpret them 
in the first instance as “really”? describing the spatial distribution of 
the electron; we might, for instance, consider e| W(x)|? to be pro- 
portional to the electron charge density expressed as a function of 
position. Alternatively, we might say that 


|W |? Ax Ay Az 
[Jv (2 dx dy dz 


is the fraction of the electron charge contained in the volume Ax Ay Az. 
Or again, we may say that the electron charge is distributed throughout 
space according to the charge density function |y|?. Using this 
concept, we may interpret (13.10), for instance, as the ‘‘classical” 
equation for an electrically charged fluid in which there is no longer 
any question of localized electrons. This “wave concept” may be 
successfully applied to the interpretation of many experiments, and in 
particular to the diffraction of electron beams. 

However, the fundamental difficulty of the quantum theory appears 
on further analysis of the above simple interpretation of the function w. 

The concept that the electron is really distributed throughout space 
according to the function | wl? is obviously in complete contrast to the 
basis of electron theory, according to which only integral multiples of 
the elementary charge occur in all measurements of this quantity. 

We met a somewhat similar difficulty in §11. We saw then that a 
proviso is necessary if we assume the existence of quantum transition 
elements x,,, which determine the intensities of the spectral lines in a 
similar manner to the Fourier coefficients x,(J) of classical physics; if 
we make this assumption, we can make no statement about the in- 
dividual electron orbits. We must confine ourselves to the statistical 
statement that the quantities | x,,, |? are proportional to the prghabilities 
of the transitions m—n. a 

Similarly in the present case: if we wish to represent the electron 

4S 
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by means of a wave function w(x, 1) in spite of the existence of discrete 
units of electric charge, this is only possible* if we restrict ourselves to 
a statistical statement. This requires that we should no longer say 
that the electron is “‘really” distributed throughout space according 
to #(x,1), but that we should assume that | y(x,)|? Ax is proportional 
to the experimental probability of finding the electron in the interval 
x,x+Ax. In a precisely similar manner, |g(p)|?Ap determines the 
experimental probability of finding a momentum the value of which 
lies between p and p+ Ap. 

This interpretation leads to consequences of great importance. In 
the first place we perceive that the coordinate and momentum probabil- 
ities are not independent: 


2s? (x—v, t)’ 
| W(x, t) |? = —-| A |? exp — ——__—- 
all ee (13.15) 
P— Po) 


lg(p) |? =| Al? exp — 53 


Both probabilities are represented by Gaussian functions (figure 15); 
the possible deviations from the most probable values vot and po 


Lyd |? lg@l? 


vot x Po P 


Fig. 15.—Distribution of position and momentum probabilities according 

to (13.15). The factor 1/./(2zA) in (13.10) and (13.11) makes the areas 

under the curves the same for both distributions. [The area is unity for 
A2 = 1/s-/(z)]) 


are approximately given by the widths Ax =h/2s and Ap=s of the 
Gaussian functions. The indeterminacies are reciprocal; if the un- 
certainty in momentum Ap is small, then the uncertainty in position 


* It might be thought that the electron could be represented by a comparatively concentrated wave 
packet. This is impossible, however, because such a packet would always spread throughout space 
in the course of time, as shown by (13,144). 
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is large, and vice versa. However, the product ApAx of the position 
and momentum uncertainties is constant: 


Ap Ax = th (13.16) 


The indeterminacies may be somewhat more precisely formulated by introducing 
the mean square deviation. The average value of any function of the momentum, 


f(p), is 
pe Sf(p)|g(p) |2dp 
Slg(p) |4dp 
The average value of p is po. The square root of the mean square deviation (p—p)2 
is a measure of the dispersion about the mean. If the indeterminacies are defined 
as Ap = {(p—p)?} V2 and Ax = {(x—#)2 %)2} 1/2, the required average values may 
easily be determined from (13.15): 
B = Pd (p—p)2 cee s2, x= vot, (x—*)2 = (fi/2s)2 


from which (13.16) again follows. 


Thus the simultaneous measurement of the position and momentum 
of an electron necessarily involves uncertainties which are related in 
accordance with equation (13.16). 

This may be better understood if we consider how the measurement 
of the position of an electron might be accomplished in practice. The 
most direct method would be microscopical observation. For such an 
observation it would be necessary to illuminate the electron, say with 
light of wavelength 2. The position could then be determined with an 
accuracy Ax, of order of magnitude Axx A=c/v. But light of fre- 
quency v has a momentum p = hy/c, of which an appreciable part must 
be transferred by the process of measurement to the electron, the 
momentum of which, after the measurement, is therefore unknown by 
an extent Ap x hAv/c. In the final result, therefore, 


ApAx xh 


The more accurate the measurement of position (i.e. the smaller the 
value of Ax), the greater is the uncertainty in the value of the momentum 
of the electron after the measurement. This simple exposition of the 
“uncertainty relation” (13.16) and an analogous discussion of other 
possible methods of measurement were first given by W. Heisenberg. 

The interpretation of the wave function w as a probability has a 
further consequence, not specifically related to quantum mechanics, 
but occurring in classical physics wherever, probability theory’ must be 
employed. 

ploy aN 
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Our interpretation implies that if we examine the elementary inter- 
val Ax for the presence of an electron we must expect one of two 
results: either the electron is completely contained in Ax, or not at all. 
If a measurement shows that the electron is contained in Ax, this state- 
ment only has meaning if the electron is “really” in Ax immediately 
after the measurement, as shown by a second measurement of its 
position immediately after the first. However, since the wave function 


Fig. 16.—Paths in phase space for motion in the absence of external forces 


(x,t) determines the probability of occurrence of the electron, it is 
necessary to postulate that the first measurement caused the w-function, 
previously distributed in space, to be concentrated in the elementary 
interval Ax. 

Under certain circumstances, therefore, the process of measurement 
has a very drastic effect on the course of the state function designated 
by W(x,t). This effect is called the “reduction of the wave function”, 
by which is meant the reduction of W to the region Ax prescribed by 
the measuring equipment. The function is therefore provisionally 
transformed by the measurement into another function of state. 

That there is nothing mysterious about this process may be illus- 
trated by the simple example of a particle in uniform motion in the 
absence of external forces, according to classical mechanics. In phase 
space, this motion is represented by a line parallel to the x-axis. Figure 
16 shows two such paths, both of which start from the same point x, 
at time ¢9, but with different initial values of the momentum p, and 
Po’. Each path will be traversed at a different velocity, according to the 
value of the corresponding momentum. If the initial position and 
momentum are not known exactly, but can only be measured with 
certain experimental or at any rate unavoidable errors, Ap and Ax, then 
the initial conditions are indeterminate and it is impossible to specify 
the path with complete precision. We can only say that every point 
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within the element of phase space ApAx represents a possible initial 
point of the path. Every initial point gives rise to a definite path, 
specified by the equations of motion; in the case of the point itself, 
however, we can only say that there is a probability w(p,x)dpdx that 
it lies within the infinitesimal element of phase space dpdx. Then at 
time ¢) the value of w is constant within the rectangular area shown in 
figure 17, and zero outside this area. The probability at a later instant 
of time is found from the equations of motion; for instance w(p,x,t,) 
is constant within the parallelogram marked “t,” in figure 17. The 
position uncertainty therefore increases with time because of the initial 
uncertainty in momentum. A new measurement of position at time ¢, 
with the same inherent error Ax, might show that the particle lies 
within the two limits shown as broken lines in the figure. This measure- 
ment consequently enables us to reduce the “probability distribution” 
from the broken-line area to the smaller region bounded by solid lines; 
the process is analogous to the reduction of the wave function. This 
sudden change in the probability distribution is not the result of any 
variations of a physical nature; it is important to realize that the 
function w merely describes the extent of our knowledge, or of our 


Fig. 17.—The probability distribution at different instants of time, for 
initial errors Ap and Ax. The distribution is reduced by a measurement of 
position at time ¢ 


information on the process. The information gained by a new measure- 
ment necessarily leads to a reduction in the area of the probability 
distribution. 

As regards classical physics, it is clear from the above example that 
by means of a series of measurements we can continuously reduce the 
volume of phase space in which w is different from zero; in principle, 
therefore, it should ultimately be possible to specify the physical 
process with complete precision. In quantum theory thg, situation is 


different; in this case a measurement of position with error Qx neces- 
ae 


we 
x 
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sarily entails a momentum uncertainty Ap according to the relation 
(13.16). This effect may be crudely represented in the classical model 
by postulating that the smallest physically significant element of phase 
space must be of order of magnitude h. 

There is a further essential difference between quantum and classical 
mechanics. In the latter case, if the function w is given for a certain 
definite time, it is known for all later instants of time. In quantum 
theory, the corresponding situation holds for the “ probability ampli- 
tude” y, but not for the probability w itself. 


§14. Schrédinger’s wave equation for the electron 
(a) The wave equation for the free electronn—We shall now derive a 


differential equation describing the properties of the function which we 
obtained in the case of the-free electron (for motion in one dimension), 


+o 


Vos) = Gear | _ alPexpcpx—EQn}dp (4.1) 


We shall restrict ourselves to the non-relativistic approximation 
23 


E(p) = = (14.2) 


: i 
When the operator —ih0/0x acts upon the function p =exp-(px— Et), 


it multiplies the latter by p. Similarly, the application of the operator 
ih é/dt multiplies the function by £. Therefore 
ait 


——— — —_— 2 S 
: pd h Ox? 


Pa SS a 
Pg jan oS 


If these operators are applied to (14.1), we see that in virtue of (14.2) 
h? ow how 

a Ee 14.3 

2m 6x? i Ot a) 


The expression (14.3) only contains the first-order derivative with respect to ¢. 
Therefore, if w(x, 2) is given for time ¢ = 0, the value of this function at all other 
times is given by (14.3). In fact, a function w(x, 0) may always be expressed by 
the Fourier transform 


1 i 
y(x, 0) = Gah | g(p) exp G px) dp 


80 BI. The development of the quantum theory 
The function g(p’) is obtained by multiplying y(x, 0) by exp = ; px) and inte- 
grating over all x: 
rs! we 

gp’) = Gap | w(x, 0) exp G p x) dx 
If we now put w(x, t) = ayia | g(p) c(t) exp G px) dp 
as the general solution (with c(0) = 1), (14.3) gives the following equation for c(s): 

ee: 


—c= mei ¢, from which c(t) = exp spl lychee 
t hii2m 


Hence we obtain the original formula (14.1) for w(x, 2). 


The same considerations apply to three-dimensional motion. The 
wave function 


= exp (P .t—Et) (14.4) 
possesses the property that 
hod _ hoo _ hop _ hoo _ 
pan Dee i By Pe? i ag Pe? Tot = Ed (14.5) 


It satisfies the two differential equations 


h2 had 
sey ees 
Se? Lan (a6) 
i? _, 
and —5— Vp = Ed (14.7) 


Of these two equations, (14.7) is only valid for those values of p that 
satisfy the relation p?/2m=E for the initially assumed energy value. 
On the other hand the time-dependent equation (14.6) is of much more 
general application. Its solution is provided by the general expression 
for a wave packet with any arbitrary function g(p), 
1 i d 
Wr, t) = Oni)? {a exp AC . rs ap 


The solution of the differential equations (14.6) and (14.7): 


When there are no external forces, the classical Hamiltonian 
function is 


Ps 2 74 Sel 
+ Dy +P? 5, 
Px PyTPz _ Ne (14.8) 
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The quantities p and # occurring in this function are replaced by the 


operators 
ho ho 
pean pene (14.9) 


The Hamiltonian function p?/2m thus becomes the Hamiltonian 
operator —(h?/2m)V*. The energy equation (14.8) is transformed 
into an operator equation, which gives the differential equation (14.6) 
when applied to a function ¢(r, t): 

ig hog 

Se We Se 

2m $ i Ge 
On the other hand, if EZ is again a given quantity, we obtain the parti- 
cular equation (14.7) 


(6) The derivation of the Schrédinger equation 
From the above procedure, we can see how the differential equation 
(14.6) must be modified to take account of a potential energy V(r) in 
addition to the kinetic energy p?/2m. In this case, the classical form 
of the Hamiltonian function is 
2 


Pav n= # (14.10) 
2m 


where # = E, the total energy, which is constant. We again consider 
the Hamiltonian function as an operator in accordance with (14.9), 
and take V(r) to mean an operator signifying ‘“‘ multiply by V(r)”. We 
then have the two forms of the Schrédinger equation: the general 
equation is R2 haw 
—-—V*Wt+V = —-— 14.11 
mV Ut VOW = -F (14.11) 
If we introduce the trial solution 


Wr, t) = u(r)exp —> Et 
into (14.11), we obtain the particular equation 


2 
ee V7u+V(r)u = Eu (14.12) 
2m 
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In the above equations wy depends on r and ¢, but u depends on r alone. 
The solution of the general equation (14.11) expresses (r,t) as a 
function of time, for a given initial value W(r,0). Integration of equa- 
tion (14.12), on the other hand, yields the particular function u(r) 
corresponding to a prescribed value of the energy E. 
If we interpret (14.11) according to the crude wave concept discussed 
on page 74, then the function 


p=ewry (14.13) 


represents a charge density. We shall now investigate the variation of 
p with respect to time: 


7) 
= eb +dy) 
Written in terms of the complex conjugate, equation (14.11) becomes 
h? h 
—— V7y*4+V(ny* = -* 14.1 
5 VU + V(t == (14.114) 


If we now multiply equations (14.11) and (14.1la@) respectively by 
~es ye and en¥ and add, we obtain 


é h 
a = ea AVY) 


= —div jes (W* grad W —wW grad wh (14.14) 


This is the equation of continuity* for the electric charge: dp/édt = 
—divj. The current densityf corresponding to the charge density 
defined by (14.13) is 


h 
j= ex (W" grad yy —W grad w*) (14.15) 


Since *wdr represents the probability of finding the electron in the 
volume element dr, we must postulate that 


[yrwae =] 


“ The existence of the equation of continuity shows that it is physically Justifiaigg Baer 
ey"y as a charge density. 

+ in this volume, the current density is designated by j, in contrast to Vol. I, where was designated 
by g. The former notation is the usual one employed in quantum theory. Ny 
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because the electron must certainly be present somewhere in space. 
When this condition is fulfilled the function is said to be normalized. 
By (13.10), g is also normalized. Equation (14.14) then states that this 
normalization is conserved, since from this expression 


< | w*y dr =0 (14.16) 


if j vanishes at infinity. 

The energy equation (14.12) possesses the fundamental property 
that no solutions exist for which j |u|? dr = 1 for arbitrary values of E. 
Only when E assumes certain definite values Bi Bss.cis Eso the 
solutions u,,u2,...,U,... exist. Using the Hamiltonian operator 


fe 
# = —-V4V(0) 


we may express this situation concisely as follows: 
et ee (SUS nan (14.17) 


The E, are called the eigenvalues of the Hamiltonian operator, and the 
u, are termed the eigenfunctions belonging to the eigenvalues E,. In 
this case we say that the eigenvalues are distributed according to a 
point spectrum. Equation (14.12) may also be soluble for a continuous 
range of energy values, as in the case of the free electron; we refer to 
this as a line spectrum. In this case the normalization condition is not 
fulfilled (cf. §17ff.). 

Schrédinger discovered the important fact that the eigenvalues of 
H# given by (14.17) are identical with Bohr’s postulated energy levels, 
from which the frequencies of the absorbed and emitted spectral lines 
may be calculated by means of the relation @, =(Em_—E,)/h. 

This fact, which at first sight appears most remarkable, may be 
better understood if the method described in §12 for the calculation 
of the stationary energy levels is expressed in a somewhat different 
manner. As originally given, the procedure consisted in finding 
matrices p = (p,,,) and x =(x,,,) that satisfy the commutation relation 


h 
[p, x]=px—xp = q 
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and for which the matrix 


jie 
H = (Hp) = 5— + V(3) 


only possesses diagonal elements, for which m =n. 

This procedure may be carried out as follows: we first seek any 
matrices satisfying the commutation relation, and use them to form the 
matrix (#,,,), on which we then perform an orthogonal transformation. 
As we know from matrix algebra, this is equivalent to finding the 
eigenvectors u, of #. The eigenvectors so found satisfy the equation 
(14.17). 

In each case, therefore, we have a problem to solve that involves 
eigenvalues. The formal agreement between the two procedures is 
seen to be complete when we note that the differential operators 
p= —ih0o/dx and x satisfy the commutation relation 


Ppx—-xp = rs 


If for instance we apply the operator px—xp to a function f(x), we 
obtain 


h\ o Cs) 
(ox—xe)fCs) =H Stax = Py 


Chapter BIT of this book is devoted to a general investigation of these 
relationships, which at first sight appear so remarkable. 

In the next section we shall analyse in some detail the important 
special case of the linear oscillator, using both the Heisenberg and the 
Schrédinger methods described in §§12 and 14 respectively. 


§15. The Schrodinger and Heisenberg treatments of the linear oscillator 


Before proceeding to the abstract formulation of the quantum theory 
in the next chapter, we shall apply the above procedures to the treat- 
ment of a particular example. Our starting-point is the classical 
Hamiltonian function of a linear harmonic oscillator of angular 
frequency @: 


Bo ea ON 

Lan Bey — ° “r46 

mn tame x =H ie (15.1) 
x 
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In the Schrédinger treatment, p is replaced by —ih@/éx. In order to 
determine the function ¢(x) corresponding to a fixed energy E, we 
must seek solutions of the differential equation 


h? do 
eoFe Fut tmnw*xo = Ed (15.2) 
for which 
+a 
I | (x) |? dx = 1 (15.3) 


A preliminary qualitative discussion of this equation is relevant. 
Let us put (15.2) in the form 


a 2m 

56" = aman? Ep 

and consider this equation as a formula for the graphical construction 
of the curve $(x). We see that the curvature of $(x) changes sign both 
upon a change of sign of (x) itself and when x takes the value x; 
defined by 4mo*x? = £. (The values +x, represent the classical path 
limits.) 

If we begin the construction with $(0)=1 and ¢'(0) =0, for 
instance, then ” is negative at first for small x, and the curve is con- 
cave towards the x-axis, like a cosine curve. We now choose E and 
hence the initial curvature to be so small that the point x, is reached 
before @ can become zero. Then for x > x,, can follow one of three 
possible courses (figure 18): 


1. E=E, is so small that the consequent change of curvature pre- 
vents the curve of @ from reaching the x-axis beyond X,, and it 
tends instead to +00 (curve 1). 


2. E=E, is so large that the curve cuts the x-axis beyond x, in 
spite of the change of curvature. The curvature then changes 
again and @ tends to — oo (curve 2). 


3. In between these two cases we must expect to find a limiting case 
when E= E), for which the curve of ¢ tends asymptotically to 
the x-axis. Ey is an “eigenvalue” of the differential equation 
(15.2) (curve 3). 
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p(x) 


NG 


\ 
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Fig. 18.—Graphical construction for the proper function of a linear 
oscillator in the lowest energy state. The solid curve is associated with the 
proper value Ep 


We shall now calculate one such eigenvalue. Let us try the Gaussian 


curve. 
. d = e7 80?x? 


as a solution of (15.2): this choice is prompted by the shape of curve 3 
in figure 18. Then 


= —arxe 4? hp" =(—a? +a*x?)o 


Substituting for @” in (15.2), we have 


h2 
re (—a? +a4x?)+4mw?x? = E 


In order that the equation should hold for all values of x, we must have 
a? = and E=E,= thw 


We have now obtained the lowest eigenvalue, and the associated eigen- 
function which, when normalized, is 


1 wer 
ae D> re é 


SRN, 
“ * 


‘ay 
We shall meet this solution again in the course of the analysis. 
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The quantity « has the dimension (length)~!, and is defined by the 
equation 
3 @ 


a — (15.4) 
Equation (15.2) may be written in terms of a, as follows: 
Oe llark E 
(2 Bast)” Mes” ae 


The usual method for the solution of (15.5) requires the use of Hermite 
polynomials. We shall adopt another course, which will also prove 
useful for the treatment of the problem by Heisenberg’s method. 

We introduce the new operators 


1 ld 1 ld 
—- ieaysi poe | op 
b (oF) a3(e i) (15.6) 


which possess the following properties. When the operators are applied 
in turn to an arbitrary function x, 


2 
b* bd ~3(#"-35)0- 36 (15.7) 
2 
wrond(or Looe 
Hence for any function ¢ 
(bb*—b* b)b = 
and in particular, we may put 
bb*—b*b=1 (15.8) 


Now, for any two functions f and g that vanish at infinity 


dg(x df (x 
fre “ ae = -| uy (x) dx 
Hence 


[i (x) bg(x) dx = | [b* f(x)] g(x) dx (15.9) 


b* is said to be the adjoint operator to b. 
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If we now put 4=E/hw—4} as a temporary abbreviation, the 
Schrédinger equation assumes the form 


b* bd = Ad (15.10) 
If @ is normalized, then from (15.9) and (15.10) 


fis | ob* bb dx = | (bd)? dx (15.11) 


In general, therefore, 4 is positive, and only equal to zero if bp =0. 
If the operator 6 is applied to (15.10), then in virtue of (15.8) 


bb* bd =(b* b+1)bd = Abd 
Therefore 
b* bbd = (A—1) bed (15.12a) 
Similarly 
bt bb+ 6 =(A+1)b* ¢ (15.125) 


Equation (15.12a) implies that if ¢ is an eigenfunction belonging to the 
eigenvalue A, then either bd is an eigenfunction belonging to A—1, or 
bd =0. Repeated application of the operator b could yield eigen- 
functions belonging to A—1,A—2,...,4—v, and would therefore finally 
give an eigenfunction belonging to a negative eigenvalue, which is in 
contradiction to (15.11). This conflict can only be avoided if the 
series A—v terminates in such a manner that one function ¢, occurs in 
the series b¢,b?¢,b°¢,... for which bf, =0. But A—v=0 for this 
function ¢o. 

There is an element ¢,, therefore, for which bd) =0 and hence 
b*bd@, =0; the corresponding eigenvalue is 4=0. The other eigen- 
values of (15.10) are the whole numbers 2=n=1,2,.... The eigen- 
values E,, of the oscillator are therefore 


n= (nt+hH)ho 705 eee 


The eigenfunction , is a solution of the equation b¢)=0. From 
(15.6), therefore, 


Ado 2 
—=-a°x 
au Po 
“TN, 


= Ce =, 
Po > 


y 


from which 
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or after normalization, 


eek 


1 
Po = («Jay @ (15.13) 
as we deduced from our original trial solution. 

We shall now make use of equation (15.125), according to which 
an eigenfunction belonging to 4=n+1 is obtained as a result of the 
application of the operator 5* to the eigenfunction belonging to 
A=n. Hence 


b* Pn = Non+1 


where the constant N is determined by the requirement that @,., be 
normalized if ¢, is normalized. Hence 


N? = Jor $,)(b” ,) ax = [oo Pi)Pn ax =n+1 


since bb*¢,=b*bhd,+, (from 15.8) =(n+1)¢,. Therefore 
De Pn = (n+ ID ier and bo, = Gea, 4 (15.14) 


We can now obtain all the eigenfunctions by the repeated application 
of the operator b* to do: 


il 
n(X) = ——(b*)"o (15.15) 
bal) = Ty OY. 
These functions ¢,,(x) are normalized and orthogonal, since 
or () bm(X) dX = bum (15.154) 


In order to determine the ¢,(x) explicitly we make use of the identity 


d 1 2x2 d SSP 
b* f(x) = Get oe = anf 4a2x f) 


If we now insert in (15.15) the value of ¢g given by (15.13), we obtain 
(aly 4a2x2 isa \" Sie 
= ———_—_, er - — 15.16 
n(x) G2) S a dx es ) 


The Hermite polynomials are defined by 
d n 
Hp(y) = (~1)" exp (—y2) (5) exp (—y2) 
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Putting «x = y and substituting in (15.16), we obtain the following alternative 
and common form of ¢n: 


1 
én(y) = @il2*a Vaya exp (—4y2) Hn(y) 


Although (15.16) represents the explicit solution of equation (15.2), 
it is a most inconvenient formula for purposes of calculation. For 
instance, if we wish to evaluate the “matrix element” 


Xmn = | Pn XPn AX 


this can admittedly be done by the direct use of (15.16). The following 
method, however, is much more convenient. From (15.6), 


1 
x = oyep Orr) 


From (15.14), therefore, 


1 
XPp = W125 Gi? des ag (n ate 1)'/?6, + 1) 


If the above expression is multiplied respectively by @,-, and @,4, 
and integrated, then in view of (15.15a) the only matrix elements different 
from zero are 


1 1 
Xn-1i,n = _VGn) Xnt+i,n = _vR@ ap 1)] (15.17) 


We shall now describe the treatment of the linear oscillator by 
Heisenberg’s matrix method. We take the equation (15.1) to be a 
matrix equation, and require the right-hand side to be diagonal, so that 


PA 
{Foe bmotsh Loe (15.18) 


We then have the following commutative relations between the matrices 
p and x: 


h 
(PX—*P)nm = = Sam (15.19) 


If the quantity «, defined as before by (15.4), is introduced into (15.18), 
then 


I Die I 2 E: E. ts 7 
5\% x frag! o = — nm *  (15.20) 


ho 
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We now consider the matrices 


b =e ax cee (b*) am = : x 1521 
nm 2 am ha Pum am ~~ ¥/2 Xm ha Pum ( : ) 
SINCE Xin = Xin ANd Pan = D*,, (cf. footnote F, p. 61), 
(D7 nm = Brn (15.22) 


As in the case of the operators b and b*, the product of the matrices is 


in virtue of (15.19), and 
bb*—b*b=1 (15.23) 


Putting E,/hwa—4 = 4,, as before, the matrix equation (15.20) becomes 
Db b= (15.24) 


where A is taken to be a diagonal matrix the elements of which are 
Ann = 4, For these elements 


An = J bas Bsn = D1 Osnl? =D bas? (15.25) 


If (15.24) is multiplied by b*, we obtain 6+b+b =5b* A; from (15.23), 
b*bb* —b* =b* 4. Consequently 46*—b*+A=5+. The element nm 
of the matrix equation (15.24) is 
Din — An Dn 
Hence, either 
A,—7— te or bo 30, (15.26) 


If we imagine the J, to be arranged in order of magnitude, then 
non-zero matrix elements of 5* exist only for 4,—A,-,;=1; for a 
given n, all elements 57, are zero except b+ ,_,. Equation (15.25) thus 


reduces to 
A= (Biro 2 (15.27) 


If we begin the numbering of the matrix elements with n =0,1,2,... 
and m=0,1,2,..., then it follows from (15.27) that A) =0. Hence we 
again obtain 1, =n, where n = 0,1,2,..., and if we choose the elements 


birm to be real, then 
ren = by- tn =/n (15.28) 
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The complete matrices are: 


le eaca Nha a 
0;';0 00 0 O10 Y10 0. 0;0 0 0 0 
1'/10 0 0 1/0 0/20 . 1/010 0 
b+ = 210720 0 b=2;0 0 OVWV3. A= 2)0 @ 2 
31/0 0 V30 3/0 000. 310 00 3 
In addition, we have the matrix x,,,.. From (15.21) 
x= b+bt*t 
Hence 
Jn nh 
Xo = eS 15.29 
nyn-1 n-i,n a./2 im ( ) 


which agrees with (15.17) and with the value (11.11) previously deduced 
from the correspondence principle. 


§16. The‘wave equation of the electron considered as a classical equation 


(a) The constants of the wave equation 


We saw in §14 that the existence of discrete units of electric charge 
necessitates a statistical interpretation of the w-function. On the other 
hand, if we ignore the corpuscular properties of particles such as 
electrons, the Schrédinger equation (14.11) may be conceived to be a 
classical wave equation, which may for instance be used to represent 
the electron radiation from a cathode as a purely wave-like phenomenon. 
It is permissible to conjecture that, if diffraction phenomena had been 
observed when cathode rays were first discovered, this would neces- 
sarily have led to the representation of the latter as a wave phenomenon, 
and hence to equation (14.11). As a classical equation, (14.11) is com- 
parable to Maxwell’s equations: like them, it predicts only wave 
properties and gives no information about the corpuscular nature of 
the radiation. As in the case of light, the particle-like properties appear 
only as a result of the quantum theory. 

In this case, either the wave or the particle aspect may be chosen, 
with equal justification. In the domain of classical physics it is jecessary 
to employ either the particle or the wave representation,, since “these 


descriptions are mutually exclusive. Each of these Titus: banadile 
aS 


\ 
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leads to the same quantum-mechanical representation; it is a matter 
of indifference, therefore, whether we “quantize” the classical wave 
theory or the classical corpuscular theory. The quantum theory is able 
to describe corpuscular and wave-like properties simultaneously, in so 
far as the wave representation provides statistical information about 
the properties of the particles.* 

Many phenomena may be most simply expressed in terms of 
classical wave theory, so that it is important to be fully aware of the 
classical interpretation of the de Broglie-Schrédinger wave equation, 
which we shall also attempt to express simultaneously in the language 
of the quantum theory. 

In the first instance we must realize that the Schrédinger equation 
(14.11) makes no reference to the corpuscular nature of electrons. We 
may express this otherwise by saying that equation (14.11) contains 
constants that can be determined from the wave-like properties of the 
radiation alone. The equation may be written in the form 


h? 3 
5 Vb toby = ihy (16.1) 


where ®(r) represents an electric potential. If we divide by h2/2m and 
introduce the new constants 


2m 2me 
mies p= 7 (16.2) 
(16.1) assumes the form 
—V7*W+ poy = io (16.1a) 


The wave equation now contains two constants « and B which are 
completely determined by the wave properties of the electron radiation. 
In the present discussion we shall restrict ourselves to one dimension: 
y = (x,t), B = B(x). The wave equation then takes the form 


—" + BOY = ica) (16.3) 


If the potential ® is constant, the solution y =ae'*-° gives the 
following relation between the angular frequency w and the wave 
number k, corresponding to the wavelength 4 = 2n/k: 


k? + B® = aw (16.4) 


* When there are several particles, all their coordinates must be included as variables in the py 
function; te wave theory must then apply in a multi-dimensional space. 
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The group velocity of the radiation is 
v,=—=-k (16.5) 


The constant « therefore establishes a connection between group 
velocity and wavelength: equation (16.5) is in fact the de Broglie 
relation. 

Equation (16.4) is also valid if the potential is piecewise constant. 
In this case the angular frequency w remains constant, otherwise the 
boundary conditions for y could not be satisfied (cf. §16d). It follows 
from equation (16.4) that the quantity k?+f® remains unchanged 
when the radiation travels from a region of potential ®, to one of 
potential ®,: 


k?4+ B®, =k2+B®, or ki-k}=B(®,—®,) (16.6) 


The constant B therefore connects the change in wavelength of the 
radiation with the potential difference ®,—®,. Equation (16.5) 
represents the theorem of conservation of energy for particles, expressed 
in terms of wave theory. 

The constants « and B may therefore be obtained from measure- 
ments of wavelengths, group velocities, and potential differences. But 
a and f are in fact the experimental data corresponding to pure wave 
theory, and in this connection it is somewhat misleading to represent 
them, as in (16.2), by means of the typical quantities e and m, that are 
associated with particles. However, the charge-mass ratio of the 
radiation can be determined by deflection experiments and expressed 
in terms of the constants associated with the wave representation 


(e/m = 2B/a’). 


(b) Physical quantities and conservation theorems 


It is clear that those experiments which are exclusively concerned 
with the wave-like nature of cathode rays will lead to the formulation 
of the wave equation (16.3) or (16.la). This equation is not very 
informative, however, if we do not know the physical meaning of the 
wave function w. In order to endow the theoretical pattern with 
physical meaning, we must understand the relationship between the 
wave function and the various relevant physical quantities, The typical 
physical quantities in a theory of the continuum are densities (charge, 


8 
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mass, momentum, and energy densities) and associated current or flow 
densities. In general, these densities satisfy conservation theorems, one 
of which we encountered in §14 in the case of the charge density p,: 


Ee+divi. =0 (16.7) 
or in integral form, after integration over a volume V bounded by a 
surface § r 
Al tek = -| je. df (16.7a) 


(Equation (16.7a) signifies that the charge contained in volume V 
decreases with time because an electric current flows out across the 
boundary surface S.) If the system is self-contained, that is, if the 
current density j, vanishes at the boundary, the total charge remains 
constant: 
g dr =0 

co, a 

These conservation theorems must be iene in the wave equation. 
We may express this as follows: 

“If the wave equation (16.1a) leads to conservation theorems in the 
form of (16.7), then with certain reservations it is permissible to 
interpret as physical quantities the densities and current densities 
occurring in equation (16.7)”. 

We must now determine whether the conservation theorems are in 
fact contained in (16.1), and if so, in what form. 

We now state without proof two possible conservation theorems 
for scalar quantities; it may be shown that these are deducible from 
equation (16.1a) and its complex conjugate equation. 


oy" Wt divs (Y* grad —y grady*) =0 (16.8) 


p j 


£ (grady* grady + Boy" y)+ 
———————————— 


p 
+div[—(W* grady+Wgrady*)] =0 (16.9) 
rer pre erecec 


i 
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In view of the above theorems, we interpret p as charge or mass 
density, both of which are proportional to each other, since elm = 2B/a?. 
We may then look upon (16.8) as the equation of continuity for charge 
or mass, and (16.9) as the corresponding equation for energy. There is 
still one free factor available in these equations, so that p need only be 
proportional to the charge density. Since this factor is quite arbitrary 
we can put p,=e’W*w for the electric charge density p,, where e’ 
represents an arbitrary unit charge. The only reason for choosing e’ 
to be equal to the electron charge e is to provide a simple corpuscular 
interpretation of the physical quantities occurring in the wave theory. 
Further, we shall choose the factor in (16.9) in such a manner that the 
term BOW*y may be replaced by ®p,; this latter quantity is the energy 
density of a charge distribution p, in an electric potential @(r). Hence 
we have* 


Charge density p,=ep Electrical current density j,=@¢j 


Mass density p,,=mp Mass flow density jn=mj (16.10) 
Energy density u= : 6 Energy flow density f= 5) 


It is of interest to deduce the forms of the above expressions in the 
simplest three-dimensional case of a plane wave = aexpi(k.r—@t). 
This is a solution of the wave equation for constant ®, if k? + B® = aw. 
In the three-dimensional case the group velocity is v, = 0w/dk = (2/a)k. 
Then 

pe=elal? a? 

Pm = mal? in = Pmo (16.11) 

u=4)mV, +PeP = uy, 


The densities and currents are constant with respect to time and 
position, and the fact that the currents simply transport the cor- 
responding densities at group velocity v, leads to the following state- 
ment: 

“‘The plane wave describes a state of constant density p, or p,, 
which moves at a constant velocity v,.” 

Clearly, therefore, the first term in the expression for u corresponds 
to kinetic energy density, and the second to potential energy tensity. 

Note that je vanishes when y is real. »& 


“ 
x) 
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Furthermore, j,, is also the wave momentum density* (cf. Exercise 5, 
p. 108). The corpuscular representation requires that p=|a|? be 
interpreted as the particle density; the plane wave is a process in 
which a statistically constant distribution of particles moves with 
velocity v,. The momentum per particle is my, = hk, and the kinetic 
energy, hmv? = h?k?/2m. 

It is clear from the above considerations that the wave equation 
may justifiably be written in its original form (16.1); it is important 
to realize, however, that the equation contains only two essential 
constants, the third being given by the arbitrary choice e’ =e. 


(c) The wave packet 

In §14a the wave function (x,t) was derived from the function 
at time t=0 for linear motion in the absence of external forces, for 
which ® = 0. The solution for the case of an initially Gaussian distribu- 
tion was discussed in §13. If we start with the normalized function 


x? 
W(x, 0) = eare(- sat ike x) (16.12) 


the necessary integrations can be evaluated by elementary methods and 
lead to the result (13.14a) for W(x,t). The factor s in this expression 
is replaced below by h/b./2. 


The resulting densities are 
2 


1 
p(x, 0) = |(x,0)|? = = exp =5 (16.13) 


1 ee (x—- (x — V9 t)" i? 
b(t) ,/ ~ bt) 
where @ is the angular frequency associated with ky (aw) =k), 


and v, is the corresponding group velocity (v9 = 2k)/«). The ‘“‘width” 
or dispersion, b(t), of the density distribution p is a function of the 


time: ht \2 a2 ot \2) 1/2 
we = ofi+(Fe) bY =o}14(Za) } 


The above equations represent a charge distribution p(x,t), of 
total charge e and mass m, the motion of which is described by the 
wave equation (16.3). The total momentum is independent of the 


(16.14) 


p(x, t) = | W(x, t) ks = 


* There is also a conservation theorem for the momentum density (for constant potential), which 
we have not stated above. 
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time: Jj,,dx =mvy = hk,; the total energy is also independent of time 
and includes kineticenergy only: {udx = 4mv2(1 + 1/2b7kG). The solution 
can of course be multiplied by a factor a, in which case the total charge, 
the mass, the momentum, and the energy are multiplied by |a|?. 

If we can neglect the variation of b(t) with time, we obtain the 
result expressed by (13.14). This is only permissible for small intervals 
of time, for which t <4ab?; for large intervals, the dispersion is pro- 
portional to the time: b(t) =2¢/ab. The sides of the Gauss curve 
separate at a constant velocity 2/ab = v9/bky. If 5 is large compared 
to the wavelength 4, = 2n/ko, the rate of separation is small in com- 
parison with the mean velocity v9 of the wave packet; if this condition 
does not apply, the separation rate is the dominant factor. A measure 
of the dispersion rate of the wave packet is provided by the time 7 at 
which b(t) = 2b, from which t = 4ab? a 3. If b is of atomic dimensions 
(10-8cm), t is about 107~’%s. This result makes it impossible to 
describe an electron as a particle and as a wave packet represented by 
(16.12); if we wish to take account of the corpuscular properties of 
the electron, we must interpret the wave function in a statistical sense, 
because,‘.while a probability distribution can become increasingly 
dispersed, the particle itself certainly cannot. 

The behaviour of the wave packet is illustrated in figure 19. It 
should perhaps be mentioned that the dispersion of the wave packet 
is not an irreversible process—it is true that (16.12) leads to a dispersion 
that increases with time, but this is simply the consequence of our 
choice of initial function. For instance, by choosing suitable phase 
relations between the individual waves composing the packet, it is 
possible to make the dispersion decrease initially with time. As a 
solution of the wave equation, (13.14a) holds for all values of the time; 
therefore, if we start, say, at time t= —t, the density distribution is 
halved after an interval t (see figure 19, broken curve). 

For a wave packet of form corresponding to (16.12) in three dimen- 
sions, the general solution is simply a product of three solutions in the 
form of (16.13), in which we are still free to choose the components of 
the width and velocity along each axis. 


(d) Reflection and transmission at potential barriers (wave theory) 

We shall now investigate the effect of the potential on the-salution 
of the wave equation. We restrict ourselves to one dimemsjon, so that 
w = (x,t), ® = B(x), and the wave equation assumes the forxg (16.3). 

ae 


We 
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We shall consider only stationary states, which are defined as those 
states in which the densities and currents are independent of the time. 
Although the wave function w(x,t) contains a time factor ert it 
is clear that the densities and currents given by (16.9) and (16.10) are 


b(t) 


—WTt 0 Vt xX 


Fig. 19.—Density distribution p(x,) and width b(t) of wave packet, 
from (16.14) 


not functions of the time, since they include only factors of the form 
w*p. We have already discussed the special case of the representation 
of a stationary state by means of a plane wave; the corresponding 
densities and currents are given by (16.11). If we now put 

w = $(x)e7 ! in (16.3), we obtain 


—" + PO = awd (16.15) 
For constant potential ®, the general solution* of this equation is 
$(x) = ae™*+be7* (16.16) 
where a and bd are arbitrary complex quantities, and 
k? + BO = aw (16.16a) 


* When w and & are positive (which we shall always assume to be the case), the first term in (16.16) 
represents a wave travelling to the right, while the second term represents one travelling to the left. 
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If the potential ® is a continuous function of position, it follows from 
(16.15) that ” must exist; ¢, ¢’, and @” are also continuous functions 
in this case. This is not so if potential steps are present, so that the 
potential is only piecewise continuous. At the step, @ and @¢’ are still 
continuous, while @” itself is obviously discontinuous. The continuity 
requirement may also be deduced from the fact that the mass (or 
charge) density must be continuous, which means that ¢’ must exist, 
and therefore that @ must be continuous. Further, ¢’ must also be 
continuous, in order that the current should be continuous and that 
mass should not accumulate at the barrier; this would lead to infinitely 


Fig. 20.—Reflection and transmission at a potential step 


a 
great densities, which would be physically absurd. This argument also 
holds for the energy flow, but not for the energy density, which is a 
discontinuous quantity. 

As our first example, we shall consider the penetration of radiation 
through a potential barrier; the latter may be taken as a potential 
difference concentrated into a very small interval. We can picture this 
as follows. Let an initial plane wave ae"*~®" be incident on the barrier 
from the left. At the barrier the wave will be partly reflected, partly 
transmitted; finally a steady state will be reached. The reason for the 
present investigation is that any given waveform, such as a wave packet 
incident from the left, can be created by superposing different stationary 
solutions with various angular frequencies. 

When the system has reached a stationary state, we should expect 
to find an incident wave ae'** and a reflected wave be ** to the left 
of the barrier, and a wave a’e‘** to its right (figure 20). We wish to 
find the amplitudes b and a’ in terms of the amplitude a of the incident 
wave. A unique solution is obtained if we impose the condition, on 
physical grounds, that no wave b’e~"* reaches the barrieg.fram the 
right, although a wave travels towards the left from thisspoint. Drop- 
ping the time factor e~‘®', which is common to all the waves, we may 

a 


Ww 
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now summarize the expressions for the wave functions and the mass 
flow in the regions to the right and left of the barrier: 


Left of the barrier (¢=ael*+be** k? =am 16.17) 
x <0 foe lal? 2x bie 2k le oe 
Right of the barrier {¢ =a'e** k'? =awm—BO = k*—fO 
tan, (16.174) 
x>0 Ce | oie 


We see from (16.17) that the mass flow consists of an incident and 
a reflected component. The reflection coefficient R is defined as the 
ratio of the reflected to the incident flow density; the transmission 
coefficient D is the ratio of the transmitted to the incident flow density :* 


24 Aiea ie 
R=|- ee (16.18) 
a ‘ta| k 
As a result of the conservation of mass, 
R+D=1 (16.18a) 
g@ and 6¢/6x must be continuous at the point x =0, hence 
at+b=a' k(a—b) = k’a’ (16.19) 
and 
a f = f 2) 
Biases R=| on 2s (16.20) 
a 1+k'/k 1+k’'/k 
or 
1—n|? 
= | -—— 16.20 
1+n ( 2) 


where the “‘refractive index” n=k’'/k is introduced, by analogy with 
optics; n is the ratio of the wavelengths in the two regions separated 
by the potential barrier. 

From (16.17a) 


n =(1—B®/k?)/? = (1—-V /Egin)/? (16.21) 
The quantity BD/k? may be replaced by V/E,,,, where e® = JV is 


the jump in potential energy for an electron and E,;, = h?k*/2m is the 
kinetic energy per electron in the incident wave. Figure 21 illustrates 


* The quantities jm and D deduced from (16.17a) and (16.18) are valid only for real values of k’ 
For pure imaginary values of k’, jm = 0 (D = 0 and R = 1). 
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the variation of the reflection coefficient with the kinetic energy of the 
electron. In the region for which the kinetic to barrier potential energy 
ratio lies between 0 and 1, n and k’ are pure imaginaries and total 
reflection takes place.* Expressed in terms of the corpuscular inter- 
pretation: the kinetic energy is insufficient to enable the electron to 
surmount the potential barrier V. At greater values of the kinetic 
energy R decreases gradually to zero. The full curve in figure 21 shows 
the reflection coefficient for positive values of B® or V, the broken 


-7 0 7 Z 
Fig. 21.—Reflection coefficient R at a potential step, shown as a function 
of Exin/V. The broken line illustrates the variation of R for negative 
2 values of V. 


curve, the coefficient at negative values. It is evident that, apart from 
the region of total reflection, we always find values of R and D that 
are different from zero. 

According to classical corpuscular theory there are only two 
possible alternatives: if E,;,>V, the electron surmounts the barrier; 
if E,i, < V, it recoils. Classical wave theory, on the other hand, states 
that a certain fraction of the wave is reflected and that the remainder 
is transmitted through the barrier. In order to describe particles and 
waves by means of a single model it is necessary once again to have 
recourse to the statistical interpretation: we may say, for instance, that 


* When x > 0, jm = 0. 

+ In this connection, a remarkable situation appears to exist when V is negative and [V | > Extn: 
this is the case when the radiation is highly accelerated by a large potential difference. According to 
the corpuscular theory, R = 0; according to wave theory, R ~ 1 because 1 > 1. The almost com- 
plete reflection predicted by wave theory appears to be strongly at variance with the classical be- 
haviour of particles, and is not confirmed experimentally when cathode rays are accelerated. The 
answer is that such a sharp potential step cannot be realized experimentally; the solution under 
discussion applies only to the case where the wavelength of the radiation is large compared to the 
dimensions of the potential step. When we reflect that, according to (13.9), the wavelength.of this 
radiation is generally less than 10-8cm, we can appreciate that such dimensions cannot be realized in 
practice. For light waves the situation is different; in this case it is possible to arrange the refractive 
index to change from one medium to the other within a small fraction of the pacer 
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R is the probability of recoil and D the probability of penetrating the 
barrier, or that on the average a fraction R of the incident particles is 
reflected and a fraction D transmitted. 

Another important type of potential barrier is illustrated in figure 
22. In this case there are four amplitudes, b, a’, b’, a”, which must be 


Fig. 22.—Amplitudes at a potential barrier 


evaluated in terms of the amplitude a of the incident wave; for this 
purpose there are two boundary conditions at our disposal at each of 
the potential steps. The calculations are similar to those which we 
performed for the case of the potential step, and are omitted. The 
results are: 

4(n—1/n)sin (nkl) 2 


~ | cos (nkl)—4i(n + 1/n) sin (nk) eee) 


where n is again defined by (16.21). If £,;, > V,n is real, and we obtain 
— 4(n—1/n)? sin? (nkl) 
~ 14+4(n—1/n)? sin? (nk) 
1 


= TE 4(n—1/n)? sin? (nk) ee) 


D 
If Ei, >V, n = in is a pure imaginary, and 
_ hee 1/n)? sinh? (kl) 
~ 1+4(n+ 1/1)? sinh? (kl) 
1 
a 16.22b 
z 1+4(f+1/n)? sinh? (Akl) ( ) 


Figure 23 illustrates the manner in which the reflection coefficient R 
depends on the ratio E,;,/V. It is of interest to note that R becomes 
zero at the points for which nk] = 2,2, 3z,...: this corresponds to the 
familiar interference phenomena in optics. 
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In classical physics, equation (16.226) corresponds to the case of 
total reflection at the barrier; in the present treatment, this equation 
predicts almost total reflection provided that the width / of the barrier 


=i 


Fig. 23.—Reflection coefficient R at a potential barrier, shown as a function 
of Exin/V. The figure is drawn for the case 22h2/m/2|V| = 5/4. The 
broken line illustrates the variation of R for negative values of V. 


is sufficiently great (i.e. 7k] > 1). For smaller values of niki, however, 
we find that the barrier is appreciably “transparent” to the radiation, 
although according to classical corpuscular theory it should be in- 
surmountable. 


Fig. 24.—Amplitudes in the case of the tunnel effect 


This result is easily explained in terms of the wave theory. If we 
restrict ourselves to the case for which nik/ > 1, then 


SONG 
= (x :) poet Sy 


This implies that the wave amplitude decreases exponentially within 
the barrier according to the factor e~™**; a small amplitude. | As still 
present at the right-hand boundary, however, and this. ‘Bixes tise to an 
outward-bound wave to the right of the barrier (figure 24). 
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The quantum theory again requires a statistical interpretation of 
this result: the transmission coefficient D represents the chance that 
an incident particle can pass through the barrier. A large number of 
phenomena are explained by this so-called “tunnel effect’, according 
to which a particle has a chance of penetrating a barrier which, on 
classical theory, would be insurmountable. If we imagine the particle 
to be confined within two similar potential barriers then, according to 
classical mechanics, it cannot leave this region. If we now take into 
account the tunnel effect, we can estimate the escape probability 
approximately as follows. The particle strikes the wall of the enclosure 
at a definite frequency v which depends on its velocity and on the 
enclosure dimensions. At each impact the chance that the particle will 
escape is D; the probability in a time df is therefore equal to the number 
of attempts vdt multiplied by D. If we now consider a system consisting 
of N confined particles, the average number escaping during the interval 
dt is NvDdt; this is equal to the decrease dN in the number of confined 
particles, therefore dN/dt = —NvD. It follows that the average number 
of remaining particles at time ¢ is N(t) = N(0)e~’?*, where N(0) is the 
number of particles present initially. This is the law of radioactive 
disintegration. 

More precise quantum-mechanical calculations lead to a similar 
result, and afford a particularly satisfactory explanation of «-particle 
emission when the appropriate constants are introduced. For electrons, 
the tunnel effect is of importance in connection with 


1. the ionization probabilities of atoms in an electric field (cf. $39), 


2. the emission of electrons from metals in an electric field, in the 
absence of thermal excitation. 


(e) The “quantum conditions’’ applicable to the classical wave theory 


Bohr’s hypothesis (10.1, 10.2), as applied to corpuscular theory, 
consists essentially of the following two postulates: 

1. Stationary orbits exist, possessing energy values E,,. 

2. The radiated frequencies are ,, = (E,— E,)/h. 

It is clear that the condition of stationary non-radiating states is 


satisfied by the wave theory. As we have indicated in previous sections 
(in the case of the linear oscillator, for instance), every state y(r,¢) may 
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be developed in terms of a set of physically significant stationary 
solutions: Wr, t) = ‘Strap $, (0) e7 i@nt (16.23) 


In order to determine the emission of electric waves for a state 
represented by (16.23) let us investigate the motion of the centre of 
charge er,, as in the case of radiation from a dipole: 


ex, (t) = fe. (r)x dr = e| | W(r, t) |? dr 


or, from (16.23) 
ex, (= Oa, a, cee en er (16.24) 


where the “matrix element” x,,,, is defined as 
ae {os xo, ar (16.24a) 


The radiation therefore contains the frequencies ,,,, = ©@,—@m, PIO- 
vided x, % 0, in accordance with Bohr’s theory. 

The existence of the elementary charge e must clearly be allowed 
for in wave theory by the requirement* that {| pdr should be an integral 
number. In the case of the single electron this requirement implies that 
the wave function w be normalized. If the functions ¢, are normalized, 
it may be shown that the total energy E, = fudr in the ¢, state is equal 
to hw,; the second Bohr postulate is therefore satisfied. In the single 
electron case, therefore, the quantum condition for wave theory is 
simply that the total charge be normalized to e. We then have an 
exact method for the treatment of single-electron problems. 

There is one important matter, however, that we have not so far 
taken into consideration. The potential ® appears in the wave equation; 
since the electron wave is electrically charged we must allow for the 
potential of its charge distribution. ® then consists of a potential due 
to the external fields and a potential ®, due to the charge distribution 
Ox 
®, (r) = jae dr’ (16.25) 


If the wave is very tenuous ®, may be neglected, as we have tacitly 
assumed up to now. However, if we were to calculate again-the.energy 


‘hey 
rae 
* If we had allowed the normalization charge e’ to remain arbitrary, we should now have to postu- 


late that foedr = e’f|y{?dr be an integral multiple of the elementary charge e. ~~ 
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levels of the hydrogen atom, using ®,, we should obtain a completely 
incorrect result,* since in this case ®, is by no means negligibly small. 
Clearly, we must postulate that ®, should vanish. This is the second 
quantum condition for wave theory—there can be no interaction of the 
electron with itself. Here again the statistical interpretation of wy 
comes to the rescue, for the postulate would be quite incomprehensible 
if p =|y|? were a real density. The quantum postulates in the particle 
and wave theories are complementary, and the task of the quantum 
theory consists in finding a theoretical pattern that will take into 
account both the corpuscular and the wave concepts. 


Exercises 


1. Planck’s radiation formula interpolation 

The spectral distribution of radiation from an enclosure may be expressed in 
terms of the mean thermal energy e(v,7) of an oscillator whose frequency is v. 
Before the discovery of Planck’s radiation formula it was necessary to distinguish 
between two spectral regions, each characterized by a different mathematical 
relation: the Rayleigh-Jeans region for frequencies well below the maximum of 
the spectral distribution, and the Wien region lying well above this maximum. 


KT, Rayleigh-Jeans, “‘small” y 
e(v, 7) = f 
L 


eal ; 
const. v exp —- Wien, “‘large”’ v 


From thermodynamics, the mean square deviation A of the energy E of any system 
at temperature T is A = kT20E/oT. 

Express the mean square deviation in the Rayleigh-Jeans region, Arz, and in 
the Wien region, Aw, in terms of ¢ and y. Verify that the sum A = Ary+Aw 
approximately represents the deviation in each region. This expression may be 
used as an interpolation formula for the mean square deviation throughout the 
whole spectral region. If this formula is assumed to be strictly correct, and equated 
to A = kT2@é¢/¢T, a differential equation is obtained for ¢, the solution of which 
is Planck’s formula. 

2. Derivation of the hydrogen terms from the correspondence principle 

According to the correspondence principle, dE/dn = Aw(E) for large quantum 
numbers n; w@(E) is the frequency of the classical motion. This is a differential 
equation for the function E(m) in which n is to be taken as a continuously variable 
quantity. The possible energy values according to quantum theory are those for 
which x is a whole number. Calculate @(£) and hence E(m) for a linear oscillator, 
and for the hydrogen atom orbits. 

3. First approximation to the energy of an anharmonic linear oscillator 

Let the potential energy be V(x) = 4mw2x2+Ax4, where 2 is “‘small’’. Cal- 
culate the energy values E, from (10.4) to the first degree of approximation, by 
expanding in powers of 4. Neglect terms in 4 of the second and higher degree. 


* In the case of problems involving many electrons it is often possible to replace the strict quantum- 
mechanical treatment by wave theory, taking into account ®,. This corresponds somewhat to Hartree’s 
“self-consistent field”? treatment. 
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4. Vibrations of solid bodies at the absolute zero of temperature 

When a linear oscillator is in its lowest state, at the absolute zero of temperature, 
the mean square deviation of its amplitude is x2 = #/2Ma, where M is the mass 
of the oscillator and @ its angular frequency; this follows because the average 
values of the potential and kinetic energies are equal. This also applies in the case 
of atomic vibrations in a solid body. When calculating the vibration of an atom we 
may assume that the neighbouring atoms remain fixed, as in Einstein’s model of 
a solid body. An atom in a cubical crystal lattice vibrates like a harmonic oscillator 
with a small amplitude in a definite direction. If the lattice constant (the distance 
between neighbouring atoms) is a, w may be expressed approximately in terms of 
the velocity of sound c, thus w ~ c/a. This follows because the time a/c required 
for the transfer of an impulse from one atom to the next must be roughly equal 
to the period of an oscillation 1/w. Evaluate the ratio x2/a2, the root of which is 
a measure of the linear displacement of the atoms from their equilibrium positions 
at absolute zero. For aluminium, a 2 x 10-8cm, c=5 x 103m/s, M=6 x 10-23, 


5. Rate of change of total momentum in wave theory 


If jm is correctly interpreted by (16.10), the rate of change of total momentum 
must be equal to the total force exerted by the electric field E = —grad@® on the 
charge distribution pe: 


ee =f 
& | ina => | peEar 


Deduce the above equation from the equation of motion (16.1) on the assumption 
that w(r,t) vanishes at infinity. 


6. Motion of the centre of gravity of a wave packet 
The centre of gravity xs of a wave packet is defined by 


Xs = | xpmdx | [ ena 


Prove the following relation for motion in one dimension in the absence of external 


forces: 
Xe = | imax] il pmdx = Uo 


(Total mass x velocity of centre of gravity = total momentum.) Show also that vo 
is the mean value of all the group velocities in the wave packet: 


v0 = f oO | gk) Pak | flecoreat 


Hint: w(x,t)=Jg(k, the'**dk/(2z)!/2, where g(k, t) = g(k)e-t(*)t, For any two 
functions $1(x) = Jgi(k)et**dk/(2m)!/2 and $2(x) = Jg2(k)et**dk/(2n) 1/2: 


| $1*(x) do(x)dx = | ai*(k) ga (kak 


7. Energy according to wave theory, and the Hamiltonian operator = “SS. 
Using integration by parts, prove that fudr = Jy*#wadr. u ‘iethe wave-theory 
energy density, # is the Hamiltonian operator of particle theory. ~ Ay 


AS 
we 


CHAPTER BII 
The general basis of quantum mechanics 


§17. Vectors and operators in Hilbert space 


The separate lines of development of the quantum theory which 
were described in the last chapter lead to a common pattern, which we 
shall now examine. 

To begin with, it is clear that both Heisenberg’s and Schrédinger’s 
quantum-mechanical formulations are formally similar to each other. 
For instance, Heisenberg’s postulates (12.13) may also be expressed 
as follows: matrices must first be found, designated by p,, and es 
for which 


_A 


(px =U) = i Ony 


These matrices are then used to form the matrix 
2 


Bio er} 


2m 


which is then diagonalized by means of a “‘rotation’’. It is known from 
matrix algebra that diagonalization is equivalent to determining the 
eigenvectors $(v) of the matrix #: 


YB uy Pn (¥) = En Pa (H) (17.1) 


On the other hand, if we take the classical Hamiltonian function and 
replace the momentum p by the operator —ihdé/dx, we obtain the 
Schrédinger equation (14.12). Then for every differentiable #(x): 


h 
(px — xp)$(x) = - P(x) 


The eigenvalues E, are then obtained from the solution of the boundary- 
value equation 


AG A(e) = Ee x)e GE for (x)@,(x)dx finite (17.2) 
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It will now be shown that equations (17.1) and (17.2) are two equi- 
valent forms of a single eigenvalue equation 
Hh = Ep 
This means that the above equation may be represented in two different 
“coordinate systems” which can be transformed into each other by 
means of a “rotation” in so-called “ Hilbert space”’. 
Before this equivalence can be demonstrated certain preliminary 
mathematical concepts and propositions must be presented. 
Hilbert space consists of a set of “elements” or ‘“‘vectors”’, @, 
y,W,..., possessing the following properties: 
(1). If a and b are any two complex numbers, af+by is also an 
element in Hilbert space. 
(2). Associated with any two elements ¢ and w there is a (generally 
complex) number (¢, W), which is termed the scalar or inner 
product of ¢ and w. The following relation is always true: 


(¢, 0) = (W, 6)* (17.3) 
Further, if a is an arbitrary number, then 


(p, ay) = a(p, p) and hence (ap,~) = a*(¢,W) (17.4) 


In particular, if (¢,y) =0, ¢ and w are said to be orthogonal 
to each other. 


(3). For any three elements ¢, x, W, 


(+¥,x) =(2)+Y,%) 
(4). From (17.3), we see that (@,@) is always a real number. We 


. shall also stipulate that (¢,¢) 20. Elements for which (@,¢) 
would be infinite are not admissible to Hilbert space. 


The quantity (¢,@) is called the norm of ¢. If (¢,@) = 1, the vector 
@ is said to be normalized. If (¢,¢) =0, ¢ is said to be a null element 
of Hilbert space; ¢ = 0. 

If @ and w are given and are not null elements, then @ may be 
uniquely resolved into an element aw, proportional to W, and an 
element xy orthogonal to w, by means of the identity 


V8) {4 yd) 
oD, He “GD aa ” 
=a 4 iS 
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Obviously, (W,7)=0. If we now form the norm on both sides of 
(17.5), bearing in mind (17.4) and the fact that (y, x) =0, we get 


_ 1G"? 
(¢,9) = Wy 1%” 


This leads to Schwarz’s inequality* 
(6, OXY.) 21(¢,)|? (17.6) 


in which the equality sign only applies if y=0, when ¢ = ay. 

The elements ¢,,...,@, are said to be linearly dependent if any of 
the @ can be expressed as a linear combination of the others, i.e. if 
coefficients c,,...,c, exist that are not all zero, such that 


Cue cde 0 (17.7) 


If this is not the case the elements are said to be linearly independent. 

A system of elements «,,...,«,,... in Hilbert space is said to be 
normalized if («,,%,)=1 for each a,. It is orthogonal, if (4, %m) =0 
for alln#m. It is complete if each Hilbert space element ¢ may be 
expressed as a linear combination of the «,: 


(WE Oe, (17.8) 


If the «, fulfil all three conditions, the system is said to be complete 
and orthogonal. In future we shall employ only basic systems of this 
type. Then 
(Ons Om) = Som 
An = (%,P) = $(n) 
We therefore have the following identity for every ¢: 
b = Yi nr Pn = Y P(N) (17.84) 


and from (17.8) 


We may say that the «, span the whole Hilbert space, or that every 
element of Hilbert space may be represented by a linear combination 
of the «,. The elements «, are therefore said to form a basis « in Hilbert 


* Equation (17.6) ensures the validity of postulate (1): if the norms of ¢ and y exist, so does the 
norm of any linear combination of these two elements. 


112 BIJ. The general basis of quantum mechanics 


space, and the components ¢(n) of the vector @ in this coordinate 
system constitute the representation of ¢ referred to the basis «. 


If p= » p(nja, p= a: 
the inner product is defined as 
(¢,) = a b*(n)W(m) (Gn, Gm) = DAE) (17.9) 
where (psn) = On (1) = Omnn 


The numbers m are often continuous variables; in this case the 
summations in the above formulae are replaced by integrals. If «, are 
the orthogonal basis vectors, then 


o= |e. )t,da = [cos da 
If we now form the scalar product with a,., we get 
” p(a’') = | scone, a) da (17.10) 


The function 6,,, = (%q..%q) is called the Dirac delta function; it cor- 
responds in the continuous case to the Kronecker symbol 6,,, that 
occurs in the discrete case. This function has the property* that 
{ b(a)b.4.da = ¢(a’) for all ¢(a). It may be pictured as a function 
vanishing when aa’, but tending to infinity in such a manner at 
a=a' that j6,,,da=1. 

’ The Dirac function is obviously not a function in the ordinary 
sense, just as the vectors «, do not really belong to Hilbert space 
because (a,,%,) =6,, = 00; however, we shall include it in our treat- 
ment for the sake of completeness of presentation. We shall encounter 
the function in (20.11) (cf. also Exercises 1 and 2, p. 137). 


The eigenvectors $n(v) are a typical example of the representation of discrete 
vectors in Hilbert space. Examples of continuous quantities are provided by the 
wave functions ¢(x) or their Fourier transforms g(p), the scalar products of which 
are (¢,w) = Jé*(x)w(x)dx and (91,92) = fg1*(p)g2(p)dp. In these cases Hilbert 


* This property may be taken as the definition of the 6-function. Then clearly 


§d(a)Sa+a,0'rada = §$(a—d)oa,arrada = $a’) a. 
i.e. da+a,a’4a = Oa,a’. Then da,q’ only depends on the difference a — a’; for this Te%son, the function 
is also written as d(a—a’). AS 
Ng 


aN 


a 
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space consists of all functions ¢(x) the squares of whose absolute magnitudes are 
integrable. 

The beginner should familiarize himself with these concepts in three-dimensional 
space, bearing in mind that Hilbert space possesses an infinite number of dimensions. 
In vector calculus it is usual to represent a complete and orthonormal system by 
means of the unit vectors i, j, k, parallel to the axes x, y, z» Any vector a can then 
be represented as 

a = aritayjtak (17.102) 


The norm of the vector a is equal to the square of its magnitude a. The scalar 
product of two vectors a, b is 


(a,b) = a.b =abcos¢ 


where a and 6 are the magnitudes of the vectors and ¢ is the angle they make with 
each other. The inequality (17.6) becomes simply 


a2b2 = (ab cos $)2, i.e. cos2¢ S 1 


The analogue of equation (17.9) is 
(a, b) = azbz+ayby+azbz 


If e is a normalized vector, then (a,e) =acos ¢ is the projection of a in the 
direction of e. 


The importance of the Hilbert space vectors lies in the fact that 
they can be used to represent the physical states of quantum-mech- 
anical systems. This means that, in principle, it is possible to calculate 
the result of any measurement on a system in a given state if we know 
the vector @ associated with that state. It remains to be seen how 
this calculation may be accomplished. 

We saw in the last chapter that operators, such as matrices and 
differential operators, are associated in quantum theory with physically 
observable quantities such as position, momentum or energy. 

In Hilbert space, an operator A represents a rule for transforming 
any vector @ into another vector y: Ad=w. A is said to be linear if 


A(ad + by) = aAd+ bA (17.11) 


for any two elements ¢, w, and complex numbers a and b. In what 
follows we shall only be concerned with linear operators. 
The sum of two operators is defined as follows: 


(A+B)p = Apt Bo 712) 
and the product as 
(AB)¢ = A(Bd) (17.13) 
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in which B is first applied to ¢, then A to Bd. The adjoint operator 
to A,A*, is defined by the relation 


(p, Ap) = (A*9,) (17.14) 
for all @ and w. It follows immediately that 
(At) =A, (cAg=a A (AB) Bb Ave 715) 
An operator is said to be Hermitian or self-adjoint if 
At=A (17.16) 
The unitary operator is defined by 
ial (17.17) 
We shall see later that Hermitian operators always correspond to 
physical quantities. Unitary operators are important for such purposes 
as the representation of the variation of a state @ with respect to time. 
We shall now describe the matrix representation of the above 


operator relations. The representation in the basis {c,,...,0,,...} of 
the equation 
Ag = 


is obtained by forming the inner product with «,,: 


(Om, AG) = 2 Cns Ao, )o(n) = Ann b(n) = Wm) (17.18) 


The operation of A on @ is represented in matrix form by multiplying 
o(n) by the matrix A,,, = (@,,,A%,). The matrix A,,, is said to represent 
the operator A. The matrix representation of A+B is 


(A+B) nin = Ann Brin (17.19) 
The product of two operators is represented by the product of two 
MAITICSS? (AB)an = Fins ABin 04) = Amt Bin (17.20) 
I t 


Finally, the matrix of the adjoint operator is the conjugate complex 
of the original transposed matrix: 


(A*) mn = (Ons A &,) = (Ae,,3 X,) = An. C721) 
For a Hermitian operator, therefore, — =—— 
Amn = Avn i. ae 


x 


“ 
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The analogue of matrix representation in the continuous case is pro- 
vided by integral operators: for instance, if @ is represented by wave 
functions $(x), Ad = is represented by 


fac. X')p(x') dx’ = W(x) 


Differential operators are of greater importance, however: among these, 
we encountered the momentum operator —ih0/dx in §14. Multiplica- 
tion by x (or by a function* V(x)) represents another simple and 
important operation. 

We shall now derive a relation between two different matrix re- 
presentations of the same Hilbert space vector @: if these are designated 
by ¢(n) and ¢(v) referred to bases « and B respectively, we have 


d=) $(n)a, = Y d(v)B, (17.22) 

Forming the inner products with «, and f,: 
(2) = Yn BOW) = Uy OO) (17.232) 
$v) =F (B,,4,)6(n) = 1 UX b(n) (17.23b) 


The transformation of one matrix representation into another is 
therefore effected by means of a matrix U,,, which is unitary because 


yy hs Us > by (5 BB,» Ohm) 
= >) oF (Vtg (V) = (On: %m) = Sam  (17.24a) 


and y Us, Ce 


m 


(17.24b) 


By 


The transformation of matrix elements is most simply effected by 
first expressing the elements f, in terms of the «,,: 


B, oe Y (ns Bye, = YB, (n) ot, = 2; Uy a 


* When the Dirac 6-function is introduced, multiplication and differentiation become equivalent 
to integration: 


Vix) d(x) = \ Vix!) Sax’ ’)dx’ and 2) _ i Beat OD ay = - | 2022! Sexy dx’ 
ex Ox Ox 
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If this expression is now introduced into i (ie AB,) we obtain: 
= Pe oe Ann U;, 


similarly CS Ii Oe RO. (17.25) 
“uY 

Since the elements «,, and , each constitute an orthonormal basis in 

Hilbert space we may say that they transform into each other by means 

of a rotation, since the relations between them are similar to those 

governing the transformation of coordinate systems in three-dimensional 

space. 

We shall still retain the concept of a rotation even when one of the 
two orthogonal systems, say f,, is continuous. It is true that in this 
case we cannot say strictly that each vector a, belonging to the discrete 
basis is transformed by a unitary operation in Hilbert space into a 
corresponding vector f, in the continuous basis. The matrix U,, is 
now replaced by a generalized unitary “matrix” U,,, possessing one 
discrete and one continuously variable index. The unitary relations 


then become 
\ . 


Ds Une Uny = d(u—v) |» Oke du = Onn (17.26) 


The above relations are similar to those expressed by (17.24) and 
suggest, therefore, that we may also refer to this class of transformation 
as a “rotation”. 

This obliteration of the difference between continuous and discrete 
manifolds is of somewhat doubtful mathematical validity; it is on a 
par with our introduction of the Dirac 6-function and is justified in so 
far as it is impossible to discriminate physically between a continuous 
basis B, and a discrete set f, if the v, lie close enough to each other. 
(A relevant example is provided by the frequent cases in which a 
Fourier integral is replaced by a summation.) 


§18. Average value and standard deviation 


The concepts so far introduced provide an extremely concise means 
of formulating the quantum theory, and one that is independent of the 
particular form of representation selected. We shall now. describe in 
some detail the relations between vectors, operators, stats, a an i physical 

uantities. 
: ES 


“ 
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Let us measure a quantity A which is an attribute of a large number 
of identical systems, all of which are in the state @. If the mean of all 
the measurements is formed, this is the expectation value of A, denoted 
by A. This value may be calculated from the associated Hilbert space 
vector @ and the operator A according to the formula 


(¢, AP) 
(¢, 6) 


Thus a relation has been established for the first time between the 
abstract quantities A, # and a directly measurable quantity A. Equation 
(18.1) obviously remains unchanged if ¢ is replaced by ad, where a 
is any complex number; ¢ and a@ represent the same state. It is often 
useful, but not essential, to assume ¢ to be normalized. Then the 
expectation value is simply 


A= 


(18.1) 


A = (¢, Ad) 


The significance of equation (18.1) may be made clearer if we can 
show that it provides a statistical interpretation of the normalized 
wave function ¢(x) and its Fourier transform g(p), which were dis- 
cussed in §13. If for instance we take ¢ as the wave function #(x) and 
A as the operator “multiply by x”, we obtain 


X= [> | (x) |? dx (18.2) 


This is of course just what we should put for the average value of x 
if we interpreted |¢(x)|? dx to be the probability of finding the particle 
between x and x+dx. Similarly for the momentum: 


p= [iar ap (18.3) 


If we wish to determine p, we might proceed by first finding the Fourier 
transform of ¢(x) and using this to evaluate the integral (18.3). Equa- 
tion (18.1) relieves us of this necessity, however: we require only the 
representation of the operator p in the coordinate system in which the 
state vector is represented as #(x), and can then put 


pe |e *(x)p$(x) dx (18.4) 
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From §14, we should expect that the momentum p could be replaced 
in (18.4) by the operator —ihd@/dx. We shall leave it to the reader to 
show that, since $(x)=fg(p)e?*"dp/,/(2xh), (18.3) is identical with 
(18.4). 

Since the operators A correspond to physical quantities, they must 
obviously be of such a form that A is always real; if (¢,¢)=1, this 
means that 


A = A* = (o, Ag)* = (Ad, 6) = (¢,4* 9) 


Since this must be true for all states @,A must be equal to A*; in 
other words, Hermitian operators must always correspond to the 
physical quantities. 

If A is an observable quantity in the state @, where (¢,@) = 1, the 
dispersion AA is defined as the mean square deviation 


(AA)? = (A—Ap? = A?— A? (18.5) 
where A? =(@,4?@). If we now define a vector x by 
™ Ao—Ad = x (18.6) 
it follows immediately from the fact that A is Hermitian that 
A? — A? = (4,7) (18.7) 


Therefore (AA)* vanishes only when xy = 0, and the dispersion of A in 
the state @ is only zero if 


Ag = Ap = ad 


where a is real. In this case ¢ is said to be an eigenvector of A, and 
the corresponding eigenvalue is a. If the system is therefore in an 
eigenstate of A for which the corresponding eigenvalue is a, each 
measurement of A will always yield the value a. 

The measured values of other quantities relating to the system in 
state @ will in general be dispersed about their mean values. 


As we have already seen, it is impossible to find states in which position and 
momentum each have a definite value at the same time. We shall now prove the 
generalized uncertainty relation AAAB2 44 for any canonically conjugate 
operators A and B: FN 

Two Hermitian operators A and B are connected by the relgtign ; 


AB—BA = hiji “s. (18.8) 
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with which we are already familiar for the case when 4 = pand B= x. We shail 
show that 

(Ad, A$) (B4, B¢) 2 |(Ad, Bd)|2 = 442 (18.9) 


for all ¢, where (¢, ¢) = 1. The first inequality follows directly from (17.6) when 
¢ is replaced by Ad and y by B¢; the equality only holds when 


A¢ = ABE (18.10) 
The second inequality in (18.9) follows from (18.8). If we put 


where a and 6 are real, then 
(¢, BA¢) = a—ib 


Subtracting: 25 = —h, in view of (18.8), hence 1(¢, ABP) |2 = a2+62 = a2+4h2. 
The second equality sign in (18.9) holds only if a=0, when (4¢, B¢) is a pure 
imaginary quantity. In order to satisfy both the possible equalities in (18.9), there- 
fore, A in (18.10) must be a pure imaginary, and 


Ad = iyBd¢, where y is real (18.11) 


If A and B are replaced by their deviations from the expectation values, A—A and 
B—B, the commutation relations (18.8) are preserved, and since (Ad, Ad) =(¢, A294), 
etc., it follows from (18.9) that 


(A—A)2(B—B)? = 342, ie. AAAB > Hh (18.12) 
where the equality holds if 
(A—A)¢ = iy(B—B)¢ (18.13) 


In particular, if we now put A = p = —ihd/dx and B= x, (18.13) gives the 
differential equation for the function of ¢ with the minimum uncertainty product, 


Le ine a) 
i ox 


the solution of which is 
— i 5 a a —yr)2 18.14 
¢(x) = exp ( ; px ) exp ( oY (x—x) ) ( ) 


This is the equation of the wave packet* that was discussed in §§13 and 16. The 
constant y shows how the indeterminacy is distributed between x and p: 


srnafh somo 


*In the previous treatment, the uncertainty was found to be a minimum at time ¢ = 0; this cor- 
responds to the equality condition in (18.12). 
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§19. Eigenvalues and eigenvectors 
(a) Determination of the eigenvalues and eigenvectors 


If a vector @ remains unchanged apart from a numerical factor a 
when acted on by an operator 4, Le. 


Ab = ab (19.1) 


¢ is said to be an eigenvector of A, and a is the associated eigenvalue. 
An equation for the possible eigenvalues of A is obtained if (19.1) 
is expressed in any orthogonal system @,,d@2,...: 


> Ann O(n) = ap(m) for m=1,2,3,... (19.2) 


If the Hilbert space consists of a finite number of dimensions only 
(say N),* (19.2) contains N linear homogeneous equations for the N 
coefficients #(1),...,¢@(N). A solution of these equations exists if the 
determinant 
Ay;-@ Aya Ajg3z ..- 
ae Ay, Az,—a As Bese (19.3) 


vanishes. This is an algebraic equation of the Nth degree in a, known 
as the secular equation. The WN roots of this equation are therefore 
the eigenvalues of a; their existence follows from the fundamental 
theorem of algebra. Hilbert space often has an infinite number of 
dimensions, however; in this case the investigation of the existence of 
the eigenvalues is a much more difficult problem, for which we shall 
not give a general treatment. 

In the infinite case, the eigenvalues might perhaps be determined as 
successive approximations by breaking off the infinite determinant 
(19.3) at a given finite value of N, equating to zero, and solving; N 
would then be increased and the procedure repeated in the hope that 
it would lead to convergent values. 

Generally, however, more elegant procedures exist for the solution 
of the eigenvalue problems that are of importance in physics. In many 
cases the latter may be expressed as boundary conditions associated 
with differential equations (e.g. Schrédinger’s eigenvalue equation in 


és * Examples of such space occur in §26 (perturbation theory), §36 (Zeeman effect};-and §39 (Stark 
effect). ; 


Ay 


“fa 
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§14); alternatively they may be solved independently of any particular 
basis as a result of special commutation properties of the operator A 
(e.g. in the treatment of the linear oscillator given in §15, in which the 
eigenvalues of # were determined from the commutation relations of 
b* and b; further examples are provided in §24 (angular momentum) 
and §53 (quantization of black-body radiation)). 

We shall now consider the two important special cases, in which A 
is unitary or Hermitian. 

The eigenvalues u of a unitary operator U have absolute value unity. 

The scalar product of the equation U~=uw with itself gives 
(Uy, Uy) =u*uly,W); hence (Up,Up)=(,U* UW) =(v,). If 
(Wy, ) #0, then u*u = 1, as stated. 

The eigenfunctions belonging to different eigenvalues of a unitary 
operator are orthogonal to each other. 

If the scalar product of the two equations UW, =u, W, and Uy, = 
u,W, is formed, it follows that 


(W1,W2) = ut U2 (W1,W2) (19.4) 


But ut = 1/u,, therefore either u, =u, or (1,2) =0. 

The eigenvalues of a Hermitian operator A are real. 

It follows from AW = aw that a=(w, Aw). Hence from (17.14) and 
(17.16) a* = (AW, W)=(W, A), and therefore a = a*. 

The eigenfunctions belonging to different eigenvalues of a Hermitian 
operator are orthogonal to each other. 

It follows from Ad, =a, ¢, and Ad, =a, ¢, that 


(Ad, $2)—(G1, AG2) = (4; — 42)(G1, $2) (19.5) 


When A is Hermitian the left-hand side is equal to zero; therefore 
either a, =a, or (¢,,¢2) = 0. 
In the case of a continuous spectrum of eigenvalues 


Ad, = 264 


It follows from equation (19.5) that (a—a’')(¢,,¢,/)=0, ice. 
($,.¢q:)=0 for a#a’. The behaviour at a=a’ depends on the 
normalization, which can be so chosen that 


(as Pa’) > (a = a’) 


It also occurs very frequently that the eigenvalue spectrum is partly 
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discrete and partly continuous. It is left to the reader to generalize the 
corresponding formulae. 


(b) Degeneracy 

An eigenvalue is said to be “r-fold degenerate” if there are r 
linearly independent eigenvectors corresponding to it. In the case of 
two-fold degeneracy, for instance, 


Ag, =ag, and Ad, = ag, 


In this case every linear combination «@,+f¢, is an eigenfunction 
corresponding to the same eigenvalue a; in other words, all elements 
of the subspace spanned by @, and @, are eigenfunctions of A cor- 
responding to a. This subspace may also be spanned by two orthogonal 
elements y, and y,, say 


1 =%1, X2= b2—-(1,42)b1 (19.6) 


where @, and @, are assumed to be normalized. Then (y,, x2) =0. 
The, “orthogonalization” process assumed in (19.6) may be per- 
formed for any number r of linearly independent elements ¢,, @3,...,,. 
We may therefore state the following result: 
In the case of an r-fold degenerate eigenvalue, the r eigenvectors may 
always be chosen in such a manner that they are mutually orthogonal. 
If o,,...,@, are the original eigenvectors, there always exist 
linear combinations 


Be al pa ae (19.7) 


ie 


such that the y, are orthogonal and normalized. When the eigen- 
vectors of a Hermitian operator A are chosen in this manner they all 
form an orthogonal system. 

In addition, this orthogonal system is complete—a fact that we 
state without proof. 


(c) Commuting operators 
Let AB= BA. Then since Ay = ay, it follows that ABW = BA = 


aBy. We may express this result as follows: ARN, 
If B and A commute, then both w and By are eigerifanctions of A 
corresponding to the same eigenvalue a. Nay 


4 


“ 
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If the eigenvalue a is non-degenerate, Bw must be identical with 
w apart from a numerical factor; therefore w is also an eigenfunction 
of B. On the other hand, if the eigenvalue is r-fold degenerate, with 
orthonormal eigenvectors ¢,,...,¢,, we can only infer that all the 
Bo, belong to the subspace spanned by the Oise ee 


Bo; = > B,; dp, where B,; = (d,, Bé@;) (19.8) 
In this case, however, we can find a linear combination 
x= } dy, Py (19.9) 


such that x is also an eigenfunction of B, i.e. 


By = bx 
It follows that 


yd, Bo, = bY" dj; 
k=1 j=1 
Forming the scalar product with ¢, gives the result 
k=1 


The above expression represents r linear homogeneous equations for 
the coefficients d, introduced in (19.9); a solution only exists if the 
determinant 


By Beeb nn (19.11) 


vanishes. To each root 5b“) of this equation of the rth degree there 
corresponds a solution d%,...,d© of the equations (19.10), and a 
linear combination 


%= Yd 5 =1,2,...57 (19.12) 
k=1 


which is an eigenfunction both of A and of B, for which the eigenvalues 
are a and b®) respectively. This result may be expressed as follows: 

If A and B commute, there always exists an orthonormal system of 
eigenfunctions that is common to both operators, 
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With regard to the roots b© of (19.11), there are two cases to be 
distinguished: 


1. The roots are all different. Then, when a and 5b are given, the 
eigenfunction x, is uniquely determined. The degeneracy is said 
to be completely removed. 


2. The roots are not all different. Then there is certainly another 
operator C that commutes with A and B, and there is an ortho- 
gonal system, the elements of which are eigenfunctions of A, B, 
and C, with associated eigenvalues a, b®, c. The degeneracy 
is considered to be removed if the eigenfunction is uniquely 
determined by the three eigenvalues. 


This method of establishing a unique orthogonal system, by means 
of commuting Hermitian or unitary operators, is of great importance 
in connection with the description of atomic spectra. 


(d) Functions of Hermitian and unitary operators 


A function f(A) of an operator A is defined as follows: firstly, 
A?,A®,... are interpreted as repeated applications of A. Hence f(A) 
is defined, provided f(x) is developed as a power series }\c,x". Then 


f(A) = Ye, A" 


A general definition proceeds from the orthogonal system associated 
with A, 


Ab, = an Pn 


where the a, are ordinary numbers. The operator f(A) can then be 
defined by the requirement that 


F(A)bn =f(4) bn 


This defines f(A) for all elements of the basis of the ¢,, and therefore 
for any linear combination ¥ = )'c,¢,. 


n 
We should also note that, if A is Hermitian and possesses eigen- 
values a,, then e/4=U is unitary with eigenvalues e'"...,We. shall 
require this result in connection with the integration of th@§chrddinger 
equation in §22. “he 
& 
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§20. The correspondence between matrix and wave mechanics 


It was shown in the last section that a Hilbert space basis may be 
formed from the eigenfunctions of a Hermitian operator; we shall now 
illustrate this procedure in connection with some important physical 
examples. 

In the first instance we shall consider the problem in one dimension: 
a particle with coordinate x. In quantum theory, this coordinate 
corresponds to an operator which we shall designate by X¥. The 
eigenstates of X, denoted by «,, satisfy the equation 


a — oie (20.1) 


We shall now show that, in consequence of the commutation relation 


px-xp=" (20.2) 


i 


the eigenvalues x and p corresponding to the operators X and P extend 
over all real numbers. If (20.2) is multiplied by —P/h? from the right 
and from the left, and the two products are added, the result is 


je\? nN i day ign 


If this procedure is continued, we obtain 


Ned pe op) 
h “Nh ) i dP\h 
If we now multiply by (—x’)"/n! and sum over all n, the following result 


is obtained: 


exr( ~5 Px! )X—Kesp —> Px! = —x’exp => Px’ (20.3) 
If this equation is applied to a,, then from (20.1): 
[ i 
Xx fesn( -; Ps’) a} = (x+x’) exp(~7Px') a, (20.4) 


exp[ —(i/h)Px']a, is therefore an eigenfunction of X, with the eigen- 
value x+.x’. Since x’ can be any real number, our statement is proved 
for x; the proof for p is identical. 
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An eigenfunction «, is derived from a by putting 
te 9 exp( — ; Ps) 


where f(x) is an arbitrary normalization factor for which /(0) = 1; this 

factor may be chosen in such a manner that (a,,,.) =6(x—x’). Since 

f(x) is a pure number it commutes with P; hence /(x) = expiy(x), 

where }(x) is an initially arbitrary real function of x for which y(0) =0. 
Any vector @ may be represented by 


o= | 600%, dx (20.5) 


$(x) is termed the representation of @ in the basis spanned by the 
eigenfunctions of X, or simply, the x-representation of ¢. The x- 
representation of X is obtained by applying the operator X to (20.5): 


AQiy= [scox a — [x#002, dx (20.6) 


\, 
. 


In the x-representation, therefore, the application of X to ¢ simply 
means the multiplication of d(x) by x. In order to obtain the simplest 
possible representation of P, we make the stipulation that the arbitrary 
function y(x) shall vanish identically. Then, since P commutes with the 
number x: 


= XD * Px ®% therefore aes = — Pa, 
h i 6x 
Hence 


dx 


Je | ecore, dx = | oes oo ax - |e, 


when ¢(x) vanishes at infinity. The x-representation of P is therefore 
the same as the Schrédinger form of the momentum operator 


ho 
P¢(x) = ae #(x) (20.7) 


Thus in principle we know the effect of all operatars, Of the form 
f(P, X) in their x-representation. In particular, the representation of 


. 
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the eigenvalue equation #/(P, X), = E,W, is found to be the Schré- 
dinger equation 


ho 
ates *) Wn (x) oo E, Vn (x) (20.8) 


The eigenvectors y, of 4 may of course be taken as a basis instead 
of the w,. The representation of an arbitrary vector ¢ then becomes 


p= LOM 


(assuming a discrete spectrum for the sake of simplicity). This is called 
the E-representation. Just as the x-representation of X implies the 
multiplication of @(x) by x when X is applied to ¢, so the E-representa- 
tion of # means the multiplication of ¢(n) by E,. The representations 
of the operators X and P now become matrices 


X mn = (Wm XWn)s Pann = (Was PW) (20.9) 
which satisfy both (20.2) and 
YH mn (P, X)P(n) = E,,6(m) for all (n) 


from which it follows that 
i ae au) Dao ey (20.10) 


This is precisely Heisenberg’s quantum-mechanical formulation (cf. 
§12). 

Since the elements ¢(x) and ¢(n) represent the same vector ¢ in 
two different orthogonal systems «, and y,, each set may be converted 
into the other by means of the transformation formulae (17.23) or 
(17.26): 


G(x) = LUE b(n) = Yes WnO(M) = LV aIH(M (9,11) 


p(n) = [vm (x) dx = | a,)P(x) dx = [ur (x) P(x) dx 


The correspondence between matrix and wave mechanics is now 
apparent: the Heisenberg and Schrédinger formulations correspond 
respectively to the energy and position representations of vectors in 
Hilbert space. The Schrédinger energy eigenfunctions w,(x) constitute 
a unitary matrix that affords a means of transforming from one 
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representation to another. In particular, they serve to derive the 
matrix elements X,,, = Xmn Which are of importance in radiation theory: 


Xma = (Wns Xn) = [vs (x)x,(x) dx (20.12) 


The momentum representation is also important: its relation to 
the x-representation is given in the accompanying table, in which the 
verification of the results is left to the reader (cf. also Exercise 3, p. 138). 
In the table are included the x- and p-representations of the operators 
X and P, an arbitrary vector ¢, and the eigenfunctions ¢,, and w,, 
of X and P. 


x-representation p-representation 
tia a ee 
P —ihalax p 
WZ lee te a(p) 
b.. | ex’) | exp (—ipx' On) 
Wp. | exp (ip'x/h)/./(2nh) d(p—p’) 


It should be noted that the expressions 6(x— x’) in the x-representa- 
tion and exp(—ipx’/h)/,/(27h) in the p-representation, which are 
analytically quite different, represent the same physical situation, 
namely, a particle situated at x’; on the other hand, the analytically 
similar expressions exp(—ipx'/h)/,/(2xh) and exp (ip'x/h)/,/(2nh) 
denote physically different states. Physical quantities are denoted by 
abstract elements in Hilbert space, which can be represented by 
different real or complex numbers according to the choice of coordinate 
system. 


From the above table, we may derive a possible representation of the 6-function: 
Ana TR, 


1 fe ; 

(bz, $x’) = mal exp + p(x—x') dp = 5x2 P™, 
anh J —« h 4 
4 
Sw 


“~~ 
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Let us now integrate, not from —oo to ©, but from —Af to Af, after which A 
is allowed to increase without limit: 


i . sin A(x—x’) : 
O(x—x’) = lim —-2—— =? _ |} = 
(x—x’/) Ja =} lim sa(x—Xx) (20.13) 


In order to verify this, let us take an arbitrary function f(x) and form the integral 


+00 1 rt” 
i I(x) sa(x)dx = — | f(x) 
—o 7% J -o 


sin Ax 
dx 
5 


Substituting x = z/A, we obtain 


Frou 2p /(5) 


A 
+00 of 
If A is now allowed to tend to infinity, z/A tends to 0. Then since ‘| SE 
-o Zz 
lim | fx)sa(x)dx = fO) (20.14) 
Ato 


e 


The above result is all that it is intended to express by defining the 6-function as 


. 1 ta 
lim — etkzdk = d(x) 


A~a Pe =e 
since the only significant property of this ‘‘function” is that 


| * f(x) (x) dx = FO) for any f(x) 


The derivative of the 6-function can be derived in a similar manner as 


6(x) = lim s’a(x) 
A~a 
fence | fe d'(dx = —f'O) 


Other representations and properties of the 6-function will be found in Exercises 
1 and 2, p. 137. 

Note: For the sake of completeness, we must mention a notation due to P. A. M. 
Dirac, which is described in his book The Principles of Quantum Mechanics, and 
which is frequently employed in the literature on the subject. In this notation 
vectors are denoted by the brackets |> or <|, depending upon whether they occur 
on the right or the left side of the scalar product. The symbol <| is called a “bra” 
vector, and |), a “ket” vector. The suffixes required to designate the vectors ¢ 
are written inside the brackets. The scalar product (¢m,¢n) is written <m|n), 
and Adm is represented as A|m). 

Dirac’s notation possesses no advantages over that which has been used so far 
in this book. Its usefulness first appears in connection with the completeness 
relation for an orthonormal system |>, which it expresses very concisely. The 
projection operator |m><m|{ is introduced for this purpose: the condition for 
completeness is then denoted by £|m><m| = 1, 

m 
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If this equation is multiplied by |>, we obtain [> = 2 |m><m|>, which is the 
m 


representation of |> in terms of the <m|>. Similarly, an operator A may be re- 
presented in terms of its eigenvalues am and eigenvectors |m>: A=Lam|m><n|. 
m 


§21. Probability and the quantum theory 


We saw in §18 that if the state @ of a system is known, the average 
value and dispersion of any set of observations can be calculated. We 
now wish to ascertain the probability of any given measurement. 
When an observable A is measured, the system passes from its original 
state to an eigenstate of A; therefore the only possible results of such 
measurements are the eigenvalues of A. We may therefore pose the 
following question: given a normalized state ¢, what is the probability 
w(a,) of finding the eigenvalue a, of A when the observable A is 
measured, or in the case of a continuous spectrum, what is the prob- 
ability w(a)da that the measured value will lie between a and a+da? 

To find the answer, we express the equation A =(¢,A@) in the 
A-representation: 


A = (, Ad) = Ya, | $(n) |? (21.1) 


where ‘x 


AW, = nn (1) = (War ) 


Similarly, for a continuous spectrum: 


= [aiscoraa (21.1a) 
where 


Av, =a, (4) = (Wa 9) 


We obtain in the same way 
A? =Y.a2|@(n)|? and A? = iG [(a)|2da (21.2) 
and for an nae function of A 
f(A) = LJ (a,)|6(n) |? and f(A) = fr | $(a) |? da 


Therefore, if @ is resolved into components ¢(n) or ¢(a) along the 
eigenvectors w, or w, of A, the required probabilities can be calculated 
from the formula “AD oma 


w(a,) =|¢(n)|? or w(a)da =| (a) |? da (01.3) 
XQ 


“a 
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If a measurement of A yields the value a, or a, then after the measure- 
ment the system is in an eigenstate @; this means that a further 
measurement of A would yield the same result. If B is an operator that 
commutes with A, and a, or a are not degenerate, then @ is also an 
eigenvector of B, and the result of a subsequent measurement of the 
observable B is also uniquely determined. When degeneracy is present, 
it is only possible to say that ¢ lies somewhere in the Hilbert subspace 
spanned by the eigenvectors of a, or a. After the measurement of B, 
@ is also an eigenfunction of the operator B, and if it is no longer 
degenerate with regard to this operator, then it is uniquely determined. 
If this is not the case, it is necessary to seek another operator that 
commutes with A and B. Thus in simple cases it is possible in principle 
to determine a state uniquely by means of measurements on a complete 
set of operators. 


A much more difficult problem is inherent in the determination of the original 
state of a system. It is obviously insufficient to determine by many measurements 
the probability distribution w(4,...)dx,...dxy of the eigenvalues of a complete 
system of operators X;,...,X;, because this does not yield the phase S(x,...) 
of the wave function ¢ = +/(w)e?S, which is necessary to determine the mean 


values fp, p2, etc. It is not even enough to know the momentum distribution 
W(p1,...) in addition to the distribution w(x1,...). This is apparent in the example 
of the wave packet discussed in §16: in this case ¢(x, f) and ¢(%, —A have the 
same distributions w(x) and wW(p), but correspond to different states, as is clear from 
their representation in terms of time (d(x, —/) converges, (x, 1) diverges). In 
the case of a particle, d(x, #) can be determined if w(x,/) and w(x, t+dr) are 
measured, since, from the continuity equation 


8 fh [406 ,d8*)_ hk OOS 
ee mim (Oe z)- Ae) 


from which the phase S(x) is obtained by integrating twice. 


If B and A do not commute, then in general an indeterminate result 
is obtained when B is measured after A. An eigenstate of A has several 
non-zero components in the basis spanned by the eigenvectors of B; 
the squares of their magnitudes give the probability of finding the 
corresponding eigenvalue of B, by (21.1 or 21.1a). In the case of 
canonically conjugate operators, an accurate measurement of one 
quantity necessarily involves a corresponding indeterminacy in the 
other, in accordance with the uncertainty relation. 

In most cases, of course, it is impossible in practice to determine a 
state by a series of measurements, particularly for systems with many 
degrees of freedom, such as macroscopic bodies. For instance, if we 
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assume that we have only measured the energy of a macroscopic 
system, and that we knew that it lay between E and E+AE, then we 
only know in the first instance that the state @ of the system lies in the 
Hilbert subspace spanned by the eigenstates ¢@, of the energy shell AZ. 
From statistical mechanics we then know that there is an equal prob- 
ability w, of finding any given state ¢, out of all the states in the energy 
shell. 

A system is called an ensemble if it consists of a set of states ¢,, 
each of which occurs with a corresponding probability w,; this is in 
contrast to the so-called pure case, in which all the w, vanish except 
for one. If we assume that the ¢, constitute a complete system, then 
when 4 is measured, the probability of finding the eigenvalue a, is the 
product of the two probabilities, first, of finding ¢,, and secondly, 
given @,, of finding a,, summed over all v: 


w(4,) = > wy | y(n) |? (21.4) 
ie. A=Yw,($,Ag,) (21.5) 


. \, . . ° 
There is ‘an essential difference between the various states , of an 
ensemble and the same states in a superposition ¢=)\c,@,; in the 


latter case, the probability w, of finding the state $, in @ is |c,|?. But 
from (21.3) the probability of finding the measured value a, when the 
system is in the state @ is 


w(a,) =| o(n)|? = Deven by(n)oy (n) 
=, ld, (n)/ "2 a Cyn Py (np, (n) 


Comparison with (21.4) indicates that in the pure case the ¢, can 
interfere with each other, whereas the interference terms are absent 
in the case of the ensemble. 


§22. The equation of motion in quantum mechanics 


When we come to consider the problem of the time variation of a 
system, a new essential physical element appears in the concept of 
Hilbert space that we have used hitherto. If we refer back to.Chapter 
BI, we see two solutions given which appear to be completely / different, 
even though the Hamiltonian operator # appears in each of yucn 


As 


“ 


§22. The equation of motion in quantum mechanics 133 


In §12, the principles of Heisenberg’s matrix mechanics were 
developed from the correspondence principle, and the following 
relation was obtained for the time variation of every quantum mechani- 
cal quantity that is represented by a matrix: 


i ieee AAA 
alec ah = Den (22.1) 


This may be expressed as an operator equation: 
A= = (#A-AH) (22.2) 


In §14, on the other hand, the Schrédinger wave equation for a 
state function yw was established; in virtue of (14.10) and (14.11), it 
may be expressed in the form 


—ty =X (22.3) 


where the operators corresponding to physical quantities such as x, p,, 
etc., are introduced as time-independent quantities such as “ multiplica- 
tion by x”, —ihd/déx, etc. 

It is important to realize that these two representations, known 
respectively as the Heisenberg and the Schrédinger picture (not to be 
confused with the E- and x-representations), lead to the same physical 
results in spite of their different viewpoints and their different initial 
equations. 

The reason for this is that neither the vectors nor the operators A 
have any direct physical significance; this is a property of the expectation 
values (W,Ay) alone. The latter remain unchanged, however, if an 
arbitrary (and possibly time-dependent) unitary transformation 
wow =U, A> A’ = UAU* is applied to y and A: 


(y', Ay’) = (Up, UAU* UW) = Wh, AW) (22.4) 


For this reason, only the time dependence of the expectation values is 
physically defined; that of the vectors and operators themselves is not.* 

In the Schrédinger picture, the operators A are assumed to be 
independent of time, and the vectors are expressed in terms of time by 


* For the sake of brevity we shall assume here that the Hamiltonian operator # is independent of 
time. In the general case, when # depends explicitly on time, we have the situation described on 


p. 156. 
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integrating (22.3), in which # is taken to be constant with respect to 
time: 


W(t) = exp (-; x) W/(0) (22.5) 
For time-independent expectation values, therefore, 
(W(), AWD} = {H, exp (; 1) A exp( “5 x) Ho) (22.6) 
It is easy to see that the operators 
A(t) = exp (5 x1) Aexp( 1) (22.7) 


satisfy the “equations of motion” (22.2). Hence we have the following 
relationships between the Heisenberg and the Schrédinger pictures; in 
the former we are dealing with time-independent vectors w = (0), and 
the dependence upon time of the operators A(t) is given by (22.7). The 
transition from the Schrédinger to the Heisenberg picture is effected 
by the unitary transformation 


US exp 1 


The difference between the two pictures disappears in the case of 
vectors which may be represented by time-dependent bases. For 
instance, if we consider the identity 


W(x, t) = oa W(t)} = \% exp(— 1) 


= jes (; KH ) Ox wo 


= {Ua,, W(0)} = {a (4), (0)} (22.8) 


we may say that 


(1) (x,t) is the representation of the Schrédinger vector w(t) in 
the system constituted by the eigenfunctions «, of X (for which 
AC a= Na), OF 

(2) W(x,t) is the representation of the Heisenberg vector (0) 
in the system of eigenfunctions «,(t) of XQ (for which 
X(t)a,.(¢) = xa,,(t) X(t) = UXU"*). 

* 
% 


§22. The equation of motion in quantum mechanics 135 


We shall now investigate the variation with respect to time of the 


momentum and position expectation values. In the Heisenberg picture, 
from (22.2): 


t= ~ (ox x20) ne = (3p p#) (22.9) 


Since px—xp =hi/i, it follows that for every function F(x,p) of the 
operators x and p 


h 
Fx—-—xF = -— Fp—pF = --— é 
x ; p—p ae (22.10) 


To prove the above relations, let us expand F(x,p) in the first equation 
(22.10) in powers of p, noting that 


h hop” 
p'x—xp" = —npt t= see (22.11) 


for all n, as may be confirmed by proceeding step by step from the 
familiar commutation relation (for which n= 1). The second equation 
of (22.10) is proved in a similar manner from the commutation of x” 
with p. Hence when F = #, (22.9) becomes the quantum-mechanical 
analogue of the Hamiltonian equations of motion 


OH OH 
i= — ) = ——— 2242 
ee ae ay (22.12) 
The equations (22.9) only assume physical significance in con- 
nection with the determination of the expectation values. In particular, 
if we put p?/2m+ V(x) for #, then for any state y in the Heisenberg 


picture 
d 1 d dV 
new) = Sy PY) 7 bY) a -(Wg v) @2,13) 


from which we obtain the so-called Ehrenfest theorem 


a: dV : Ze oV 
mah. xW) = -(¥.5 v) ie. mx = -(%) (22.14) 


This simple expression may be immediately extended to the case of 


motion in three dimensions. 
The centre of gravity of a wave packet therefore moves in accordance 
with Newton’s equation, if the acting force — grad V is averaged over 
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the wave packet. In particular, if the field of force is uniform (as in the 
deflection experiments for the measurement of e/m, for instance), the 
centre of gravity of the charge distribution moves exactly in accordance 
with the laws of classical physics. 

The above statements only have obvious meaning if the wave packet remains 
fairly concentrated. For instance, if we consider a wave packet at a potential step, 
part of it is reflected and part transmitted. The packet divides into two separate 
portions travelling in different directions. The centre of gravity still moves accord- 


ing to (22.14), but it lies somewhere between the two parts and can no longer suggest 
that the charge is concentrated in its neighbourhood. 


When magnetic fields are present the Hamiltonian operator no 
longer assumes the simple form p?/2m+ V(x); it also contains product 
terms of the type pA(r,t), where A is the vector potential. Although 
calculation is not quite as simple as in (22.13) it can still be performed, 
and gives the corresponding result to (22.14) (cf. Exercise 6, p. 138) 


mk =F 
where F is the operator of the Lorentz force, 


Q F = eE+ = (v x H-H x ¥) 


H# and F must be Hermitian operators; it is therefore necessary to pay 
attention to the included non-commuting operators, such as p and A 
in #, v in (22.9), and H in F. 

In connection with Ehrenfest’s principle, it is useful to give the 
quantum-mechanical form of the virial theorem. In classical mechanics 
this is obtained as follows: the equation of motion is first multiplied 
by r: mir = —rgradV. 

The identity 

ir = ir—i? 


is now used to substitute for fr. If ir is finite, as is always the case for 
stationary atomic orbits, then on taking the time average: 


2E pin = mE? =r gradV (22.15) 


A similar result is obtained in quantum mechanics if the Schrédinger 
equation for stationary states, #”¢ = E®, is differentiated with respect 
tor: aS 

SAD 
H#H grad p+ grad V = Egradd _" 


we 
. Y 
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Since he 
H(rd*) = rH o*- = brad g* 


if we multiply by $*r and integrate with respect to r, we obtain 


h2 
—~ {arad brad rae [I ¢|?rgradV dr = 0 


after integration by parts. Now, since 
h? . ie — 
a d == |o*— V2ddr= Ey 
= {ar o grad @* dr { aa ody = Ex, 
we obtain the same result as in (22.15): 


JE, =rgradV (22.16) 


although the average values in both equations are formed according 
to different rules (cf. Exercise 8, p. 138). 


Exercises 
1. Various representations of the 6-function 

Represent the function d(x) by means of the expression lim Co S(x/b), in which 
the following functions S are to be used: b->0 

x2 1 0 for |x| > 6 sin2 x/b 

1) S= —< OS=7op  S={ 4) S= 
() S=ep—5 @S- tap © iyerisi<o x2/b2 
The quantity 5 is taken to be the width of the distribution (6 > 0). Determine the 
normalization constant Cp in each case so that the integral over the range 
—o <x < +o gives the value unity. Illustrate the functions graphically. Show 
also that 


lien | OererSG:/ hae = (0) 
b-0 J -a 


provided that the integration takes place about the point x = 0, i.e. that a’,a>0. 


2. d-function relations 
Prove the following relations: 


Ciynee = 7x) C cone 


(2) d{(x —a)(x—6)} = o> {5(x— a) —d(x —5)} a b const 


3) N 1 N 
6{ ¥ emxe ) = ———— Tl dGxx) where det an 40 
| det aK | k=1 


Verify for the case of two variables x and y: 
(x+y) 5(x—y) = 46(x) 5(y) 
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3. The Schrédinger equation in momentum space 


Express the Schrédinger equation #/¢ = iid in momentum space (a) as an 
integral equation, (6) as a differential equation where x = —ihé/ép and V(x) is 
assumed to be given as a power series. (c) What is the form taken by the equation 
for the linear oscillator? 


4. One-dimensional potential well 
Let a particle move parallel to the x-axis in a potential field 


0 for {x} >/ 
V —— 
.) = for |x| <1 


Since # = p2/2m+V(x) commutes with the reflection operator P (defined by 
P(x) = ¢(—x)), the eigenfunctions of # can also be chosen as eigenfunctions 
of P, ie. as odd or even functions. It will therefore be sufficient to consider the 
functions in the range x 2 0. For the even functions we shall put 


$ =( forO<x</ 
4 (Sp (k) e~### — eik® for x > 1 


and for the odd functions, 


$ ae forO<x</ 
.= 


Su(k) e-**= — etk= for x >! 
We also have 


\ —— .F== 


Determine the functions S,(k) and Su(k) from the boundary conditions that ¢ 
and ¢’ are continuous at x = /. Where do the zero points of S lie along the positive 
imaginary axis of k? What is their significance? 


5. Potential in 6-function form h2 
Determine the eigenfunctions and eigenvalues for the potential — amie 
(a) from the previous exercise by passing to the limits 


2 
Vp—> 0, 1-+0, but with 2Vol = 
2mA 
(6) directly from the boundary condition for x = 0. 
Are there any stationary states ? 


6. Ehrenfest’s theorem and the magnetic field 


Determine the equation for the time rate of change of the operators r and p 
in the presence of a magnetic field. 


7. Current and magnetic field 
Extend the continuity equation (14.15) to the case in which a magnetic field is 
resent. 
What is the current density j in this case? 


8. The virial theorem SARS, 
Discuss the virial equation (22.16) when the potential is (@) of ifiCoulomb type, 
(6) that of an oscillator. . 
aw 


CHAPTER BIII 
Linear and angular momentum 


§23. Translation and rotation as unitary operators 


(a) Definitions 

We saw in §20 that the operator T, =exp(—iP,a/h) converts a 
Hilbert space basis vector a, to «,4,, and therefore displaces a state 
designated by x, by an amount equal to.a. In the three-dimensional 
case, the unitary operator T, = exp(—iPa/h) effects a similar transla- 
tion of the states a, by an amount equal to the vector a. 


Fig. 25..-y(x—a) represents a state x(x) displaced by an amount a@ 
In the r-representation y(r), T, takes the form 


i ho h 
= nae = —— = — grad 23.1 
T, exp( =p) where p nee gra (23.1) 
Then 
T, x(t) = y(t —A) (23.12) 


Equation (23.1a) can be immediately verified: if T, is expanded in 
powers of a, (23.1a) is clearly identical with the Taylor expansion of 
y(r—a). In particular, for the displacement in the x-direction (fig. 25): 


i 0 
T= exp(—7 P54) = exp( az.) 


T, X(X, ys Z) = x(x—4, y, 2) (23.1b) 
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Similarly, the operator M of the angular momentum may be associated 
with a rotation D,() through an angle « about an axis t (where t? = 1) 
through the origin of coordinates. In the r-representation, the operator 
that rotates a state in this manner is 


DG) — exp(—; Mt) where M=r X p= r x grad (2352) 


Then 
D.(®™x(r) = x(®), where F = D,(—a)r (23.2a) 


The vector f is produced from r by a rotation through the angle —a, 
that is, by the reciprocal operation to D,(«). If we take the particular 
case of a rotation about the z-axis, and express this in polar coordinates: 


i 0 0 0 
~M,= d),=x—--yrax 


Therefore 


D(C) = exp (-« a D(oOw(r, 8, &) = Wr, 6, @-—a) (23.2b) 


Thus (23.2) is shown to be valid, since the z-axis can have any direction. 

The above expressions for the translation and rotation operators are 
generally valid, even for the case of a number of particles, when p and 
M are the operators corresponding to the total linear and total angular 
momentum. 


(b) Eigenvalues and eigenfunctions 


Since p and M are Hermitian operators, T, and D,(a) are unitary, 
and the eigenvalues of T,, and D,(«) therefore have absolute value unity. 
In addition, (T,)? = T,, and [D,(«)]? = D,(2«). Further, if k and m 
are real numbers, and x, and y,, are eigenfunctions of T, and D,(a) 
respectively, then 


Tote =e", and Dz (ot)W_ = 0 Ym (23.3) 


Comparison with (23.15) shows that the function y,(x) satisfies the 
relation 


Pie Oe ec  O) 


The solution of this functional equation is SARS, 
1, (x) = e!*u, (x), where u,(x) = u, (x—ayP™, (23.4) 
Ny 
4x 


* 


ae’ 
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u,(x) is therefore periodic, with period a. Similarly, Win May be written 


Wn (1, 0, $) = ew, (1, 0, 6) 
where WT, 8, &) = w,, (1, 0, 6 — a) (235) 


In order that y,, should be unique, m must be a whole number and 
&% =2zn/n where n is an integer. 

An infinitesimal translation or rotation is produced if a or a is 
made infinitesimally small. Then in virtue of (23.16) and (23.2b) we 
may define 


T-1 i Dea) —1 : 
Tins = =—, Px, (D2)ing = — =v 
¢ ( - mee “ae o he a 


a 


The relation (23.4) implies that when a is infinitesimal, u, is quite 
independent of x. Similarly, w,, is independent of @ when « is infini- 
tesimal. Then from.(23.4) and (23.5) the eigenfunctions of Ting and 
(D.)ing ate respectively 


euy(y,z) ew, (1, 8) (23.6) 


The functions (23.6) are of course also eigenfunctions of p, and M,, 
corresponding to eigenvalues Ak and hm respectively. 


(c) Commutability with # 


If the Hamiltonian operator # commutes with a unitary operator 
U, then ¢@ and U@¢ are both eigenfunctions of # corresponding to the 
same eigenvalue E. If E is non-degenerate, then @ is also an eigen- 
function of U. On the other hand, if E is, say, s-fold degenerate with 
eigenfunctions $,,...,@,, then U¢, (j= 1,2,3,...,5) must be a linear 
combination of these eigenfunctions. In this case, however, new 

Ss 
functions y; = )) a;,¢,, j=1,...,5 may be formed, which are eigen- 
r=1 

functions of U; hence Uy; = u;x;. Each x; then belongs to the eigen- 
value E of # and to the eigenvalue u,; of U. If a number of operators 
U’,U”,... commute with # and with each other, then without restric- 
tion of generality the eigenfunctions of # can always be chosen so 
that they are also eigenfunctions of U’,U”,... We shall now consider 
two applications of this fundamental theorem, which we have already 


discussed in §19c. 
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1. Single electron functions in a metallic crystal lattice 


An electron moving through a metal is acted on by a spatially 
periodic potential due to the metal ions and the other conduction 
electrons in the metal lattice. If the sides of the elementary cell in the 
lattice are represented by the vectors a,, a, a3, then the potential energy 
V(r) of the electron takes the form 


V(r) = V(rt+n, a, +12 a,+73 a3) (23.7) 


where 7,, 22, n; are whole numbers. The Hamiltonian operator 
hi 
H = ——V*4V(r) (23.8) 
2m 


then commutes with the translation operators T,,, T,,, T,,- Indeed 
for any function /(r) 


TV) fe) =Va—a,)f@—ay) =V)fe—ay) 
= V(r)T,,f(@) 
the commutability of T and V7 is trivial. 
Since the translation operators T,,, T,,, T,, also commute with 


each other, we may assume that the eigenfunctions ¢ of (23.8) are also 
eigenfunctions of the 7,,, and therefore, that (corresponding to (23.3)) 


T,, $x = exp(—iK .aj) dx (j = 1,2, 3) 
As in (23.4), the @x may be written in the form 
oy = exp(iK .r) ug (1) 
where the ux and V(r) exhibit the period of the lattice. 


2. Electron in a central field of force 


In the case under consideration, the potential energy depends only 
on the distance r from a fixed centre; therefore 


(opete 
a oY +V(r) (23.9) 
# commutes with any rotation about this fixed centre: for instance, 
for D (a) Ng RN 
D.(a)V (7) F(0,854) = V(P)I( 9-2) = VDI 8 #) 
aN 


te 


“ 
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Since this property of commutability also holds when «a is infinitesimal, 
M,, M,, and M, also commute with #, and so does the sum of the 
squares 

M? = Mi+M;+M? 


However, the individual components of M do not commute with each 
other; if we make use of the relations p,x—xp, = h/i, etc., the follow- 
ing commutation relations may easily be verified: 

M,M,—M, M, = ihM, 

M,M,—M,M, = ihM, (23.10) 

M,M,—M,M, = ihM, 


On the other hand, each component of M commutes with M?, e.g. 
M,M?2—M2M, =0 (23.11) 


In the case of a central field, therefore, there are two operators, say 
M? and M,, that commute with # and with each other. It is therefore 
possible to choose the eigenfunctions of # in such a manner that they 
are also eigenfunctions of M? and M,,. 

We shall determine the eigenvalues and eigenfunctions of M? and 
M, in the next section, for which we shall require the following opera- 


tors: 
1f @ 0 
a=i(vg-25] 
aig 1/ a 0 
== i.e. =-|2—--x— Pe 
A=—M, ie. 4A, (ez “7) (23.12) 
- ie 7) 
sf oy Y ox 
and 
Ay =A,+iA, A_ =A,—iA, (23.13) 


Since the M; and A; are Hermitian operators, Ay and A_ are adjoint 


to each other: 
ae: = At 


Equations (23.10) and (23.11) then become 
aa7A sar) 
INGO IN Ne IN ee ess AA,-—A,A =0 (23.14) 
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In addition, we have the following commutation rules for A; and A_: 


A,A.—-A,A, =A,  A,A_—A_A,=—A_ (23.15) 


72 SOPs 
A,A_=A+A,-A2 A.A, =A—A,—A?2 (23.16) 


Equipped with these relations, we shall now determine the eigenvalues 
of A? and A, from the commutation rules alone, without making use 
of (23.12). 


§24. Eigenvalues of the angular momentum 


We shall now consider an eigenfunction Y, corresponding to a fixed 
=o 24 =e 
eigenvalue of A. Since (Y,, A Y,)=) (A, ¥, A. ¥,) 20, this eigen- 
k 


value cannot be negative. It may be written without restriction of 
generality in terms of a real number 12 0, in the form A(A+ 1): 


= 2 


In general, the eigenvalue 4(A + 1) will be degenerate, since an electron 
with a given total angular momentum can have very different values 


for the components. We shall take the z-component as an example: 
72 
since A and A, commute, we may assume that Y, is also an eigen- 


function of A,, say with eigenvalue p. Then we may write 
A, Yan = UY ap (24.1) 
Ihe = A(A+1)Y,, (24.2) 
Since 
(Yay ‘Ne = OT. A ery) 
ws AA+1) 
Hence for any given / there is always a maximum z-component jf and 


a minimum p. 
We now multiply (24.1) by A, and make use of (23.15); then 


A,(A4 Y,,) = (ut 1)(A+ Yay) 


in other words A, Y,, either belongs to the eigenvalue ‘IEF or it 
vanishes. Se 


Ay 


“~ 
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In particular, we must have 
ra You = 0 


otherwise A, Y,; would belong to the eigenvalue i+1, and fi would 
not be the greatest value. It then follows from (23.16) that 


>2 
A Yaz = A(A+ 1)Y,; = {A_ Ay +A,(A,+1)} Yaa a HE+1)Y a, 


therefore, since 1=0, 
p= (24.3) 


In classical mechanics, the z-component of the electron’s angular momentum 
would be a maximum if the latter vector were directed along the positive z-axis: 
we should then expect Mz? and My2 to be zero, and M2 = M;2 = f2g2. The 
quantum-theory result, on the other hand, is #2@(4-+-1) = A242-4+-h2g. The reason 
is that, since Mz, My, and M; do not commute, an eigenfunction of Mz cannot also 
be an eigenfunction of Mz and My. It is true that when M, = fg the expectation 
values of Mz and My are zero, but deviations occur about these mean values, the 


order of magnitude of which is Mz2 ~ M,?2 ~ 2. (Cf. Exercise 2, p. 152.) In the 
case of large quantum numbers, the relative deviation M,2/M2 BS ; becomes van- 


ishingly small and the classical formula is then valid. 


It follows by a similar argument that A_ Y,, either belongs to the 
eigenvalue y—1 of A, or vanishes. If the operator A. is applied to 
Y,; 4 number of times in succession, each successive eigenvalue of A, 
is one less than the previous value. After a finite number of steps the 
eigenvalue p is reached, for which 


AL You = 0 
Hence, in view of (23.16) 


+2 
A Yay = AA+1) Yay = {A+ A- +A, (A,—1)} Y,, = ew—-1Y,, 


and therefore 
p=-A (24.4) 


Now, since Y,, has been formed from Y,, by a finite number of 
operations in which successive eigenvalues are reduced by unity, 
pi—p =2A must be an integer: 


Tomer Ol 23 


In the case of the special angular-momentum operators (23.12), 4 and 
p must be whole numbers (cf. §25). However, by proceeding from the 
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general commutation rules (23.14), half-integral values of A and p are 
also obtained; this case is important in connection with electron spin, 
although A,, A,, A, can no longer be taken as differential operators 
or Y,, as angle functions. 

In describing the effect of the operators A, and A_ on the eigen- 
functions we shall assume the Y,, to be normalized. Then 


Ax Vay = Sip Yat (24.5) 


and by forming the inner product, remembering that A, =A‘, we 
obtain 


| o2 17 = (Ay Yaw Ay Y,,) = (Y,gA_-A, Yj) 


+2 
We may therefore write 


Ay Gun = VPG+ Dip 1)] Velie 


, = /(Atut+DA-p)] Vanes (24.6) 
and similarly 
A~ Yu = JTAGA+1)—#G-D) Yas 


= J[G-n+ DFO) Yans (24.7) 


We next consider the case when 1 =4: the only eigenfunctions that 
occur are 
Y,4=a and Y,_,=8 


These two functions constitute a basis which spans the whole Hilbert 
space of the angular-momentum functions. Then from (24.6), (24.7), 
and (24.1) 

Neo — 0 en — 10. 


Nm f DUK pee 
A,a = ta A,B = or 


A vector u in this Hilbert space is determined by two numbers a and b 
as follows: 


u= (3) =aa+bB where «= (6). ss or 


Ny. 


LS 


“* 
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The effect of the operators A,, A_, A, on the vector u is represented by 
the following matrices: 


Om 0 0 1 
d+ =(Q 5) a.=(( A= 3(4 =) 


In the theory of electron spin, for which the above formalism will be 
required, the angular-momentum operator is written 


M =hA=s=4hé (24.8) 


It follows from (23.13) that the components of the vector operator G6 are 


oo a ,) y= € 4 c= « aH (24.9) 


These are the Pauli spin matrices, which we shall meet later. It can be 
verified by multiplying out that s is proportional to the unit matrix: 
s* = th?(o24+67+02) = 3h? G i) 
ee NT 
The constant of proportionality has the value h?A(A+1) where A = 4. 
We next consider the case in which the A-operators are given by the 
differential expressions (23.12). As we shall see in §25, A and p are 
whole numbers, usually designated by / and m; the eigenfunctions 
Yim = Yim(8,@) are functions of the polar angles 6 and ¢. They are 
termed spherical harmonics. 


§25. Spherical harmonics 


Expressed in polar coordinates, (23.12) and (23.13) lead to the 
following results: 


10 ed) 0 

aoe. 2 ee eee 

A, 18g Ay, =e (s+ feo 3) 
0 7) 

=e — Zoe 
A_=e ( spt foot) (2521) 
Pi 1 0 a ar 

= ——>—| sind —sind—+—, 25.2 
A sara sm O-,sin nti) (25.2) 


We first determine Y,, from the equations 
Ay %=9 A, Y= 1Yy 
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From (25.1), the solution is 
Y, = , e!'¢ sin! 6 (25.3) 


as @ increases by 2z the solution is single-valued only for integral 
values of /. 
The constants w, are determined by the condition for normalization: 


(Yn, Yn) = [xt Yn dQ 


az ln 
= at | | sin” @sindd0d¢ =1 (25.3a) 
o Jo 


(It is assumed that «, is a positive real number.) Evaluation of the 
integral by elementary methods yields the following result: 


(21+1)! 1 |(21+1)! 
at? = FUP 2n Or &= oun a (25.35) 


The remaining spherical harmonics Y,,, are obtained from Y,, by the 
repeated application of A_, using (24.7). Asa result of (24.1), Y,,, and 
hence A_Y,, depend on @¢ through the factors e’"* and ei(™—1¢ 
respectively. Therefore 


JV[d—m+1)(+m)] ¥im-1 =A- Yim = o¥(—5.—meot0) Xe 


ios 


n™7 sin”! 0acos0 sae 8 Yim) 


If Y;,1-1, Yi,1-2)-+-, are calculated successively from Y;,, we obtain the 
expression 


1 (2bai\? (Gem? 1 a ™(sin™8) 
| amet im¢d 
wm) (ES) aa es 
In particular: 
ee near 1/2 qd! sin?! @ a 
oa An dcos@ (25.4a) 
& 


1) /Q1+1)1\12 ; gs 
and Y,-1= oo 7) sin'e~"* J. (23.4) 


21 4n 
AS 


“~ 
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Apart from the factor (—1)', it would have been possible to obtain this 
last formula in the same way as (25.3), directly from the equation 
A. Y;,-, =0, subject to the corresponding normalization condition. 
Conversely, we could have found the Y,,, from Y,,-, or from Y,, by 
(24.6), by repeated application of A,. In this case 

Qo din 
dcos @sin” 6 


Vid+m+1)d-m)] Yim+1 =As Yin = —e'*sin™*! 9 


and from the above expression together with (25.4a) or (25.4b) we 
obtain 


(= 1)" /21+1\1? (=m) \'?__, d!*™ sin?" jay 
Ym = (= ) Cent) ean >) 


It can be verified by differentiation that the above formula agrees with 
(25.4). 

The above relations constitute the usual definition of the spherical 
harmonics as given in the literature. Putting cos@=y, the ordinary 
Legendre polynomials are defined as 


1 d'(n?—~1)! 
P,(q) = ai dq 


and the associated Legendre functions as 
a seni d™ (- sin 6)" d'*™(n? = 1) 
P7'(y) = (—1)"sin rm tt) So a= 


the latter expression is also valid for negative values of m. Formulae 
(25.4) and (25.5) may now be expressed in the following simplified 


forms: 
2i+1\'/? (d+m)!\1? 
= fae P-™ ime 
a) (= ) (l—m)! iS 
21+1\1 (U—m)!\1? 
= fsa m_imd 
a mr ( 4n ) (l+m)! nie 


As a result of the equivalence of these two expressions we have the 
familiar relation for associated Legendre functions: 


(I—m)! 


Pp" = i!) rare I 
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The spherical harmonics corresponding to /=0,1,2,3,4,... are 
designated successively as the s—,p—,d—, f—,g—,... functions. Since 
m can assume a total of 2/+1 different values between —/ and +/, 
there are one s-function, three p-functions, five d-functions, etc. The 
s- and p-functions are given below: 

1 
(4x)1/2 


3 \1/2 ; 3 \1/2 3\1/2 
t-(z] sin Oe'*; Yio= -(=) cos 6; Y,,-1= -(=) sin 8 e~ *¢ 


The probability distributions w(6,) =| Y.,m(8,¢)|? are of some 
interest, and are shown as polar diagrams in figure 26, apart from their 
normalization factors. 


Yoo= 


Zz 


@ 


Fig. 26.—Probability distributions of the s-function and the ‘thiee p- 
functions, and the three corresponding classical orbit8 ey 
x 
Bw 
“ 
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Since the effect of the operators A,, A_ on the functions V4 1S 
now known, the matrix elements (Yim'sMYi,) can be easily deduced, 
using (23.12). We now give another method of calculating the import- 
ant matrix elements (Y;-», rY;,,). For this purpose, we put 


r/r = a = (sin 6 cos ¢, sin 6 sin @, cos 0) 


and a, =a,tia, = sin@e* (25.6) 


We can then easily verify the following commutation relations: 
A,a,—a,A,=0 (25.7a) 
A_a_—a_A_ =0 (25.7b) 
A,a_—a_A, = —(A_a,—a,A_) = 2a, (2570) 

Also, from (25.4) 


a 1/2 21 1/2 A 
= —(| ——_—_—_. ome —— ree ('25. 
a_ Yj, (arnass) Yi+a,1 Ga) Yee ).8) 


Since a_ and A_ commute, if the latter operator is applied (/—m) times 
to (25.8) we obtain 


oa (l—m+1)(Il—m+2) i 
Oo Up, SS eral I+1,m-1 


(ae 


1/2 
Nae) Yi-tm-1 (25.9) 


Similarly, when A, is applied to a, Y, _,, 


y. (emt) U+m+2) ae 
Q,fi,= 273) i+1,m+1 


(I—m)(1—m—1)\?? 
(ea) Yi-ume1 (25.10) 


Finally, from (25.9) and (24.6) and the commutation relation (25.7c): 


(l+m+1)\—m+1)\'? 
= — |. Veen 
(21+ 3)(21+1) 


(1+m)(1—m) < (25.11) 
“\Ql4+pai-pn) ore 
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We now have all the quantities required for the calculation of the angle- 
dependent portions of the matrix elements Tym", 1m We should particu- 
larly note that these elements only differ from zero if A/ =i — 
and Am=m'’—m=0,+1. These “selection rules” are extremely 
important in connection with the optical spectra of atoms. We might 
have guessed the condition for m immediately because the quantities 
a,, include a factor e** and a, =cos@ is independent of ¢. Hence in 
the calculation of the matrix elements integration over the range of @ 
always gives the value zero, provided that Am is not equal to 0 or Be | 


Exercises 


1. Parity of the spherical harmonics 


Let P¢(r) = ¢(—r) represent the operation of reflection in the origin. Show 
that (1) The parity operator P has the eigenvalues +1 and —1; 
(2) PY¥im(O, ¢) = (—1)' Yim (@, 4). 


2. Angular momentum matrices 

Using (24.6) and (24.7), express the matrices Mz, My, Mz, and M72 in the /-, m- 
representation, for the subspace / = 1 (p-functions). Use the results to calculate 
the root mean square deviations AMz and AMy, and explain these deviations by 
means of the classical model of a precessing top. 


K. 
3. Eigenfunctions of the electron spin 
Determine the eigenvectors of the component of s in the direction 6, 4, 
(a) when the eigenvectors of 


59,9 = Sz sin Acos ¢+Sy sin # sin ¢+52 cos 6 


are directly determined by the relation 


on) =m) 


in which the eigenvalues 4 are naturally independent of the direction and equal 
to +4; 

(b) when the two eigenstates « = (6 
direction 0, ¢ in accordance with (23.2), in which M =s. (The first rotation is 
about the y-axis through an angle 6, the second, about the z-axis through an angle ¢.) 

(c) Compare the two results. 


and f= a) are rotated into the 


4. Relation between Ax and A- 


Prove the relation A+ = At, using (25.1) and the definition (25.3a) for the 
scalar product. 


5. A spherical harmonic relation 


: 2/+ 1 at a 
ea elas aA = 
Prove that aoe | Yin | 7 AD : 


CHAPTER BIV 
Approximation methods 


§26. Schrédinger’s perturbation theory 


There are not many cases in quantum theory for which exact solu- 
tions can be obtained, and it is therefore important to be able to have 
recourse to approximation procedures. The first to be discussed will be 
Schrédinger’s method for the approximative determination of eigen- 
functions and eigenvalues. For this purpose we assume that the 
Hamiltonian operator may be written in the form # )+W, in which 
the solution of the eigenvalue problem 


KH 9 Pm = En Pm (26.1) 


is known,’and W is a small “perturbation” of #5; # and W are 
Hermitian. The permissible magnitude of W will be more precisely 
specified later in this discussion. It is further assumed that the 4¢,, 
constitute a complete orthonormal system in which the required eigen- 


functions y, of 
(4o+W)b, = E,W, (26.2) 


can be expressed as follows: 


Wy = yy, Crp Pm (26.3) 


Provided that the term ¢,, is non-degenerate and that W is not too 
great, there will be just one term in the “disturbed” (or exact) problem 
that can be said to have been generated from ¢,, by the perturbation W. 
More precisely, the solution @,,(A) of 


(Ho +4W) bm (A) = Em (A) Pm (A) 
is a continuous function of 4 for which 
$m(0) =m Em (0) = Em 
bm) = Wy a &m(1) = E, 


3 
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w,, may then be denoted by the old quantum number m. In the degen- 
erate case, however, when two or more terms ¢,, almost or completely 
coincide,* it is no longer possible to find a relation of this sort between 
individual unperturbed and perturbed states; it is solely the group of 
coincident ¢,, (denoted below by the index m’) that is transformed into 
the corresponding group of perturbed terms E,. This is formally 
represented as follows: 


Wa a Yom u Om + PY, (26.4) 
The operator P eliminates the terms in m’ and is defined as follows: 
PY= Yabo) (26.44) 

m(¢m 


The operator P is a projector, since it projects each state in the subspace 

of the ¢,, for which m4 m': Po, = Pm Pbm =0. This operator com- 

mutes with #). We now introduce the Schrédinger equation (26.2) in 
1 


the form Vn = E,-#, WY, 
into the second term of (26.4), and obtain the equation 
P 
Win = Dm Om + Fe, Ww, (26.5) 


the formal solution of which is 


P -—1 
Wa = (1 e=7 W) Dm Pm’ = 2 Cm'n 2b (26.6) 


The operator © may be expressed as a power series: 


P P P 
= 14+———_- W+ ——-_ W 
EH, E —-KHy E,-#o 


“ 


W+... (26.7) 


The necessary condition for the convergence of this series is that 


P Wa’ 
—— W 2 mm 
(+. E,-# ? 


Ee, 
* A criterion will be given later for the case in which two terms are to be dendidered as “almost” 
coincident. o. 


‘¢ 
s 


“ 


<1 
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for all mm’. It is clear that the expansion (26.7) is only of value if 
| Wm | <|E,—€,|, since only in this case can we restrict ourselves to 
the first few terms of the series. 

From (26.7) it follows that 


(Din's Q¢6,) aa Om'n’ 


In order to determine the coefficients Cm’, We introduce (26.6) in (26.2) 
and form the scalar product with ¢,,. We then obtain the equation 


yy {Em Onin’ + (WQ) nin} Cn'p = Ey Cop (26.8) 


This is a finite secular equation, the degree of which is determined by 
the number of coincident terms ¢,,.. 

It is disturbing at first sight to find that Q depends on E, and that 
the solution of the secular equation does not therefore give iE, ex: 
plicitly. However, if the perturbation W is sufficiently small, Q depends 
only slightly upon E,,, and the latter quantity can be determined from 
(26.8) by iteration; the zero-order approximation e,,, is introduced in 
the left-hand side of (26.8), E,, is determined as a first approximation 
and introduced in turn in the left-hand side, and so on. 

If we introduce the zero-order approximation of (26.7), Q = 1, into 
(26.8), this equation simply becomes 


Ds (Em! Om'n’ st Wr'n’) Cn'p as E, Crn'p (26.82) 
The £,, are therefore the solutions of the algebraic equation 
det {(Em’ 157) Om'n’ a W min’ =0 (26.9) 
In the non-degenerate case we obtain 
i = Ey Wra'm' = En +(Py's W bm) (26.10) 


in other words, the energy perturbation of first order in W is equal to 
the mean value of the perturbation operator W in the undisturbed state. 

If we go one step further and introduce the zero-order approximation 
E, in (26.7), we obtain the following expressions for y, and E,,: 


je W, , 
Se —— We ee amd, (26.11 
ba bm} ae Wow = bw Yn dq (26.11) 


| Wram’ le 
yoy ee (26.12) 


m(#m’') Em — Em 
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It is evident that in the lowest state the second approximation to the 
energy perturbation is always negative, since &, > &m:. 


The eigenfunctions of zero-order approximation belonging to each eigenvalue 
are obtained by determining the coefficients cm’, from (26.8q). Their evaluation 
is often facilitated if a Hermitian or unitary operator A exists that commutes with 
W and #%o, and the eigenfunctions and eigenvalues a of which are known. In 
this case we choose the eigenfunctions of zero-order approximation in such a manner 
that they are also eigenfunctions of # and A. It can then be shown that Winn’ =0 
when &m’ = én’, provided that am: # an’. The proof depends on the postulate 
that AW—WA =0, from which it follows that 


(¢m‘, (AW—WA)$n’) = (am —an')Wmin' = 0 


The results of this section may be summarized as follows. If no 
degeneracy is present, to the zero-order approximation, a perturbation 
leads to a displacement of the original energy levels in accordance with 
(26.6). In the degenerate case, on the other hand, there are energy 
values that are originally equal, but which correspond to different 
“correct” eigenfunctions of zero-order approximation. These are in 
general displaced by different amounts; in other words, the perturba- 
tion causes the originally degenerate term to split. We shall encounter 
examples of such splitting in later chapters. 


§27. Dirac’s perturbation calculation 


Dirac’s procedure deals with time-dependent processes. The starting 
point is the time-dependent Schrédinger equation 


Hy = ih CLAD) 


in which the Hamiltonian operator # is resolved into an unperturbed 
operator 4, that is independent of time, and a small perturbation 
operator W that may be time-dependent: 


H =H +W (27.14) 


The object is to determine the state y(t) at time ¢ from a given initial 
state (0) at time t =0, assuming that the change with respect to time 
produced by W can be treated as a small perturbation. 

Since # is a Hermitian operator, from (27.1) all scalar products 
remain constant with respect to time: 


SAR 
ae 


d 
5 (o.W) = ih {(¢, HP) —-(#O, W} = 0 nam, 


ae 
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If W(t) is related to Y(0) by means of an operator U: 
W(t) = U(t) (0), 
hence ($0). WD) = (4, U*UYO)) (27.2) 
and U must consequently be unitary. 
The operator U(t) was introduced in §22 for the case in which #7 


is independent of time. When #(#) depends on time we obtain an 
expression which is equally simple, at any rate in form: 


U(t) = (27.3) 
ih 
or written out in full, 


1 tt a 1 r = 6; 

(MO) Sie | d0, #(0,)+—> | dO, [ dO, H(0,) H(8>)-+... 
ih Jo (ih)* Jo 0 

(27.3a) 


ive} 1 v 
y (=) | dO, d0,...d0,(0;) #(8>)... #(,) 
=0 t26,;2022...20,20 


Differentiation of (27.3) with respect to time gives ihU =U, and 
U(O) = 1; hence (27.2) satisfies the Schrédinger equation and the initial 


condition. 
The transformation may be expressed symbolically in a somewhat 


simpler form: 
t 
U(t) = Texp (if H# (8) io) (27.4) 
0 


In the above expression the exponential operator is defined as a power 
series expansion of the exponential function: 


if! 2 1 (f° 9(0)d0\” _ 
exp (=f, H (0) io) = yee } = 
= x (=) =, ao, d@,.. i dO, #°(0;) #(82)...4#(0,) (27.4a) 
v=0 


The symbol T in (27.4) means that the operators #(0,),...,4#(6,) are 
so arranged in terms of time that 6,;20,2...20,. The complete 
range of integration f20,, 62,...,0,20 can te be divided into 
ranges of the form 20, 20,2...26,20. There are v! such ranges, 
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corresponding to the v! permutations of the 6,,...,6, among them- 
selves. When the #(@) are arranged according to the conditions 
imposed by T each partial range of integration provides the same 
contribution, so that (27.4) is identical with the expression (27.3). 

The symbol T is of no importance if the operators #(0) and 
H# (0) commute: 


ileal ie : 
U(t) = exp fal KH (6) 0) if [(6), #(0')] =0 (27.5) 
0 
The simplest case of this sort occurs when # is independent of the time: 


1 
U(t) = exp #1 for # =0 (27.5a) 
If the perturbation W= A f(t) consists of a time-dependent numerical 
factor and a time-independent operator A that commutes with #,: 


U(t) = exp E \%o t+A [so ao} 


4 1 fl ie 
: = exp (= Ho ) exp ( A | f() io) (27.5b) 


In many cases it is expedient to separate the effect of the unperturbed 
operator #4 in order to show the variation due to the perturbation W 
alone. For this purpose we put 


w = U,(t)W, where U,(t) = exp ae (27.6) 


Then 
: : 1 
y= Usb +Uow = read Up ht+Uob 


If no perturbation were present, would be constant with respect to 
time and equal to y/(0); the variation of & with time is only due to the 
perturbation. If we introduce (27.6) into the Schrédinger equation we 
obtain 


WU, (Wu = ihU, (tb (ea) 
or Wh = ind (27.7a) 
where W = UG () WU, () = exp( —2 ) Wexp( =W* 

AN 
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(Note that if W and #, do not commute, W is time-dependent even 
though W is not a function of time.) This equation must be solved 
for the initial condition (0) = W/(0); the result is 


W(t) = T exp (5 sk W(0) a0) (0) (27.7b) 


U has thus been split into two factors, only one of which contains the 
perturbation: 


U(t) = exp (5 HG ) T exp (5 I, W(6) io) (27.8) 
0 


Dirac’s approximation consists in expanding the perturbation factor 
and retaining only the lowest powers. If we include only the linear 
terms in W or W, we have 


i ier 
ve i al W(@) ao} (27.8a) 
0 
If the terms of the second degree are included, 


Waitt ot... 
Ue Ua | W(0) d+, dO, i d0, W(0;) TO 
(27.86) 


Accordingly, when y(t) is obtained from (27.2) by the use of (27.8a), 
it is represented by an expansion only to terms of the first order of the 
perturbation potential; the approximation (27.8)), on the other hand, 
provides an expansion to terms of the second order. If the function 
of first approximation w“(z) is used to obtain expectation values, it is 
of course permissible to retain terms only up to the first order of the 
perturbation potential; if the expectation values are required to the 
second degree of approximation they must be calculated from the 
second-order wave functions y(t). 
The above approximations may only be used if 


(vo i i W(6) ao} y0o) <1 (27.9) 
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This means that they are in general only valid for comparatively small 
time intervals. (Cf. however p. 162 and §41.) 

In general equation (27.8) is expressed in the representation in 
which #, is diagonal. y(t) is therefore resolved into eigenfunctions 
dm Of Ho, the amplitudes of which are time-dependent: 


W(t) =) an (t) Pm (27.10) 
In the above expression 


Am (t) = Y) Urn (#) 4, (0) 


where Unn (t) = {m» Ut) Pu} (27.11) 


Since U,(t) is also diagonal along with Hp, i.e. 


1 
HK omn = En Onn and Vomn (t) = exp 5 ES ) Onn 
it follows that 


a 1 
. Rig 8) = exp — aE ) Hay x0 = E40) 


Hence U,,,,(t) is given by the expression 


t 
Un (1) = exp Eqt )I5pn+— | 40, Won Os) x 
ih ih fa) 
1 
erp — 7; Ex B0s + 
ih 
1 t 6, 
S prane) dé dé Wan’ 6,)x 
(ih)? | if, 22, ( 1) 
1 
x exp(—F (En), Wain (83) x 


1 
erp ( — 7 (Ew EDO : } CE) 


The integration is easily performed in the particular. casé*Whtere the 


perturbation W is independent of time. The result is 5 expressed i ina 
ny 
ww 


“ 
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form which enables the extension to higher orders of approximation 
to be easily deduced :* 


1 1 
1 ee Bet SAEs E, t 
Pma(f) = ex (5 Ep t) a+ Wa Seiya oa fa 


1 1 
oars Et xD em 
ag Wam’ Wain oo tt 

» (En — J DMRS, 9 15),)) (Em 8S San 
ex : Et 
p ih n 


+ EME, —E,) Rear (27.12a) 


If we proceed from the state “0” of the unperturbed operator #%, 
for which a,,(0) = 6,9, then the amplitude a,,(t) is equal to U,,0(t); 
and |U,,(t)|? is the probability of encountering the state ¢,, at time t. 
If we include terms up to the second degree in W, then 


2 sin? {4(E,,—Eo)t/h} 


| Uno (t) |? = | Wao for m#0  (27.13a) 


HE, — Eo)? 
i . 
[Uo =1- ¥ | Wag |? Sth En — Eo) tf} (27.13b) 
m#(0) 


BES, — Ey)? 


In equation (27.13a) the only contribution is from the linear term in W, 
shown in equation (27.12a), since the first term of this latter equation 
vanishes; in (27.135), on the other hand, the quadratic term of the 
expansion must be taken into account. Equations (27.13) simply 
express the fact that U is unitary to the second-order terms in W, pro- 
vided that the quadratic terms in U itself are taken into account. 
(| Uno(t)|? =1 or ¥']a,,(¢)|? =1.) This approximation is obviously 


only permissible provided that )’ |U,,o(¢)|? in (27.132) is small 
m( #0) 3 


* The individual terms of the expansion contain no singularities, although it appears at first sight 
that infinite terms would occur on the vanishing of differences such as Em— Em-. It may easily be 
verified that in all these cases the transition to the limit, En, 7 Em+, produces a finite and correct 
result according to (27.12). Indeed, we can see immediately from this expression that any equal values 
of Em that may occur simply give rise to a factor ?. 

+ The relation (27.136) can therefore be obtained from the unitariness property, without using the 
second approximation in (27.12a). 
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compared to 1 (see (27.9)), and that the initial state }, is therefore 
still most likely to obtain. 

As an example of Dirac’s approximation method, we shall treat the 
problem of the scattering of a particle by a potential W(r). The 
Hamiltonian operator of the free particle is #9 = —(h?/2m) V’. The 
treatment will be facilitated if we imagine the particle to be contained 
in a cubical enclosure of side L and volume V = L’; this is done simply 
to obtain discrete eigenfunctions of # . This restriction may be 
eliminated in the final result by allowing V to tend to infinity. The 
normalized eigenfunctions of #, are 


1 
dy = Nia ikr 


where k = 2zn/L and n is any vector the components of which have 
integral values. The energy values are E, = h?k*/2m. If the volume is 
large, the permissible values of k lie very close together; the number of 
possible values in an element dk = dk, dk,dk, is Vdk/(2n)°. 

If we proceed from an initial state ¢,,, in which a particle of 
momentum fk, is present in the enclosure, then from (27.13) the 
probability w,(t) of finding a particle of momentum Ak after an 
interval ¢ is 
2 sin? [4E, Eig) h] 

A(E, — Ey)? 


in which the matrix element W,,, is given by the expression 


Wi (t) = | Wako for k SS ko (27.14) 


1 Ke 
= ;| exp [i(ky —k)r] W(r) dr = y Wako (27.14a) 
Vv 


It is always possible to ensure that }° w,(¢) is small compared to 1 
k(#ko 
by taking the volume V to be Fiicently large. In this case, therefore, 
the Dirac approximation is always applicable, however long the time 
interval; its value depends, however, on the extent to which it is 
possible to neglect the higher terms of the expansion. 
The probability of finding the particle with values corresponding to 
Kk at time ¢ in the element dk is clearly w(k,t)dk =[V/(2z)* ]w,(t)dk. 
We can now define a differential effective cross-section dq for scattering 
in the element dk, as follows. Let the current of particles Associated 
with the primary wave, jo =fk)/mV, pass through an element of area 
— 


Bae 


“Se 


$27. Dirac’s perturbation calculation 163 


dq, normal to jo. The size of this element is such that all particles pass- 


ing through it in the time ¢ are scattered into the element dk of k- 
space :* 


hk 
par tdq = w(k, t)dk (27.15) 


It is not immediately evident that dq is independent of time, since 
at first sight w(k,t) is not proportional to the time; this difficulty is 
only apparent, however. If the time-dependent component of w(k,t) 
is plotted as a function of EF, (figure 27), we see that for large values 
of the time there is a maximum of magnitude (¢/h)? at the point 


i, E, 
Fig. 27.—Relation between the probability w.(¢) and the energy, accord- 
ing to (27.14) 


£, = £,,, and that the interval in which this component is appreciable 
is of order of magnitude | Ex— Ex, | = h/t. Therefore over a sufficiently 
long interval the only scattered particles to appear are those for which 
E, = E,,; hence k ky. The particles are scattered elastically, without 
change of energy. If the width h/t is small enough for W,,, to remain 
virtually unchanged within this region, the time factor in (27.14) may 
be replaced by a 6-function of argument F, — E£,, (cf. Exercise 1, p. 137), 
multiplied by the value of the integral 


jee [MEx—Ex)t/] ,, _ 2m 
aS Se dE, =—t 
-o a(E, ee E,,) h 


* Since the wave function in the volume V is normalized to unity jo is a probability current. The 
argument remains unchanged if we proceed from the initial function (N/V)1/2 exp ikor representing 
N particles of momentum fiko. Nijo is the particle flux, and Nw(k, !)dk the number of scattered particles 
of class (k, dk). 
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Hence 

Lae k t) dk i 

ee more Tr: 
The differential cross-section will now be expressed in terms of 

polar coordinates in k-space. If we take k? =2mE,/h?, then dk = 

k? dk dQ =(mk/h?)dE,dQ, where dQ is the element of solid angle. 


dq = al 6(E, — E,,,) dk 


ki, a koko 
ZO 
Ky 


Fig. 28.—Effective scattering cross-section 


Introducing a further vector k,’ parallel to the element of solid angle 
and of magnitude k, (figure 28), we obtain 


2 

m ae 
dq = (2) | Wro'ko 2 . 6(E,— E,,) dE, dQ 
If we now integrate over E,, we obtain the differential effective cross- 
section dQ for scattering into the element of solid angle dQ: 


2 
m — 
dQ = (=) | Moore |? 22 (27.16) 


The particles of the primary wave striking dQ are scattered into the 
element of solid angle dQ; k,’ is determined by the direction from 
which the particles are observed. For a spherically symmetrical 
potential W(r), 


Waste = [exp [i(kg —ky)r] W(r) dr 


4n 
dr .rW(r) sin (| ko — r 
ke iil, (r) (| Oo ky | ) 


depends only on |Ko’—ko|; since |ko’—ko| =2k sin} according to 
figure 28, W,,.., depends only on the angle between the direction of 
observation and the direction of incidence. 

The total effective cross-section is obtained by integrating through- 
out the complete range of solid angles. An example of fhe C#ictilation 


is given in Exercise 4, p. 176. 
aS 
Br 
wy 


ay 
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For the Dirac approximation to be applicable, it must be possible 
to treat W as a small perturbation in comparison with the energy of the 
primary particles. The approximation procedure employed in the case 
of scattering is therefore typical of the treatment applicable to high 
energies. What is meant by “high energies” or “small W’’ can really 
be decided only from a knowledge of the higher approximations, 
whose further contribution must be small compared with the first 
approximations derived above. 


In the Dirac approximation, the occurrence of the factor 6(Em—Ep) for large 
time values is often taken to be an instance of the conservation of energy. This 
is very misleading, particularly as the impression is created that the conservation 
theorem holds only as an approximation for large values of the time, whereas in 
fact when the Hamiltonian operator is independent of time this theorem is strictly 
valid (57 = 0). In fact, the 6-function expresses much more; it implies that the 
energy associated with the unperturbed operator is conserved over long time inter- 
vals. This may be expressed in another way: when the perturbation is small it is 
permissible to resolve the state y(t) into the eigenfunctions of #9; it then contains 
functions practically all of which have the same unperturbed energy. If we now 
consider the wave aspect of the scattering process previously discussed, its signi- 
ficance is easily perceived. The scattering is detectable because the plane wave 
associated with the incident beam produces a spherical wave propagated from the 
scattering centre. While this spherical wave is within the effective range of the 
scattering potential it contains values of k that differ markedly from the value kp 
for the plane wave. The situation is different when the spherical wave has travelled 
outwards a distance of many wavelengths, and only a small fraction lies within the 
effective range of the potential. In this case nearly all the k-values occurring in the 
outer regions have the magnitude ko, and the small portion within effective range 
of the potential may be neglected.* 


Appendix: The Born approximation for the time-independent treatment of scattering. 

In the scattering case which we discussed above, a stationary state 
will set in if we wait long enough. This problem may also be treated 
by means of Born’s “time-free’’ approximation procedure. Putting 
E =h*k2/2m for the energy, the Schrédinger equation becomes 


2 
Vrtkey = at ww (27.17) 


We shall now deduce the corresponding integral equation, which is 
easier to deal with. Since 
ikr 


(V?2-+k2) ~— = —4n5(r) 


* In classical mechanics the scattered particles also regain their initial energy after passing through 
the scattering potential. 
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equation (27.17) is satisfied by 


k 
WO) = o)—-s as al Wer’ eel 


(Tr 
if Wo(r) represents a solution of the equation in the absence of the 
perturbation potential, 


dr’(27.18) 


VWotkoWo =0 (27.19) 


It is true that the transition from (27.17) to (27.18) is not unique, 
since we could have put exp( —iky|r—r’|) instead of exp( +iko|r—r'|). 
The choice of the + sign resulted from the boundary condition that, 
at a great distance from the scattering centre, y(r) must consist of a 
plane wave and a spherical wave diverging from the centre. The latter 
is provided for by the sign of the exponential function in (27.18), since 
the following approximation is valid when the distance r is large: 


ade 
ee) mp ik r—iko (« ‘)| 


|r—r’| is 
ik. 
i =P oes (—ikyr) for |r|>|r’| 
(27.18a) 


In the above expression kp’ =kgr/r. The first condition is satisfied by 
putting 
Wo = aexpikor (27.19a) 

Born’s approximation consists in the iterative solution of the integral 
equation (27.18); the y-function under the integral sign is replaced by 
the whole right-hand side of (27.18), the w-function occurring again is 
replaced in turn, the procedure being continued as far as is necessary. 
If terms up to the second approximation are included we obtain the 
following result: 


VO =Vol)- 55 


+5 =) [[weoweme (r") x 


OP (ikg|r—r'|) exp (iky[r’—r"|) 
|r—r'| i jr’—r” 


si | Me Woe ey PY dr'+ 


|r—r’| 


dr’ de" + » SEF 20) 
“ss 


Ye 
hy 
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We shall now write down the first approximation, taking due account 
of (27.18a) and (27.19a) at great distances from the scattering centre. 
Then, making use of the abbreviation (27.14a), we obtain 


; Te CNP gh —— 
Wr) > a jex ikypr— ah? = Ranh (27.21) 


The first term of the above expression obviously represents the primary 
wave, and the second, the spherical wave diverging from the scattering 
centre. 

The differential cross-section dQ is the ratio of the particle current 
through dQ and the primary current across unit area: 


age (se 3) [eeneine 


This agrees exactly with the formula (27.16) which was obtained by 
means of Dirac’s “time-dependent” approximation. 


§28. The variational method for the determination of eigenvalues 


The eigenvalues and eigenfunctions of a Hamiltonian operator #7 
are determined by the equation 


Hb = Ed (28.1) 


Equation (28.1) possesses solutions, the norm of which (¢,¢@) exists 
only for certain definite values of E. If ¢ is normalized, 


(¢,¢) =1 (28.2) 
then the energy 
i= —(, #0) (28.2a) 


is equal to the expectation value of # in the state d. If ¢ is not normal- 
ized, then 


_ p_P#9) (28.3) 


Equation (28.1) may be formulated as the solution of a variational 
problem. The latter is defined as follows: ¢ is determined in such a 
manner that, when # is given by (28.3), or by (28.2a) and the auxiliary 
condition (28.2), E possesses an extreme value. Let ¢ be a solution, 
and $+ a small variation of the “correct” function @, where « is a 
small complex number and y an arbitrary function, the norm of which 
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(n,n) exists. Then if #(a) is formed from ¢+an according to (28.3), 
it must possess an extreme value when a=0. This is expressed as 
follows: 


d# (a) _ 4 [(P+an), #(o+an)] 
da da [(p+an),(p+on)] 
If #7(a) is expanded in powers of « for small «, then 
1 
(9; ) 


—~0 as «70 (28.4) 


H (a) = E+ {a* [n, (# —E)¢]+a[9, (# —E)n]} (28.5) 


+ higher terms in « and «*. 


In the above expression FE is introduced as an abbreviation for 
(¢, #¢)/(¢,¢). The condition (28.4) implies that the terms of the first 
degree in « and «* must vanish in (28.5). When « is real, we have the 
result 


[n, (# —E)$]+[¢,(# -E)n] 
= [n, (#—E)¢]+[n, (4% —E)¢]* =0 (28.6a) 
and when «@ is a pure imaginary quantity, 
[n, (#-E)$]-[n, (-E)$]* = 0 (28.68) 


It follows that for all y 
[n, (#—E)p] =0 (28.6c) 


Since, however, the functions y are entirely arbitrary, and can for 
instance cover all functions of a complete system, it follows that 
(# —E)d¢ must vanish, and therefore that @ is a solution of equation 
(28.1). 

If we use the definitions (28.2, 28.2a), the auxiliary condition (28.2) implies that 
7 must be orthogonal to ¢: (7, ¢) = 0. The extremum condition for (28.24) leads 


to the result (7, ¢) = 0 for all 7, with (7, ¢) = 0. Then #¢ must be proportional 
to ¢, and we again obtain (28.1). 


We may express the above facts as follows. If we proceed from the 
exact eigenfunctions, then in the first approximation the energy value 
E=&# remains unchanged if # is formed from a slightly modified 
function @+ay. The energy value itself is relatively unaffected by 
variations of @; it is therefore possible to obtain good eigenvalues with 
comparatively poor eigenfunctions. Actually, this is just théiWay that 
the energy values behave in an ordinary perturbation calcllation (§26). 

S 
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The energy values are always better than the eigenfunctions by one 
degree of approximation; the energy in first approximation is 3, 
formed from the unperturbed eigenfunctions, while the energy in 
second approximation is determined from the eigenfunctions of the 
first approximation, and so on. 

The extreme values of # do not necessarily have to be either 
minima, maxima, or saddle-points (cf. Exercise 3, p. 47). However, 
the lowest energy value, which is the energy E, of the ground state, is 
always the absolute minimum of #, since the contribution of eigen- 
functions with higher energy values can only result in # being greater 
than Ep. 

The extremal property of # can thus be used to determine the 
energy of the ground state, as follows. In cases where an exact solution 
is impossible or difficult, we choose an initial function ¢@ which can be 
presumed to represent the ground state approximately. Let this function 
contain one or more parameters f;. Then #(B,,f.,...) is determined 
as a function of the parameters, which are chosen in such a manner 
that # is a minimum. This minimum value approximately represents 
the energy of the ground state, and it is the optimum approximation 
over the function range employed. The calculated energy is always 
greater than the exact value, since the latter is in fact the absolute 
minimum. The energies calculated in this manner are generally very 
good approximations, although the function used to determine # may 
still be a relatively poor approximation to the eigenfunction of the 
ground state. There is of course an art in choosing physically suitable 
initial functions. The value of different types of approximation can 
only be judged by the results. The best approximations are obtained 
for the lowest energy values. Examples of the applications of approxi- 
mation procedures are given in §§43 and 44. 

For excited states, the application of the above method is not so simple. If the 
energy of the first excited state is to be determined in this manner, for instance, 
it is necessary to ensure that the chosen functions are orthogonal to the exact 
ground-state function, since any contribution from the ground state lowers the 
minimum energy, and it is then by no means clear whether the calculated energy 


is greater or less than the exact value. In many cases, however, the possibility of 
any contribution from the lower states can be excluded for reasons of symmetry.* 


* The case of the atom in an electric field, described overlcaf, provides another example in which 
the calculated state does not give the lowest value of the energy: when the distance x is very large, 
W is also very large, and negative. When the electron is removed to a great distance from the nucleus 
and W is negative, the corresponding state certainly has a lower energy. Actually, there are no 
stationary bound states when a homogeneous electric field is present; the calculation given overleaf 
refers to a metastable state corresponding to a relative minimum (cf. remarks in §39). 
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A simple example may serve to illustrate the applicability of the 
method of variations: we shall determine the ground-state energy of a 
hydrogen atom in an electric field F directed along the x-axis. The 
Hamiltonian operator in this case is 

2 2 


Oat Be (28.7) 
2m r 
SS 
H, W 


The electric field is assumed to be small enough for it to be permissible 
to neglect terms in F of higher degree than the second, in the expression 
for the energy. The eigenfunction @, of the ground state in the absence 
of the field is given by 

evra hh? e? 

KH 9 bo fl Eo Go; o = (na) where a re. Eo = — (28.8) 
The calculation of ¢» and the proof that it is the eigenfunction of the 
ground state are given in the next section. It may easily be verified by 
differentiation that ¢o is in fact an eigenfunction of #, corresponding 
to the eigenvalue* Epo. 

The electron charge density p = ed? is distributed about the nucleus 
with spherical symmetry and decreases exponentially with distance. 
The situation is similar to Thomson’s model, though in this case the 
approximately homogeneous electron charge is distributed throughout 
a sphere of radius a while the point-like nucleus lies at the centre of this 
distribution. We can determine the polarizability and the energy change 
in the electric field if we can assume that the charge distribution 
remains unaltered when the field is applied (as in Thomson’s model), 
and that it merely moves as a whole through a fixed distance X relative 
to the nucleus. 

For the Thomson model (§4) in a state of equilibrium we have the 
following relations: 

2 


—X%=eF, eX = a°F; therefore «= a°, E= E,—}uF? (28.9) 


2 


In the above expressions, a is the radius of the model sphere, eX is the 


dipole moment, « is the polarizability, and E— Ep is the energy change 


ATR, 

* $0 is normalized. If we take do as an approximate solution and a as ameter, then since 
($0, #°¢0) = h?/2ma® — e2/a must be a minimum for the best estimate of a, it folldwe that a has the 
value h?/me?, . ey 

aS 
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caused by the field (i.e. the change in the electron’s electrostatic energy 
as a result of the displacement ). 

We shall now calculate the polarizability from the displacement of 
the rigid charge distribution relative to the nucleus, just as we did for 
the Thomson model; in this case, however, the charge is no longer 
homogeneously distributed. Nevertheless, for small displacements the 
result depends on the field strength and the charge density at short 
distances from the centre of the distribution; the latter is approximately 
constant in this region, and equal to e/za’. In the Thomson model the 
corresponding charge density is 3e/na*. If we therefore replace a® in 
(28.9) by 3a°, we obtain the following values for the polarizability and 
the energy of the present model: 


a=30a° E=E,—40F? (28.10) 


where a is now the Bohr radius given by (28.8). Taking a =0-53 x 1078 
cm, we obtain the value 3 x 0-15 x 107 ?*cm* for the polarizability of the 
hydrogen atom; this result does not agree very well with the value 
0:66 x 10~?4cm’ found by Wentzel and Waller* from a second-order 
perturbation calculation. The discrepancy is not surprising, however, 
in view of the crude approximations on which the present calculation 
is based.f 

At this point the variational method will be found to be of assist- 
ance. So far, we have assumed that the charge distribution is rigid; 
this implies that the wave function ¢9(x,y,z) is replaced by ¢o(x—f,, 
y,z), where 8, is the displacement of the distribution. For small dis- 
placements this is equivalent to putting 


b= (1- F016) bo (28.11) 


If the above expression is used to calculate #(6,), and B, is determined 
from the minimum of #, the result, as might be expected, is identical 
with (28.10). 

As has been shown by P. Gombas,f the trial solution 


6 =(1+ BW) go (28.12) 


* G. Wentzel, Z. f. Phys. 38 (1927), 518; J. Waller, Z. f. Phys. 38 (1927), 635. 
+The somewhat uncertain experimental value is given as 0-66 xX 10-24cm? (Landolt-Bérnstein 
1/1, Berlin 1955). 
} Gombas, P. Theorie und Lésungsmethoden des Mehrteilchenproblems der Wellenmechanik (Basel, 
50). 
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frequently leads to very good results in perturbation problems. In this 
case it leads to the better approximation 4a* for «. Finally, if we com- 
bine both solutions in the form 


b= (a PxtBo W) bo (28.13) 

we obtain 
a = 3a° = 0-11 x 10~** cm? with B, alone (28.114) 
a = 4a? = 0-60 x 107 2* cm? with f, alone (28.124) 


a = (44+4)a5 = 0-62 x1077* cm? with B, and f, (28.132) 


It is certain that the true polarizability is greater and the true energy 
value lower than the calculated value. The results show that the 
variational method is almost as good as the second-order perturbation 
calculation of Waller and Wentzel. The calculations using (28.13) are 
very simple, containing elementary integrals and merely requiring the 
solution of a linear system of equations for 8, and 8,. When choosing 
trial functions it is of course necessary to ensure that they will lead to 
simple and completely integrable expressions. 


The method of calculation will now be briefly described. The expectation 
value of the energy is formed from (28.3), using (28.13): 


E = A40)b0, HU +0)40) _ (Fo, UFONHU+O)$0) (99 14) 


((1+0)¢0, 1 +0) ¢0) (fo, 1 +0*)(1 +0) ¢0) 
in which the abbreviations 
O = B W-> Bipe Ot = fr We Bipe (28.15) 


have been introduced. (f; and f2 are taken to be real numbers, while W and pz 
are Hermitian operators.) Mean values over $9 are denoted by bars. Many of the 
terms in (28.14) vanish because of the radial symmetry of ¢o, e.g. 0, OF, W, O*# 9, 
4 0, OtWO. Hence from (28.14) 


_ Go, (Ho+OtW+WO+0*H00)$0) _ Ext O*W+WO+0*H 90 
(¢o, (1+0*0)¢0) 1+0+O 


The terms containing O or W are linear in terms of the perturbation, and therefore 
proportional to the field strength F. It will appear later that £, is proportional 
to the field strength, while f2 is independent of it. The expression (28.14a@) contains 
quadratic terms only. If we require the expansion only as far as terms in F2, the 
denominator can be expanded, and we obtain AHP 


E (28.14a) 


i ee —— 
E= Ep t+O+W+W0+0t# )O-E,O*O “™... (28.145) 
4 


“ 
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The last two terms can be combined in the form (O+#?9>—H90*)O. If we now 
insert the expressions in (28.15) corresponding to O and O*, we obtain 
E = Ey— BieF + B.2e2F 2x2 


e2F 2i, — 2a) ue 
: Pix— Bi B2 (err + pa (28.14¢) 
m r3 om 


ie2 x 
srs a Dz+ B22. 


The required mean values are as follows, in view of the spherical symmetry of ¢o : 


Sate Yee ee 
2 r oa r2 q2 
Then 
2e2 e2fF2f2 e3F  eFhi2 
E = Eo—fieF. .2e2F 2q2 2 2 = eae 118 esa 
o— BieF+ B2.2e + fi agit Be Th By B2 So +7| 
(28.14) 


If we deal with each parameter separately, then at the minimum 
3a3F 


Bi when $2 = 0, therefore E=E£o-4xX#a3F2, « = 3q3 (28.15a) 


2 
= 8 when fi = 0, therefore E = Ey—}X 4a3F2, a =4a3 (28.155) 
These are the results given in (28.11a) and (28.124). If we now take f; and p> 
together and determine the lowest value, we obtain a linear system of equations 
which serves to determine the optimum values: 


2 3 3 2F2f2 
6,40 — p 20F = oF Bic = ara) Ga. 16) 

3a3 3a 3a m 

The solution gives the lowest energy: 
3Fa3 9maz 
ee Pe Tag 
1 1 1 

therefore = E = Ey—5 (4 +3) a3F2 = (4 +3) “ (28.15¢) 


From the above example it is clear that the choice of initial function 
is of decisive importance in the final result. If we refer back to the 
beginning of the previous analysis we can see that the assumption of a 
rigid unchanged electron structure was an unfortunate one. Judging 
from the satisfactory result provided by the trial function (28.12) it is 
evident that the outer part of the electron distribution is much more 
strongly influenced than the inner portion. (28.12) corresponds in 
effect to an additional term x@o, whereas the corresponding quantity 
for (28.11) is (x/r)@o. The two expressions therefore differ by the 
factor r which ensures that due weight is given to the perturbation in the 
outer regions where it is strongest. 
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When choosing trial functions it is also important to make sure that no un- 
necessary parameters are introduced, since they would have no effect on the result. 
In the above example, for instance, we might have introduced functions that were 
proportional to y¢o or O¢o/dy. As we can see from the fact that the symmetry is 
cylindrical about the x-axis after the field is applied, the corresponding parameters 
would have vanished when the minimum value was derived, and we should have 
expended time and trouble for nothing. It is also evident that a variation of a, 
though possible in principle, would only provide contributions proportional to F4, 
because Eo(a) is already a minimum. 


In many cases a superposition of independent linear functions 
(i =1,2,...,) can be used as a trial function: 


= y ad 


The initial functions do not need to be either normalized or orthogonal. 
The optimum values of the coefficients c; can then be determined by 
the method of variations. 
Putting #, =(¢;,H,) and Sy, =($i,%,), we obtain 
» CF cy H ix 
: Pl ee 
: y ch c, Six 
The derivatives with respect to the c; and c} must vanish. This gives 
the result 


YH inte = ED Site 


where the value of # at the extremum is denoted by E. There is only 
one solution to this linear homogeneous equation if the determinant 
vanishes : 

det [#7 -—ES;,] = 0 


The solution of this equation of the nth degree yields n quantities E® 
(s =1,...,n) which are the stationary energy values in the available 
function range. Associated with each value E“ are coefficients c;“ 
and a function ¢™, the expectation value of which is simply E“: 


(p®, KH) = EO Oss" 


The functions ¢“ can be chosen in such a manner that they are normal- 
ized and mutually orthogonal. , a 


uM 


The above procedure is called Ritz’s method after itsOriginator. If 
Q 


= 


a 
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the system of functions is complete, it yields all the exact eigenvalues, 
If this is not the case approximations are obtained, the degree of 
accuracy of which depends once more on a skilful choice of the func- 
tions ¢;. 

A trial function of this type is often suitable as a starting-point for 
a perturbation calculation when degenerate terms are present. It is 
evident that this method gives energy values of first approximation 
and eigenfunctions of zero-order approximation, provided that we 
admit only orthonormal functions of the unperturbed Hamiltonian 
operator (for which S;,=6,) corresponding to one definite energy 
value. These functions are in fact defined by the condition that 
(¢°, #¢™) should have only diagonal elements, which are identical 
with the energy values of first approximation (cf. §26). However, the 
method of variations gives the optimum energy values even if the 
functions are not orthonormal, or if they are not eigenfunctions of a 
common unperturbed Hamiltonian operator. A relevant example is 
provided by the treatment of the hydrogen molecule in §44, in which 
the two functions chosen for the calculation of the ground state have 
approximately the same energy, but do not possess a common unper- 
turbed operator. 


If the functions ¢; contain additional parameters which are also varied, the 
energy values E‘*) depend on these parameters as well. Since the extremum condi- 
tions are given by 


Cd OR ee FS CFEC Cr Ba) 
| d SS =) 
Oct oe CBa 


we obtain the further equations cE®)/df, = 0 


Exercises 


1. First-order perturbation calculation for an anharmonic oscillator 

Calculate the energy to the first degree of approximation in the case of an an- 
harmonic oscillator for which V(x) = 4ma2x2-+-A4x4. Evaluate the matrix elements 
(x4)nn according to the method given in §15. Compare the result with the ‘‘classical” 
calculation in Exercise 3, p. 107; the results should agree for high quantum numbers. 


2. Quadratic secular equation 
Let the Hamiltonian operator consist of the following matrix: 
= Gree AWi2 ) 
AW2, eat AW22 


Determine the eigenvalues (a) exactly, by solving the quadratic equation 
Det ( —«é.1) = 0; (8) by perturbation theory, assuming that |AW12/(e2—«1)| <1. 
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(c) Expand the exact solution in powers of 4 and compare it with (6). (d) Discuss 
the degenerate case when @€1 = 2. 


3. A primitive model of the electron in a metal 
Assume that an electron moves freely along the x-axis, and that its wave function 
is 
f(x) = etk@/a/1 k = 2zn/jl (n integer) 


Investigate the effect of a small perturbation in the form of a periodic potential 
W(x) = W(x-+a) = ys Worn ©XD (= x) 
fe 


using second-order perturbation theory. For which neighbourhoods does the 
perturbation theory fail? Find the correct functions of zero-order approximation 
at these points. What is the form of the energy spectrum in this case? (Answer: 
It is split into bands.) The calculation is facilitated by noting that 


Hl = —(h2/2m) 62/0x2+- V(x) 
commutes with the displacement operator 7a of §23. 


4. Effective scattering cross-section for a screened Coulomb potential 

Calculate the differential and total cross-sections for a scattering potential 
—(e2/r) exp (—r/a), using Dirac’s approximation. This so-called ‘“‘screened Coulomb 
potential” represents the interaction between an electron and a neutral hydrogen 
atom. The potential of the nucleus, —e2/r, is screened by the electrons of the atom; 
ais of the order of magnitude of the Bohr radius. If a is allowed to tend to infinity 
a pure Coulomb potential is obtained. Compare the differential cross-section 
calculated in this manner with the classical scattering formula of Rutherford. 


5. Polarizability of a spherically symmetrical system 
Calculate the polarizability of a spherically symmetrical atom with N electrons 
(representing an inert gas), using the trial function ¢=(1+8 W)¢o, where 
N 


= —eF © x: W vanishes because of the spherical symmetry, since rx = 0. 


i=1 

#9 contains kinetic and Coulomb energies only. Let ¢o be the exact eigenfunction 
corresponding to Ho and the eigenvalue Eo. Express the polarizability in terms of 
mean values corresponding to the state ¢o. 


Problems 
involving 
one 
electron 


CHAPTER CI 
Stationary states 


§29. The electron in a central field of force 


We shall now describe the motion of an electron in the central field 
of force of an atom. Strictly speaking, such a field exists only in the 
cases of the hydrogen atom and of hydrogen-like ions, since all other 
atoms contain more than one electron. However, the atoms of many 
monovalent elements (in particular, the alkali and precious metals) may 
be represented as though they consisted of’a rigid ‘“‘hull” formed from 
the nucleus and the firmly bound inner electrons, around which a single 
valence electron revolves. This outer electron therefore moves in the 
Coulomb potential of the nucleus, although this potential is screened 
by the inner electrons. It is spherically symmetrical, acting at a great 
distance from the nucleus like the potential due to a nucleus with a 
single charge. At shorter distances the potential approaches that due 
to a nucleus of charge Z, where Z is the atomic number of the element 
in question. The energy levels of the valence electron are therefore 
determined from a Schrédinger equation of the form 


h? Z 
| ay +H} 60 = £60) (29.1) 


Since the potential depends only on the magnitude of r, the eigen- 
functions may be chosen in accordance with §§24 and 25 in such a 
manner that they are eigenfunctions of the square of the angular 
momentum M and also of its z-component. 

Equation (29.1) can be expressed in the following form, as may easily 


be verified :* 2 
h? 10°(rd) +( Mw +ven)¢ =E¢ (29.2) 


2mr Or? 2mr? 


* In polar coordinates r, 3, ¢, 
1 @ 1 eC) eee een 
Se eas ar 
r or? r? sin? 6 
Cf. expression (25.2) for M2, and Vol. I, equation (13.48). 
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Since @ must be an eigenfunction of M7’, it follows, if we put 
ro =X) Yim(9,), that 


hk? & 1h? 
iy ———— 


om mp +vn) = By Cos) 


In this equation the term added to V(r) comes from the centrifugal 
force F,: 


all+)A? l4+DR 
ts ér 2mr2- mr 


3 mor 


if the associated classical angular velocity @ =h,/[M/+1)]/mr? is 
substituted for the angular momentum h,/[/(/+1)]. 

We shall first consider equation (29.3) for the situations in which 
r is very small, and very large, distinguishing between the cases E <0 
and E>0. When r is small, V and E are small compared with the 
potential of the centrifugal force 1/r?. Hence, approximately, 


me i 1) 
aa = 0 


There are two independent linear solutions of the above equation: 
Ve anid ey oe 

The second solution must be excluded, since it leads to a singularity of 

the radial part of the wave function, R= /r, as r tends to 0. Hence 

for small values of r we must have* 


ar! (29.4) 


For sufficiently large values of r, the terms in brackets in equation (29.3) 
become negligible compared with £, and we obtain the solutionf 


Bei) oA 
Asinkr+Bcoskr for : =/i = 
ve OA (29.5) 
id 
Ae’t Be ® for = =E<0 
2m 


* Equation (29.4) is also valid for 7 = 0; in this case the singularity of the excluded solution is 
weak enough for the wave function to remain normalizable. The solution must still be excluded, 
however, since in this case y?¢ in (29.1) would exhibit a singularity similar to that of the 6-function 
whereas V@ has a singularity of order 1/r* only. Ag TARY 

t+ When the Coulomb potential is expanded asymptotically the factor I/rgaygt still be retained: 
the relation (29.5) remains correct, in so far as A and B are now proportional to péwers of r. 
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In the first case, E>0, and the particle possesses sufficient energy to 
escape to infinity; this corresponds to the classical case in which a 
particle approaches from and flies away to infinity. By a suitable choice 
of the parameters A and B for each value of k we should expect to 
obtain a continuation of equation (29.4). The energy is therefore not 
quantized, the spectrum is continuous, and the eigenfunctions cannot 
be normalized. 

In the second case, E <0, and we obtain the closed orbits of classical 
theory, to which correspond the spatially limited bound states of 
quantum theory. It is necessary that A =0 in order that the elgen- 
functions should remain finite when r tends to infinity. A connection 
with equation (29.4) is established by means of the parameter B alone, 
but only for certain definite values of E; the energy is quantized, and 
the spectrum is discrete. 

In the first instance we shall consider the case of the hydrogen atom, 
which provides a prototype of such a spectrum; the potential 


V(r) = —e?/r. It is convenient to replace rand E by the dimensionless 
quantities . 
= > = — d ¢«=—=— 29.6 
fe h?/me? ag ee e?/2a ©) 


in other words, lengths are measured in terms of the Bohr radius 
23 


h 


and energies are expressed in terms of the Rydberg unit 
2 


(2 
— = 13-55eV 
Dao 3-55e 
Then, from (29.3), 
a: 2 Wl+1 
sitions : =o (29.7) 
dp p Pp 


Using (29.4) and (29.5), we can put y in the form 
y= p' ap re where 1 = ,/(—8) 
v=0 
We then introduce the above expression into (29.7) and determine the 
coefficients of p’t!: 
Cya1 [+14+2)v4+14+ 12-14 1)]-—2c, Av+14+1)-1] 
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This expression must vanish for all values of v in order to satisfy (29.7): 
A(ivt+14+1)-1 
(v+14+2)(v+14+1)—I(l+1) ° 


The above relation serves to determine the coefficients c, in terms of Co. 
The value of the latter coefficient is arbitrary, and is determined by the 
normalization condition. We may now draw the following alternative 
conclusions: 

1. A=1/(n,+/4+1) =1/n, where n, =0,1,2,... Then c,=0 when 
v2n,+1, ie. the series terminates at v =7,. 

2. n, is not an integer: in this case the series does not terminate. 
For large values of v, (29.8) gives 


C41 =2 (29.8) 


Cya1, % ae 
vt1 vo 


therefore asymptotically, 


hence 
y 
- ) c,p” & ge 


As poo, x would increase like e’? and would not be normalizable; 
this case must therefore be excluded. 

The result is, therefore, that the energy levels are given by the 
following relation: 


e2 


Wiig fe 
We must now investigate the degree of degeneracy of E,. Firstly, if we 
take the relation n =n,+/+1, we always obtain the same value if we 
put in succession /=0,1,...,2—1 and n, =n—1,n—2,...,1,0. 

From §25, we know that each value of / is associated with 2/+ 1 
different eigenfunctions Y,,,,, denoted by the quantum numbers / and 
m=-—1,...,0,...,/. Thus the total degree of degeneracy is 


E— where n =1+1 is an integer (29.9) 


Nik 
Y Qith)=n 
l=0 


If we denote the radial component by R,,(r) = n/r, corresponding to 
energy E£, and angular-momentum quantum number /, then asc, 


Prim) = Ryu (1) Yin (8; 9) ““P_(29.10) 


x 
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is the complete eigenfunction of #, M2, and M,,. The first three radial 


components, with their appropriate normalization factors, are as 
follows: 


r 
ee exp 
10 

Gene ! a 


1 r r 
Re ee ex ee 
20 (24,3? (2 =) exp 2a, (29 11) 
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In order to illustrate the above components we shall consider the 
functions 


Wu (r) dr = r?7R2,(r) dr 


which represent the probability of finding the electron in a spherical 
shell of thickness dr at a distance r from the nucleus, when the atom is 
in the state R,, (figure 29.) The maxima of these functions move out- 
wards with each increase in the principal quantum number, and occur 
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Fig. 29.—Radial probability distributions for the hydrogen atom 
W109: Is-state W21: 2p-state W31: 3p-State 
W209: 2s-state W309: 3s-state wW32: 3d-state 
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near the Bohr orbits of the old quantum theory. The maximum of the 
function 
“ vr. 
Wi9 = Cr’ exp —— 
ao 
occurs at r = do, the radius of the smallest Bohr orbit. 


The mean values T/r, 1/r2, 1/r3 are determined by means of the functions waz: 
T, 2 1 1 
a = , R2n1 = r2dr = (anu, a wn) 


The mean value Vr follows from the virial theorem (22.16) for Coulomb forces: 


V =2E = —e2/n2a = —e2/r, from which 
ae (29.12) 
r nag 


The mean value 1/r2 may be determined by making use of the fact that the definition 
of the eigenvalues of (29.7) is applicable to integral and non-integral values of /. 
This equation may therefore be differentiated with respect to /. For this purpose it 
may be written as 


HA Xn = EXnt 
a o eas lips ania =a as “a 
Then oe teh Byte 
therefore (x — x) +(x x 2) = ote (x 3) 


Since # is Hermitian, it follows that 


Ox ox ox 
= = i — — —— 
(x a ( ig) a) (x e 


de 2 @# ay 
Tf 2 1 
Therefore pay | 
(0) 73 = GED ae? (29.13) 

If we differentiate (29.7) with respect to p, we obtain 

OF? Ox Ox 

—— EA a — 

op = op ‘ op 
Forming the scalar product with x: 

(x it x) =0 =—— 
Cy a 


we 
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Sines are 
op p3 p2 
it follows that i = M+) 
p2 p3 
hence, when / < 0* 
— a 29.14 
3 1D QI 18 a3 ney 


We have now determined all the mean values of interest to us in connection with 
later calculations. 


In the case of other monovalent atoms, equation (29.3) cannot be 
exactly integrated. However, by means of Schrédinger’s perturbation 
theory it is possible to deduce the extent of the displacement of the 
energy levels with respect to the hydrogen terms. For this purpose we 
shall put 


Ca 
r= SU) 


treating the deviation S(r) of the potential V(r) from the hydrogen 
atom potential as a perturbation. We then obtain the hydrogen 
terms as the zero-order approximation and, using the methods 
of §26, the following perturbed terms as a first-order approx- 
imation:f 


10 oe | R2(r)r?S(r) dr (29.15) 
0 


S(r) is only appreciably different from zero in the neighbourhood of 
r =O, and its sign is always negative. The perturbed energy terms are 
therefore lower than the corresponding values of E,; the deviation 
increases with increased concentration of the wave function R,, at 
small values of r, This energy diminution decreases as / increases, n 
being fixed, and as n increases at a fixed value of /. 

In figure 30 the spectra of lithium and sodium are illustrated; these 
provide the simplest examples of spectra of monovalent atoms other 
than hydrogen. The term m =1 does not appear in the case of lithium, 
because it is occupied by the electrons of the inner shell, and cannot 


* For the s-term (for which / = 0), 1/r is divergent. 

+This is a degenerate case; however, Ra: and Yim are the correct initial functions of zero-order 
approximation, since they are eigenfunctions corresponding to different eigenvalues of the operators 
M? and M:, which commute with 9 and with S. 
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therefore be occupied by the outer electron in virtue of the Pauli 
exclusion principle. The same situation applies in the case of sodium 
for the terms n=1 and n=2. 

The characteristic difference between the hydrogen spectrum and 
the spectra of the other monovalent elements consists in the removal of 
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Fig. 30.—Term systems of hydrogen, lithium, and sodium 


the /-degeneracy; for hydrogen, the terms can be designated by a 
“principal quantum number” 7, whereas for the other elements the 
terms corresponding to the same value of n but different values of / are 
separated, and both quantum numbers are required for their designa- 
tion. There are, for instance, 2s-terms corresponding to n =2, /=0, 
2p-terms corresponding to n=2, /=1, and similarly 3s-, 3p-, and 3d- 
terms with different energy values. 

The intensity of the emitted radiation is given by the matrix.elements 
ofr. The results obtained in §25 imply that the only spoeteal lines that 
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occur are those corresponding to the transitions AJ = +1 and Am = 0, 
+1. In the case of the hydrogen atom, transitions are possible between 
all terms, since for any two terms there are always two corresponding 
functions that do not violate the above selection rules. In the case of 
lithium and sodium the /-degeneracy is removed, and it is necessary to 
take account of the selection rule AJ= +1. The only transitions 
occurring are those between p- and s-states, for instance, or between 
p- and d-states, as shown in figure 30. The selection rule Am =0, +1 
comes into effect only when the degeneracy is completely removed. 


§30. The normal Zeeman effect 

When a magnetic field is switched on, the m-degeneracy vanishes. 
In order to see this, let us express the Hamiltonian operator of the atom 
in a magnetic field as follows :* 


e 2 
(r-4) Lame 
= cee ~4 ee ee p)+V(r) (30.1) 


The magnetic field is assumed to be homogeneous, and to be represented 
by the vector potential 


A=4Hxr (30.2) 
then, from (30.1) 
Poe 
H =——— (M, H)+V(r) 
2M, 2mMoc 


The middle term represents the energy, in the field H, of a magnetic 


moment e 


M 


E*Imoc 


associated with an angular momentumt M. If we take the z-axis of 


* We omit the quadratic term in A; this is permissible for sufficiently small magnetic fields (i.c. 
for those fields that can be realized in practice), provided that the contribution of the first-degree term 
in A is different from zero. The electron mass will be denoted here by mo in order to avoid confusion 
with the quantum number mm. The charge of the electron, e, is equal to the negative elementary charge 
—eo, and is therefore a minus quantity. Since div A = 0, (p, A) = (A, p), from which it follows 
that 397 is Hermitian. 

Tt It is necessary to distinguish between the “‘canonical angular momentum” M =r xX p and 
the ‘‘mechanical angular momentum” 


e 
mxXt=M—rx-7A 


Strictly speaking, the magnetic moment is proportional to the mechanical angular momentum, but 
this can be neglected in the present approximation. 
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our coordinate system to be parallel to H we obtain the Schrédinger 
equation 


Mo 


V74+V(r)-—— M, Hp = Ey (30.3) 
Z 2moc 


The solutions are the same as those in the absence of a magnetic field; 
the only difference is that the m-degeneracy is removed. We obtain 
h 
Fa ea ey (30.4) 
2mgc 
where E,, is the energy of the atom in the absence of the magnetic field. 
The energy perturbation due to the magnetic field can be expressed as 


AE = pgm = —p,H 


where ptg = —eh/2moc appears as the smallest unit of the magnetic 
moment, termed the Bohr magneton. 

According to the Bohr frequency condition, the possible emission 
and absorption frequencies of the spectrum (30.4) are 


Me _ Ea Ey eH 


Onim,n''m’ a h 2mo 2 (m —m 
= W)+a,(m—m’) (30.5) 
e 
where O,=— el 
2mgc 


is the ‘‘ Larmor frequency” (cf. §35). 

The intensity and polarization of the spectral lines are obtained 
from the “‘correspondence’”’ postulates of §11. These lead to the result 
that the radiation corresponding to the transition nlm—n'l'm' can be 
considered to be emitted by a Hertzian dipole of moment 


er(t) = e(F ee +£* e7 '*) 
where @ = @+@,(m—m’) 
and r= (Dams rym) 


is the transition element, with components (x, j, Z). If (x, y, z) are 
replaced by the quantities 
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then, putting Pim = Rai Yin 
ELIF = (Ry PRyy)(Yim Sin 6 e*'F 9) (30.6a) 
Z = (Ray TRyy)( Vins COS 8 Yjrm') (30.6) 


We now consider the angular components of the wave function. 
According to the recurrence formulae (25.9) to (25.11) for the spherical 
harmonics, the latter vanish except when /—/’ = +1 and m—m’' =0, +1. 
We then have the following selection rule: for the electric dipole 
radiation of an electron in a central field of force the following con- 
ditions always apply, 


Al= +1 Am =0, +1 


When m=m’, it follows from (25.9) and (25.10) that <=f=0, 740, 
and hence that 
F(t) = A(0, 0, cos pt) 


where A is a constant. 

In this case the dipole moment oscillates parallel to the z-axis with 
unchanged angular frequency w ; it therefore produces no radiation in 
the direction of the z-axis, and linearly polarized light in the plane 
normal thereto. 

When m =m’'+1, X+if #0, X—if =Z =0, therefore 


r(t) = B[cos(@p +a ,)t, sin(@p + ,)t, 0] 


where B is a constant. In this case the dipole moment rotates with 
increased frequency in a right-handed sense about the z-axis. The light 
emitted in the direction of the z-axis is circularly polarized in the right- 
handed sense; at right angles, in the xy-plane, the light is linearly 
polarized. 

Similarly, when m=m'—1, 


r(t) = C[[cos(@p—@,)t, —sin(@p—a@,)t, 0] 


where C is a constant. Therefore, if we observe the system along a 
direction parallel to the z-axis and the magnetic field, we find two 
circularly polarized components of angular frequencies wp)+a@,; this 
is the longitudinal Zeeman effect. If the system is observed at right 
angles to the field we obtain the transverse Zeeman effect, which 
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comprises one component (called the m-component) of frequency ao, 
linearly polarized parallel to the field, and two components (termed 
the o-components) of frequencies @ -+@,, linearly polarized at right 
angles to the field (figure 31). 

This phenomenon is the familiar Lorentz triplet of classical physics. 
In practice, the splitting of the spectral lines in the magnetic field is 
found to be much more complicated. Equation (30.3) cannot therefore 
be regarded as the correct representation of the electron motion in a 
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Fig. 31.—Normal Zeeman effect: term scheme and line pattern for 
transitions between a p-term and an s-term 


magnetic field; the reason for its failure is that the electron, in addition 
to its electric charge, also possesses a magnetic moment that has not yet 
been taken into account (see chapter CII). 

Finally, it should be mentioned that there are no selection rules for 
the radial component of (30.6), and hence for x. The evaluation of the 
integrals for these components is extremely laborious; the reader is 
referred to the literature.* 
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* W. Gordon, Ann. Phys. 2 (1929), 1031. 
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Exercises 


1. Energy terms and degree of degeneracy for a three-dimensional oscillator * 


Calculate the energy terms of a three-dimensional oscillator of potential 
V(r) =4mw?r2, in the same manner as was done for the case of the hydrogen 
atom. Determine the behaviour at short and at long distances from the centre, 
for which x = r*1 and exp —4ar2 respectively; « = ma/h. For any distance, 
represent x by the following general expression: 


co 
x= ri+1 [ exp —tar2 > cyr’ 
v=0 


The Schrédinger equation leads to a recurrence formula for the coefficients cy, 
from which it appears that the power series must terminate. Give the formula for 
the energy terms and represent each term by its appropriate spectroscopic symbol 
(s, p, 4, f, g, 4). Deduce a general formula for the degrees of degeneracy. 


2. Hermitian nature of the Hamiltonian operator expressed in polar coordinates 


Determine the adjoint operator p,*+ of pr = —ifé/ér, and express the radial 
part of (—A2/2m)V2, 
h2 1 C59 © SE bane? 
Im r2ér or 2m r or2 


in terms of p; and p*, so that its Hermitian nature is evident. 


3. Probability function and Bohr orbits of the hydrogen atom 


Show that, in the case of a large principal quantum number n, and maximum 
angular-momentum quantum number / = n—1, an electron is to be found at a 
mean distance F from the nucleus with a corresponding small root mean square 
deviation Ar given by : 

(Ar)2 = (r—F)2 = r2—F2 


7 being given by the radius of the corresponding Bohr orbit. Compare the result 
with (29.12) and (29.13). 


*In nuclear theory the term scheme of the three-dimensional oscillator is often employed for the 
representation of the nucleon terms. The degree of degeneracy is closely connected with the so-called 
‘magic numbers” of the nuclear shell model. (cf. Mayer-Jensen, Elementary Theory of Nuclear Shell 


Structure (New York, 1955). 


CHAPTER Cli 
Electron spin 


§31. The Stern-Gerlach experiment 


It was stated at the end of §30 that equation (30.3) fails to explain 
the experimental results of the Zeeman effect. The inadequacy of this 
equation becomes even more apparent when attempting to interpret the 
Stern-Gerlach experiment for the determination of atomic magnetic 
moments. An outline of this experiment is given below. 

If a beam of neutral atoms of moment p is passed through a homo- 
geneous magnetic field Hp, each atom is subjected to a couple fi x Ho, 
but not to any deflecting force. The magnetic moments therefore 
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Fig. 32.—The Stern-Gerlach experiment 


precess about the direction of the field in such a manner that their 
components in this direction remain constant; the motion of the atoms 
through the field, however, remains rectilinear. 

The situation is different when the atomic beam is passed through 
an inhomogeneous magnetic field, as in the arrangement shown in 
figure 32. In the classical sense the magnetic moments still precess 
about the field direction; in addition, however, a force 


an 7) 7) 7) 
F=(i.V)H (x, ay te Ate =) dng ei) 
i 
arises, which produces a deviation of the beam (cf. Vol. T,°§$31). 
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In order to deduce the magnetic moment of the individual atoms 
from the observed deflection, we must pass the beam through the 
magnetic field using the simplest possible geometrical arrangement. 
We take the x-axis parallel to the initial beam direction, the z-axis in 
the plane of symmetry of the magnet, and the y-axis perpendicular to 
it (figure 32). Then H, =0, and all derivatives with respect to x vanish. 
Hence from (31.1) 
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In particular, if the beam lies in the symmetry plane y =0, H, =0 and 
0H,/0z = 0H,/éy =0; in the latter case because the magnetostatic field 
is irrotational. Further, since the field is solenoidal in the region of the 
beam, 0H,/éy+0H,/dz =0, and the components of the force are 

oH, OH, oH, 


x= 9 las ined eae 2S 


We see, therefore, that deflecting components of the force exist in both 
the z- and y-directions. 

Now the magnetic moment precesses about the direction of the field 
at any point, which is virtually parallel to the axis of z. The component 
Ht, is therefore practically constant, whereas pL, oscillates about zero. If 
the magnetic field is so strong that the atomic magnet executes many 
precessional cycles during the flight of the particle, the mean value of 
F, vanishes, and the only non-zero component of the force is 


oH, 


If the atoms in question are in a state corresponding to an azimuthal 
quantum number /, this force should cause the original beam to split 
into 2/+-1 constituent beams, corresponding to the 2/+1 possible 
values of ,; each constituent beam would be associated with a definite 
value of the magnetic-moment component 


m (31.3) 


— i 
In particular, no splitting should occur in the case of s-electrons. In 
fact, however, when beams of alkali and noble-metal atoms are observed 
it is found that they split into two component beams, 
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Since there is certainly no orbital angular momentum associated 
with the electrons of these atoms in the ground state, the observed 
moment can only be ascribed to the electron itself, possibly because it 
rotates about its own axis. The value of the magnetic moment is found 
from measurements to be one Bohr magneton. 

The experimental fact of this splitting into two component beams, 
together with our analysis of the angular momentum in §24 (for the 
case A =4), suggests the hypothesis that the magnetic moment is con- 
nected with a spin angular momentum, the z-component of which can 
assume only the values +h/2. This hypothesis was first put forward 
by S. A. Goudsmit and G. E. Uhlenbeck; W. Pauli was responsible for 
the mathematical analysis of this concept, and in particular for the 
representation of the angular momentum operators by means of the 
matrices (0,,0,,0,) (§24). 

The ratio of the magnetic moment to the spin angular momentum is 
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NS 
whereas the ratio of this moment to the orbital angular momentum is 
e/2myc. This result makes it difficult to put forward a simple explana- 
tion of the magnetic moment in terms of electron spin; such an assump- 
tion would lead to the ratio e/2mgc (cf. §35). 

This discrepancy affords an interpretation of the magneto- 
mechanical anomaly in ferromagnetic materials, in the case of the 
Einstein-de Haas effect (Vol. III). In the study of this effect the ratio 
(31.4) was found experimentally; this leads necessarily to the assump- 
tion that ferromagnetism originates from electron spin, and not from 
the orbital angular momentum. 

It will appear later that the assumption of electron spin provides an 
explanation of the multiplet structure (§34) and of the anomalous 
Zeeman effect (§36). It is found, for instance, that the energy levels of 
the alkali atoms, apart from the s-states, are split into two levels, called 
doublets, lying close together. A well-known example is the splitting 
of the yellow sodium D line into the two lines D, = 5890A.U. and 
D, = 5896A.U., which correspond to the transition 3p > 3s: this arises 
as a result of the separation of the 3p-level into two neighbouging terms. 
The phenomenon may be explained as follows: the eleétrons orbiting 
the nucleus create a magnetic field with respect to which the Spin takes 

we 
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up a parallel or an anti-parallel position, thus producing two different 
energy levels. 

We shall go into the subject more thoroughly in §34, and will deal 
next with the motion of the spin in external fields. 


§32. Spin in a steady magnetic field 


According to the previous section the operators (Sx, Sy, Sz) = 
th(o,,0,,0,) are associated with the spin angular momentum of the 
electron. The spin state of the electron is represented by a function y, 
lying in a two-dimensional Hilbert space in which the operators 
(c,,0,,6,) act, and which according to §24 may be considered to be 
spanned by the two eigenfunctions of o,, denoted by «8. We may 
therefore write 


xy = aa+bBp (32.1) 


where a and 6b are complex numbers. y is normalized if (y,y) = 
|a|? +|5|? =1; |a|? and |b|? then represent the respective probabili- 
ties that the electron spin is parallel to the positive z-axis or in the 
opposite direction. 

If we put a=x,,, B=K_,, where o,k,=sk,, and s= +1, then 
(32.1) may be written 


Ke peg K, xs); where x(s) = (k,, x): 
The spin function (or spin coordinate) y(s) represents a combination 
of the two numbers (a,b), and can assume only the two values 
+1. An operator A may then be constructed from the Pauli matrices 
and represented by a two-row matrix A,,.. Such an operator acts 
as follows: 


Ax(s) = > A Ags x(s’) 
The normalization condition is 


(4.x) = ¥x*(s)x(s) = 1 


The state of an electron is completely represented by a function of the 
position and spin coordinates, y(r,s,t), or alternatively by the pair of 
functions y(r, 1,¢) =a and y(r, —1,t) =b. The position and spin proba- 
bilities are then determined by the product y*(r,s,¢)z(r,5,t)dr. To 
begin with we shall neglect the dependence on position and concern 
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ourselves only with the time relationship. For this purpose we shall 

assume that the spatial relationship for both spin settings is represented 

at any moment by a comparatively broad wave packet, the dispersion 

of which may be neglected, and which in other respects obeys the laws 

of motion of classical mechanics (cf. Exercise 1, p. 206, and 2, p. 207). 
The magnetic moment associated with the spin is 
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and its energy in a magnetic field H is —fiH. Hence 


Bs h 
— (HH) = = G22) 
Taking the field to be parallel to the z-axis, and using (24.9) to represent 
the Pauli matrix o,, we may write (32.2) in terms of its components: 


eH 
2mogc¢ 


a= —iw,a b =iw,b where @, = — (32.3) 


The solution of these equations is 
a a(t)=age@" b(t) = by e# (32.4) 


The normalization condition |a |? + |b |? =1 is always satisfied if we 
put 
ao=ecosh@ by =e sind 
It may easily be verified that 
(x; GX) a (6,., By, G,) 
= [sin 6 cos (2m, t—) +4), sin @sin(2w, t—+-5),cos@] (32.5) 


The mean value of the angular momentum therefore precesses about 
the field direction, with twice the Larmor frequency, on account of the 
magneto-mechanical spin anomaly. The states ag=1, b) =O and 
ay =0, by =1 are eigenfunctions with energies 


E=yu,H=ho, and E= —pgH = —ha, respectively (32.6) 


The Larmor precession (32.5) may perhaps be better understood if we 
consider the time-dependent operators 


a(t) = exp (; KH ) d exp (-; x) _~ ae 
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and their time derivatives 
dg i 
— = -(#HG-GH B27 
art ) (32.7) 
For instance, the aig of (32.7) is 
—= H6)o,.—0,(H 
Fe = ~Fmgg lee. 2, (HE) 
If we write out the scalar product in terms of the components and make 
use of the commutation rules 


C0, 0,0, — 210;,. 2050s 


we obtain 
ae =20,xé wh 7) H (32.8 
é =— : 
dt = ioe ae 2mgc a) 
ds : x 
or ra HXxH since s= the (32.8b) 


The latter equation may be expressed as in classical mechanics: the 
rate of change of angular momentum is equal to the mechanical torque. 
Since the equations (32.8) are linear as regards the operators o;, they 
may also serve to express the expectation values (y,0;) in the same 
form. 


§33. Spin resonance in an oscillating magnetic field 


The existence of the Larmor precession affords a means of determin- 
ation of the magnetic moments of atoms and of atomic nuclei that is 
more accurate than that provided by the original Stern-Gerlach 
method. According to equation (32.6), a particle with spin 4h and 
magnetic moment yp in a magnetic field of magnitude H is capable of 
assuming two different states, of energies 


Ey = wH = —ha, E, = —vH = hao, 


If the spin and the magnetic moment are anti-parallel as in the case of 
the electron, then y is negative and E, is the energy of the lower state. 

If the particle is brought into a weak oscillating magnetic field 
normal to the constant field, transitions between the ground and the 
excited states can be produced, similar to those that occur in the case 
of an atom in the radiation field. These transitions are most easily 
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brought about when the angular frequency w, of the oscillating field 
satisfies the Bohr frequency condition hw, = E, —E, = 2he,. 

This condition obviously implies that the oscillating field resonates 
with the spin precessional frequency in the constant magnetic field, 
since, according to (32.5), the latter is equal to twice the Larmor 
frequency. At resonance the vertex angle of the cone of precession is 
continuously increased by the oscillating field, and the spin is finally 
“switched round” from its original direction to the opposite one, pro- 
vided that it is not impeded by any damping effects. 

In atomic beams, in which the spin precesses practically undamped, 
the onset of resonance can be directly determined by measuring the 
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number of “switched spins” (I. I. Rabi, 1939). In fluids and solids 
strong damping forces exist as a result of interaction between spins and 
vibrations of the crystal lattice. For these materials, the oscillating 
field merely causes a precession of the spin about the constant field at 
the frequency of oscillation, and produces the usual resonance pheno- 
mena of a damped oscillator, such as a large increase in the amplitude 
of precession and a rise in absorption in the neighbourhood of the 
resonance frequency. Both these phenomena have been observed 
(F. Bloch, 1946; E. Purcell, 1946). Figure 33a shows the experimental 
arrangement of Rabi’s method in diagrammatic form. A beam of 
atoms or molecules passes through the slit B, and enters the region of 
the inhomogeneous field due to the magnet A. A single direction of 
spin is selected by the screen B. In the succeeding homogeneous field 
NS, the field due to the coil excites additional Larmor precessions and 
“switches” spins. After a further splitting of the beam in the inhomo- 
geneous magnetic field C, the unswitched spins are recorded by the 
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deflection of the spin axis. For this purpose we shall again make use 
of equation (32.2), but with a magnetic field given by 


H, = H'cosa@ot H, =H' sin@ot H,=H 


We have assumed a rotating field instead of an oscillating one since this 
facilitates calculation and has little effect on the result; any oscillating 
field can be taken as a superposition of two rotating fields, the directions 
of rotation being clockwise and anti-clockwise respectively. If one of 
the rotating fields is in resonance with the Larmor precession, then as 
we shall see, the other is always far from resonance, and therefore 
hardly affects the precession at all. We shall take the solution of (32.2) 


tob 
ee Wat 


a b(t) expia,t 


then, since ha, = —pH, ho, = —pH', 
a = —iw, exp i(2m@,—@o)t.b 
b = —iw/,exp —i(2m,—@o)t.a (33.1) 
If we differentiate the first equation and insert the value of b from the 
second, we obtain 
d—i(2@,—@,))a+aj7a =0 


If we put a~e!’, we obtain a quadratic equation in w, the two solu- 
tions of which are 
01,2 = ©, — $0 +,/[(@_—4@0)’ +7] =o,t@x (33.2) 


We are interested in the case in which the spins are parallel to the 
z-axis on leaving the slit B, at the instant t =0; accordingly, we put 
a(0) = 1, b(0) =0. Then at later instants of time 


a (cose! 1Sesino i)exp iw, t 
Ox 
On, . : 
b = —i—sin@xtexp —ia,t (33.3) 
Ox 
Let t be the time of transit through the oscillating field H’: then at the 
end of the field region we find a fraction 


sin? [/{(@, 40)? +072} 7] 


72 
[b|?= a One. 
(@, —4@)" + Of 
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of the atoms of the original beam with altered spins. The relation of 
|b|? to wo exhibits the character of a resonance curve. 

In order to change as many spins as possible at the resonance point 
@o =2w,, the parameters of the oscillating field are chosen to make 
tw,’ =4n. Rabi’s method is chiefly used for the determination of 
nuclear magnetic moments p= eh/M,,..c, when the moment of the 
electron shell vanishes. For H’~1Oe and a beam of atoms with 


05+------------------ 


2a, , 
2(w,-w}) 2w,+0;) 
A . ° « * ° 
* Fig. 336.—Resonance curve obtained in Rabi’s experiment 


thermal velocities v + 10°cm/s, this corresponds to a field dimension 
of a few centimetres. Figure 33b shows the form of the resonance 
curve. Its width is of order of magnitude w/,; since w/, is chosen to 
be much smaller than @,, the resonance point is very sharply defined. 


In general, however, the lines are broadened by other effects, chief among which 
may be mentioned: 

1. Dispersion of wz as a result of inhomogeneities in H, partly because of the 
dispersion of the external magnetic field, and also (in the case of solid and liquid 
materials) because H does not represent the external field alone, but also includes 
the field of the neighbouring atoms, which naturally varies from point to point. 

2. In the Rabi method, the dispersion of z as a result of the distribution of 
velocities in the atomic beam. 

3. For solids and liquids, there is a further damping effect due to the transfer 
of spin precessional energy to neighbouring atoms through spin-spin or spin-lattice 
interaction. (In the frequency region of interest, radiation damping may be com- 
pletely neglected.) This broadening is analogous to the normal broadening of the 
resonance curve of a forced oscillator as a result of the damping terms. 


§34. Spin-orbit interaction and doublet splitting 


. . . . ° . . . . . “i Dees 
Spin-orbit interaction is in itself a relativistic effect,.the full treat- 


ment of which will be deferred until Section F. We shall, content 
RS 


~ 
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ourselves here with a semi-classical derivation, which is correct except 
for terms of order v/c?. In the first place, we know from Vol. I, §87, 
that a magnetic dipole of moment ji, moving with velocity v, possesses 
an electric dipole moment 


For the ordinary permanent electrostatic dipole moment the potential 
energy in a field E would be equal to —#.E, that is, equal to the work 
required to turn the dipole away from the direction of the field. In the 
present case, however, the dipole is associated with an angular momen- 
tum which produces a precessional motion that we must consider 
somewhat more closely. The equation for this motion is 


ds Vv 
— =~fxH+|-xfi|xE 
dt i‘ (Sa) 
This equation is not obtained by adding the terms —GZH—Z7E = 


—fi(H+E x v/c) to the Hamiltonian function; according to §32, this 
would lead to the equation 


dt 


which differs from the previous equation by the presence of a third 
term that is certainly not negligibly small. The first equation is obtained 
in an approximate manner, however, by adding the terms —fH—47E 
to the Hamiltonian function. These additional terms lead in the first 
place to the equation for spin 


oe (H+1Ex!) 
dt Cc 


which differs from the initial equation by the expression 


(22) xn—gx(Bx2) = 5 f'x Gree) +Bx( 7x2) 


In our present approximation, we may take the equation of motion of 
the electron to be mv = eE; the above expression may then be written 
in the form 


Pex axnereGxy) = 2 mE oS ux <Gixw)—32x(s «") 


B= ix (H+Ex?) = pnts (Deh )xE+ Gx) x2 
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In the present approximation this expression may be neglected, because 
the mean value of the time derivative over one cycle vanishes, and be- 
cause the frequency of the spin precession is small compared with the 
orbital frequency of the electron. 

The Hamiltonian function associated with the spin equation is 
therefore approximately 


py? v 
=-—4+V()-fj H-4h (ex!) 
2m C 


In particular, when H = 0 and the electric field is centrally symmetrical 


7 ldV(r)r — 1 aV(r) L 
Oe = aa = aaa i= 
c e dr r-ceme ar r 
p? 1 1dV 
= -— 34.1 
and = +V (1) +55 72 > gp (ES) Ga) 


In order to facilitate the integration of the Schrédinger equation 
we first look for all operators that commute with #. As we may see 
immediately, these are Ls, L?, s”, and hence J? = (L+s)? = L? +s?+2Ls. 

We'thus have an operator J, the total angular momentum, the 
magnitude of which is constant with respect to time (i.e. commutable 
with #). Furthermore, it may be verified that the individual com- 
ponents of J also commute with #. 

Using a similar procedure to that employed in the case of the 
central field alone, the spin and angle components can be separated; 
the radial part, for which Ls is a pure number, may then be treated by 
itself. We shall therefore look for functions that are eigenfunctions of 
J? Jee ars 

To illustrate the procedure, we shall consider two operators L, and 
L,, together with the total angular momentum J=L,+L,. We shall 
investigate the eigenfunctions of J? and J,, knowing the common 
eigenfunctions of L{ and L,,, and of L3 and L,, respectively: 

Li rer = hl, (I, alle Geese L,, Mim = hm, Mice where |m, | s l 
L3 Yiom = F712 (la+1) Yim, Laz Yiam, = him Yim» Where |m,| Sl, 
We now form the (2/, + 1)(2/, +1) products Y,.4, Yism,» Corresponding 
to given /, and /,; these are obviously also eigenfunctions of the 
operator J,: a a a 
J, Yigmy Yigm, = 4M; Yim, Yim,» Where m,; = m, aS 

% 
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In general, these products are not eigenfunctions of J?. However, 
since the application of a component of L, or L, to one of the products 
yields a function that still lies within the (2/, + 1)(2/, + 1)-dimensional 
Hilbert space that they span, the application of J* must also lead to a 
function in this space, and since J? and J, commute, this function will 
be associated with the same value of m, as that corresponding to the 
original product function. 

Since there is only one function Y,,,, Y;,,, corresponding to the 
maximum value of m; (m; =/,+/,), it must be an eigenfunction of the 
operator J? corresponding to the eigenvalue h7j(j+1), where j = 1, +1. 
Conversely, according to the general properties of angular-momentum 
operators there must be a total of 27+1 eigenfunctions corresponding 
to the values j, j-1,..., —j of mj; these are derived by repeated 
application of the operator J. =L,_+L,_ to the function Y,,;, Y,,1,- 
We shall now consider the two eigenfunctions of the operator J, 
belonging to the eigenvalue m,=j—1: these are Y,,;,-1Yi,1, and 
Y1,1, Y1,1,-1- A linear combination of these two functions, J_ Y},;, Yi,1,5 
belongs to the value j/ =j; a second linear combination, orthogonal to 
the first one, must then belong to j=j—1, mj;=j=j—1. Similarly, 
linear combinations corresponding to j =j and j/ =j—1 may be formed 
from the three functions for which m;=j—2; the third combination, 
orthogonal to the others, must then correspond to j=j—2. In this 
manner it is possible to separate the required functions. 

We thus obtain the values /, +], /,+1,-1,..., h-hh, if |, 2h. 
The number of these functions, 


I, +12 
Gt) =GthtlP-- by 
Jia h2 


is equal to the number of the initial functions (2/,+1)(2/,+1). The 
determination of the eigenvalues of J* and their degree of degeneracy 
can be accomplished without any knowledge of the corresponding 
eigenfunctions; the explicit formulation of the latter is only necessary 
for the calculation of intensities (cf. Exercise 2, p. 238). 

In the present case we are concerned with the quantum numbers 
1, =] and 1, =s =}, associated respectively with the orbital and spin 
angular momenta. For the total angular momentum we therefore 
obtain the two quantum numbers j=/+4 and j=/—4 when /#0, 
and a single quantum number j=s =4 for /=0. 
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The wave function w can therefore be defined by four quantum 
numbers n, /, j, m;, designated as follows: 


principal quantum number, 
: orbital angular momentum, 


~ a 


total angular momentum, 
m,: z-component of the total angular momentum. 
Then 


(Ls)p = 4S? —L? -s*) = th? [ii +1)-M+1)-s(s+))] 
The equation for y(r) =rR(r) is therefore 
h? d* h7l(1+1) 
(-saae 2mr? es 
HS: bale 1)-1+1 1 = Ey no 


Spin-orbit interaction therefore vanishes in the case of s-terms, for 
which / =0,* and when / #0 it produces a small perturbation of V(r). 
In the latter case the doublet energy levels can be represented as the 
sum of the unperturbed energy and the expectation value of the 
perturbation energy :f 


ae h? 14V I for j =1+4 
mt (2mc)? r dr) —(1+1) for j = 1-4 


If the difference between V(r) and the Coulomb potential —e?/r is 
neglected in the spin-orbit correction term, then, using (29.14), we 
obtain 


(34.3) 


pai, ee etl ee (34.3a) 
= ad ae i 1 ‘ 
2a) n° (21+ 1)n -; for ee 


In the above expression « = e”/hc = 1/137 is the dimensionless Sommer- 
feld fine-structure constant. The energy difference due to spin-orbit 


* Dirac’s relativistic theory of the electron provides a correction term (see §60, the term with 
div E) that ensures that, in the case of the hydrogen atom, the formula (34.3a) is also valid for | = 0 
when j = /+H. RATES 


+ The functions designated by n, J, jf, my, are the correct initial fing ona the perturbation 


calculation. 
A 
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interaction is therefore of the order of a? ~ 10~* times smaller than 
E,1. Theory predicts that the doublet energy separation should be 
proportional to 1/n°, and this is in good agreement with experiment 
for alkali atoms; the dependence on / is not very well confirmed, 
because the theoretical value is much affected by the deviation of V(r) 
from the Coulomb potential —e?/r. 

In addition to the splitting of the energy levels as a result of spin- 
orbit interaction there is a further correction term of order of magni- 
tude «?, the relativistic variation of mass. If the relativistic formula for 


the energy 5 
Exin = met [(1+ L =m 


m?c? 


is expanded as far as the fourth power of p, we obtain 


Es oP u uae 4 
Kin "2m 2mc?\2m 
The second term again represents a small perturbation. The energy 


perturbation is obtained by forming the expectation value from the 
unperturbed eigenfunctions: 


1 7p [ee 
~ Ime? (F) ey [Ea -VOP 


In the case of the alkali atoms the term separations due to / are already 
large, and their values are imperceptibly altered by this effect. In the 
case of the hydrogen atom, on the other hand, the perturbation pro- 
duces a separation of the originally degenerate terms corresponding to 
the same value of n. In order to determine the magnitude of this 
separation we introduce the appropriate values for hydrogen for E,, 
and V in the above equation: 


1) ie Bali Bey 
AE —sia E+ 2 ye aos 7 
Then, using (29.12, 29.13) and the relation e*/ay =mc?a?: 


2 3 \ a? 
| 34.4 
Ne 1 (5 i) n Cr 


We now combine (34.3) and (34.4) and replace / by 7. Then strangely 
enough the terms with j =/+4 and j =/—4 coincide; i.e. in the case of 
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hydrogen, terms corresponding to the same values of nm and j are 
degenerate. The total energy, including the rest mass energy, is 


F Coan 3 
E,,; = mc 1-5-F(5-9)+-+ (34.5) 
According to our method of derivation, the above approximation 
formula should only be valid for the case 140. However, if we com- 
pare it with the strictly correct Sommerfeld fine-structure formula,* 
which can be derived from Dirac’s relativistic theory of the electron 
(Chapter FII), and which has been experimentally confirmed as far as 
terms of order mc?a°*, we find that (34.5) can also be employed in the 
case of s-terms. The Sommerfeld formula is as follows: 
2 


mepeey) ee re 
a ens ta a Sof) 


If this formula is expanded in terms of «? and the series is terminated 
after the term in a*, we obtain precisely the formula (34.5). The first 
term is obviously the rest-mass energy of the electron, the second term 
gives the Rydberg formula, and the third is derived from spin-orbit 
interaction and the relativistic variability of mass. 


The third term in the approximation formula only amounts to a correction, in 
the case of the hydrogen terms. It is significantly greater, however, for the X-ray 
terms of the heavy elements. These result from the displacement of a valence 
electron that jumps into a previously produced gap in the lowest electron shell. The 
electrons in the inner shells move approximately in the Coulomb potential due to 
the nucleus of charge Z. The energy levels are then given by (34.5), in which e2 is 
replaced by Ze2, or «2 by Z2a2. The spin-orbit perturbation is therefore magnified 
relative to the Rydberg terms by a factor Z2; for Z ~ 30 the factor is therefore as 
much as 103, 


Exercises 


1. Detailed description of the Stern-Gerlach experiment for a neutral particle of spin} 


For the description of the experiment we assume that the wave function at time 
t=0 can be separated into position and spin components: Vo = ¢o(r)zo. 
Let the function of the coordinates ¢9(r) be a broad wave packet, the motion of 
which can be calculated by classical mechanics. Let yo be an arbitrary spin 
function, e.g. an eigenfunction corresponding to oz or cy. Both functions are 
assumed to be normalized. 


* Deviations from the Sommerfeld formula (e.g. the Lamb shift) occur as a result, of.interaction 
of the electron with the zero-point oscillations of the electromagnetic radiation field; "this Interaction 
is not taken into account in the treatment of the hydrogen atom according 16“Dkac’s theory. See 
Lamb, W. E., and Retherford, R. C., Phys. Rev. 72 (1947), 241. omni. ~ 
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(a) Let the magnetic field be parallel to the z-axis, and let its inhomogeneity 
be represented by dH/dz, as in figure 32. The velocity of the wave packet is assumed 
to be parallel to the x-axis; the packet therefore travels along the ray paths shown 
in section in figure 32. How does the separation into two beams arise as a result 
of the equation of motion #Y = if? What are the probabilities of finding the 
particle in each beam? 


(6) How are conditions altered if the apparatus is rotated through an angle 0 
about the beam direction? Consider the special cases 9 = 0 (case (a)) and 9 = in, 
corresponding to a field direction parallel to the y-axis. 


Hint: If H lies in the direction 6, then Ha = Hoe, where oe is the component 
of ¢ in the direction 6. ‘¥ may therefore be resolved in terms of the eigenfunctions 
Ks® of ae: 

a Xds-(r, t) Ks with Goks° =i Ks, = +1 


(cf. Exercise 3, p. 152). The equation of motion #Y = i#¥ is thus separated into 
two equations corresponding to s’ = +1. We finally obtain two separate wave 
packets, each associated with a given spin setting. 


2. Multiple Stern-Gerlach experiment 


If a beam is first passed through a magnetic field parallel to z, it is split into two 
component beams. If these are now analysed by means of a further Stern-Gerlach 
arrangement in which the field is inclined at an angle 0, each component beam is 
again split into two. Calculate the relative beam intensities, using the results of 
the previous exercise. Discuss the conditions in the case of a triple arrangement, 
in which the field is first parallel to z, then to x, and finally to z again. How does 
this affect the measurement of two non-commuting operators oz and oz? 


3. Spin precession in a magnetic field 


Give the general solution of (32.2) in operator form for a constant magnetic 
field, and deduce the rate of change of the state function by comparison with (23.2). 


4. Fine structure of the hydrogen spectrum 

Taking account of the relativistic corrections, give a qualitative diagram of the 
hydrogen spectrum as far as n = 3, and an accurate diagram of the fine structure 
of the He line (@# = 3 > 7 = 2). 


CHAPTER CII 
The atom in the electromagnetic field 


§35. The classical treatment of the motion of atomic electrons in a 
constant magnetic field 


The effect of a superimposed magnetic field on the motion of the 
electrons in an atom constitutes the basis of an understanding of the 
Zeeman effect and diamagnetism. Both these phenomena are governed 
by a theorem due to Larmor. 


Fig. 34.—Forces acting on an elastically bound electron moving in an orbit 
normal to the magnetic field 


We shall first consider the special case of an electron describing an 
orbit, which is elastically bound to an equilibrium position (figure 34). 
Let —/r be the elastic force of attraction directed towards the centre 
of the orbit. Then the angular frequency @, follows from the condition 
that the attractive and centrifugal forces should be equal: 


—fr+mair =0, therefore wy = i (35.1) 


If there is a magnetic field of strength H normal to the orbital plane, 
there arises an additional force (e/c)yxH. In the present case the 
vector vx H also lies in the direction of r, and is equal to,wfr if w is 


taken to be positive for an electron motion about the-figld direction in 
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the sense of a right-handed screw. When the magnetic field is present 
we therefore obtain the following equation for the angular frequency w: 


— f+ oH+mo? =) (35.2) 


or in terms of the Larmor frequency w, = ~—eH/2me, 
—w2,-—20,0+0? =0 


Now let the magnetic field be so weak that w, is vanishingly small 
compared to @ . (In atomic problems this condition is satisfied except 
for the strongest fields that can be achieved in practice.) Then the two 
solutions of the quadratic equation in w are 


@, = —M+@, @, = @+Q, Cs3) 


The electron rotating in a clockwise direction therefore experiences an 
increase w, in its orbital frequency, while the electron rotating in the 
opposite direction is retarded by the same amount. Therefore, if (35.1) 
represents a possible motion in the absence of the field, then (35.3) 
represents a possible motion when the field is present. We have not 
yet stated, however, whether in fact equation (35.1) is transformed into 
(35.3) when the field H is applied. 

In order to answer this question we must take account of the 
following facts. We know that the force exerted by a magnetic field on 
an electron is always normal to the orbit. The field H can perform no 
work on the electron, and the kinetic energy of the latter therefore 
cannot change. In fact, however, the kinetic energy of the motion 
corresponding to w., for instance, is greater than that of the initial 
motion, by an amount 


dr? {(a9 + @ ,)?— 2} & mr?ao wz, 
How does this increase in kinetic energy arise? In answer, we must 
take into consideration the fact that when the magnetic field is applied 


an electric field must be created according to the equation of the law of 
induction 


ie 
curlE = —-H 
c 


This electric field is capable of performing work. If the work performed 
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by this field during one cycle is obtained by integrating over the period 
t & 2n/Wo, then, from Stokes’s theorem, 


OF ds = ed = e | corte, Cs — asf 
The work done per second is therefore 


= —r’wo 


2c 


and the total work performed as the field increases from 0 to H is 


were mr?@y = Mr?@o @ 
2mc ‘Oa OWL 
This is just the energy increase that we found above. 

In the above derivation it is assumed that the orbital radius is almost 
constant over the period of one cycle. This condition is satisfied only 
if the rate of growth of the magnetic field is sufficiently slow to enable 
many cycles to occur during the interval; in this case the motion 
previously expressed by (35.1) is now represented by (35.3). Conversely, 
if the growth interval were short compared to the orbital period, 
completely different results would be obtained. 

The two particular cases of a clockwise and an anticlockwise orbit 
are represented by (35.3), and may be summarized as follows. The 
influence of a slowly applied magnetic field on the motion of an electron 
is such that the latter possesses the same motion with respect to a co- 
ordinate system rotating with angular velocity w, as it had with respect 
to a system at rest before the field was applied. This is Larmor’s 
theorem. 

We must now verify that we have dealt with the general case of the 
elastically bound electron as a result of our previous consideration of 
the two orbits. For this purpose we shall consider the equation of 
motion of an elastically bound electron that is also subjected to a 
magnetic field of magnitude H, directed along the z-axis. Then the 
equation of motion contains not only the elastic force, but the Lorentz 
force as well: 


oo D) — o “AY ip a 
m(é+qagr) = “VxH ha (3574) 
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or in terms of the coordinates, 
re eH . a el. rn 
¥+w2x=—y Jtopy = -—x Z+@2z=0 
mc mc 


If the second equation is multiplied by i and added to the first, and the 
complex number € = x+iy is introduced, 


eH , . 
Bee i =e —Diat (35.4a) 
mc 


When |o,| <p, the general solution of this equation is 
(a = e@L'(A ef0t4 Be ~ ior) (35.5) 


where A and B are two arbitrary complex numbers. 

We may immediately perceive the accuracy of the previous theorem: 
an oscillation in the direction of the magnetic field (the z-axis) is com- 
pletely unaffected, whereas the motion in the plane normal to the field 
differs by a factor e'°z' from the motion that takes place when H =0 
(and therefore w, =0). This factor represents a rotation of the co- 
ordinate system through an angle w,t. Therefore, when the field is 
applied, a constant rotation of angular frequency w,, about the field 
direction is superimposed upon the original motion. 


From the above considerations, we should expect that, if the light emitted by 
an electron were spectrally analysed, it would be found that the magnetic field 
caused an originally single line of angular frequency «a 9 to be split into three lines 
of frequencies 


@o— OL Mo @o +a (35.6) 
; : eH 
This separation, Ag =o, — —-—— (35.7) 
2mc 


was first observed by Zeeman (somewhat qualitatively in the first place, and without 
a complete separation of the individual components); H. A. Lorentz immediately 
interpreted the phenomenon in the manner described above. The magnitude of the 
separation agrees with the result of the analysis given in §30. 

Our analysis of the motion in the magnetic field enables us to predict the polariza- 
tion of the three Zeeman components. The undisplaced vibration corresponds to 
a polarization of the electric vector parallel to the direction of the field, while each 
displaced component corresponds to a circularly polarized wave rotating respectively 
clockwise and anti-clockwise in a plane normal to the magnetic field. Therefore, if 
the light emitted by a radiating atom is observed along the direction of the lines of 
force, two lines are found, separated by an interval |eH/mc|, which are circularly 
polarized in a right- and left-hand sense: this is the longitudinal Zeeman effect. 
The undisplaced component is absent, because an oscillating dipole emits no light 
along the direction of its vibrations. In the transverse Zeeman effect, the light is 
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observed from a direction at right angles to the field, and there is found to be an 
undisplaced line polarized parallel to the field, on either side of which at an interval 
eH/2mc is a line polarized at right angles to the field (cf. §30). It should be mentioned 
that this line-splitting, known as the normal Zeeman effect, occurs only exceptionally 
in the form described. Most lines exhibit a more complicated separation pattern 
(the anomalous Zeeman effect), the interpretation of which is only possible with 
the help of quantum theory, including electron spin. 


The Larmor theorem may also be demonstrated for the case of 
several electrons. If the forces on the electrons are due to a potential,* 
and if the latter is cylindrically symmetrical about the field direction, 
the possible motions in the magnetic field are obtained by superimpos- 
ing a rotation upon the motion in the absence of the field, involving a 
rotation about H at an angular velocity w,. The forces due to the 
potential are not affected by the additional motion of rotation, while 
the additional Coriolis forces 2@ xv are compensated by the forces 
due to the magnetic field,f (e/c)vx H, when G =@, = —(e/2mc) H. 


In general, it is not possible to determine whether any given orbit is converted 
on application of the field into the corresponding orbit possessing the additional 
rotation; this only occurs with certainty when the field is applied slowly. 


Since all electrons possess charges of the same sign, the rotational 
motion that sets in when the field is applied slowly must have an effect 
on the surroundings that is comparable to that of a current circulating 
about the atomic centre. Such a current produces a magnetic field 
that may be represented as due to a magnetic dipole situated in the 
atom. Therefore, if the atom possesses no magnetic moment in the 
absence of the field, it will exhibit such a moment when the latter is 
applied, as a result of the Larmor precession; the direction of this 
moment will be opposed to that of the field. The property of dia- 
magnetism, which we shall now consider in further detail, is due to 
this moment which is induced by the magnetic field. 

We start from the formula derived in Vol. I, §47 for the magnetic 
moment of an atom in the interior of which the current density j is 
continuously distributed: 


1 
p7 = al x jr’) dr’ (35.8) 


* The potential includes that due to the nucleus and the electrostatic interagtion mcereren the 
electrons. 


t It is again assumed that wz is small enough to enable the centrifugal forme | ie enor pre- 
cession to be neglected in comparison with the Lorentz force. 
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If instead of the continuous current density j we introduce quasi 
point charges e; situated at the points r, and possessing velocities v,, 
the integral (35.8) is reduced to a sum of integrals taken over the 
individual point charges. The first electron makes a contribution 
€,%; X V,/2c; the total result is therefore 


ee? = ») €:0; XV; (35.9) 
t 
where the bar denotes a time average over the electron cycles. 

We shall now investigate the manner in which this moment varies 
when a magnetic field is applied, as a result of the Larmor rotation. 
The vector (@, xr;) due to this rotation must be added to the velocities 
u; of the electrons in the rotating coordinate system; the velocities of 
the electrons in the stationary system are therefore 


Vv; =u;+@, Xr; (35.9a) 
If we insert these values in equation (35.9) we obtain 
mig See Ze a 
E> ee et; X (u;+@, xr) =P +7, Lei x (G, x1) 
where p® denotes the magnetic moment of the atom in the absence of 


the field. If we take the direction of the field to be parallel to the z-axis, 
the component of p””’ in this direction is 


] 2 
Pr’ = prt x Dei (x? + yP)OL 


If we insert the value of the Larmor precession w, = —eH/2mc, then 
(if all e; =e) 
i 
mag _ Ome ae 2 2 
Pz Pz Sing? 2 +y;) 


For a spherically symmetrical electron distribution the time averages 
are 


) 5 
prt = po = 7 (35.10) 
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In contrast, the components at right angles to the field are not altered: 
the x-component, for instance, is 


wid eo, .—— 
Px P= Peta, Lm =), 


The above formulae for the dipole moment in the presence of a magnetic 
field are also correct on the average for atoms that are not spherically 
symmetrical, provided that the individual atoms are randomly orien- 
tated. 

If the atoms do not possess a permanent magnetic moment p®, a 
material containing N atoms per cubic centimetre will acquire a moment 


Nee 
(-e557)a 
when the field is applied. The factor occurring with H is termed the 
diamagnetic susceptibility per unit volume. As the formula indicates, 
its value is directly proportional to the mean square distance of the 
electrons from the centre of the atom. If we denote the number of 


electrons in the atom by Z and the mean square of their distance from 
the centre by a’, then = F 


and the diamagnetic susceptibility is 
y = —Ne?Za?/6mc? 


See §38 for experimental values of y. 


We must refer once more to our remarks in §8, when we pointed out that, 
strictly speaking, formula (35.10) is completely valueless in classical theory, since 
the thermal average of p™9 vanishes. Obviously, therefore, the term p® must 
compensate the diamagnetism exactly; this may be verified by calculating the 
thermal average 


po = = [rx u exp(—2#/kT) dpae | | exp (— #°/kT) dpdr 
where, according to (7.5) and (35.9a), 
2 
x =(p—£A) [2m+ vo) p= mvt" A = mu A=H X r/2 


In order that p? should contain terms of the first degree in H, the exponential 
function is expanded in terms of H and the canonical angular momentum M = 
r X p is introduced (cf. the second footnote on p. 187). Then 


EC ——————— e2 M(HM). 
0 ooo 2 rend 
IY ImrclkT* X p) (pA) 4m2c2 kT 
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The mean values are formed by means of the weighting function exp (2 /kT), 
where #9 is the Hamiltonian function in the absence of the magnetic field. 


Putting p22 = py? = p22 = mkT (from the law of equipartition) and 
PzPy = PyPz = PzPz = 0, we obtain exactly the diamagnetic term, but with 
changed sign. In classical theory, therefore, paramagnetism is necessarily associated 
with diamagnetism, and exactly compensates the latter at the point of thermal 
equilibrium. 

The situation is quite different in quantum theory. In this case the value of 
M(HM) is not determined by the law of equipartition; on the contrary, the z- 
component and the square of M are quantized. At sufficiently low temperatures 
M(HM) is independent of temperature, and p? = CH/T. This is Curie’s law, 
which we shall consider in greater detail in §37. 


In conclusion, we should mention another important phenomenon 
that follows from (35.8) and that is capable of being verified experi- 
mentally. The electric current j must clearly be associated with a 
particle current of magnitude (mm/e)j; the current system therefore 
possesses an angular momentum 


2 
i a0 xj) dr = —" (35.11) 
é 


This mechanical effect may be detected in the course of the demagnet- 
ization of macroscopic specimens, i.e. when p””9 varies with respect to 
time; it was first observed by A. Einstein and J. de Haas. The first 
measurements resulted in a ratio of the angular momentum to the 
magnetic moment of the same order of magnitude as that predicted by 
(35.11). More precise measurements, in particular those due to S. J. 
Barnett, yielded the value mc/e for this ratio; as we have already 
indicated in §31, this points to the fact that ferromagnetism is due to 
electron spin. 


§36. The anomalous Zeeman effect 

In an external magnetic field both the orbital and the spin magnetic 
moments possess potential energy. Hence from (30.2), (32.2), and (34.1) 
we obtain the following expression for the Hamiltonian operator #,: 


1 1dV e e 
= — > - — (L.s)-——(H.L)—-—(H. 36.1 
me ABIES IT dr (Es) ame en) at s) Ce) 
If the field H is taken parallel to the z-axis, 


1 1dV 


eH 
Cee = = (5) = 36.2 
Cee? r dr Ug. 2mc (J.+5,) Cag 
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The operator #, no longer commutes with J 2, because of the term in 
s,; however, it still commutes with L?, s*, and J,. Strictly speaking, 
therefore, we can use the quantum numbers #, /, s, and m, only for the 
characterization of the states. However, the eigenfunctions of #, are 
represented by a superposition of the solutions associated with the same 
value of m, in the absence of the magnetic field. When s=1 /2 they 
may be written in the form* 


Oe = Rn {Yi mj—1/2 2 OE DY 1/2 -B} = Ru Nth, (36.3) 


The coefficients a and b depend on H, and are determined from the 
eigenvalue equation 


il V H 2 a 
JEart( Ra a Ry S45} icy = Bie (36.4) 
Two limiting cases are of importance, and are easy to treat in the 
general case when s is free to assume any value. 
(a) The potential energy in the external field is small compared to the 
spin-orbit interaction 

In this case we may put H =O in (36.2) as an approximation of 
zero order; the energy perturbation is the expectation value of 
(—eH/2mc)(J,+5,), formed from the unperturbed eigenfunctions ‘f fe 


Exntjms = Eng + Be m,H(1+5,/hm,;) = E,j;+ugm;Hg (36.5) 


The factor in brackets is called the Landé splitting factor, g, or the 
Landé g-factor. In order to determine it, we require the expectation 
value of s,, which is obtained as follows. Firstly, we require the follow- 
ing commutation relations, which may easily be verified. 


L(L.s)—(L.s)L = ilis x L, s(L.s)—(L.s)s = —ifisx L 


Since J=L+s, it follows by addition that J commutes with (L.s). 
Hence, if we multiply the second of the above relations vectorially 
from the right by J, the result may be written 


(sx J)(L.s)—(L.s)(sx J) = —ih(sxL)xJ 
—ih{L(s.J)—s(L.J)} (36.6) 


ih{s.J?-J(s.J)} 
a 
* The functions Yim are functions of angle alone; the functions Yim also corm dhe spin. 
a 
he} 
Bc 
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The last relation is due to the fact that L and s commute and that 
L=J-s. 

If we now form the expectation value of (36.6) in the state 4 iy 
the left side vanishes, because (Ls) is Hermitian and the Yi jm, are the 
associated eigenfunctions. Hence 


sJ* = J(s,J), and in particular, s,J? =J,(s,J) (36.7) 


Since ee is also an eigenfunction of the operators J*, J,, and 
(s, J) = 43? +s?—L”) with corresponding eigenvalues h2j(j+1), hm;, 
and 4$h?[ j(j+1)+s(s+1)—/(/+1)], it follows from (36.5) that the 
Landé factor is 

jj+1)+5(s+1)—1+1) 


g=i+ a 36.8 
2j(j4 1) ree 
In particular, when s = 4, 
1 2142 
—— = —— for j=1+}4 
guj UHL 241 (36.9) 
1 21 
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When these values of g are introduced into the expression (36.5) for 
the energy, we obtain the term separation for single electron systems 
applicable to the anomalous Zeeman effect in weak magnetic fields. 
Figures 35 to 37 show the splitting of the sodium D lines both in the 
term scheme and on the frequency diagram of the possible transitions, 
including the polarizations observed transversally. 

Equation (36.7) may be interpreted in terms of classical mechanics 
in a very simple manner. The spin-orbit interaction causes the vectors 
L and s to precess about the vector J =L+s, the time rate of change 
of which is very small when the field is weak (figure 38). Therefore, if 
the vector s is resolved into components parallel and perpendicular to J, 


s= S23+(s-Ss) = Sjp Sy 


JZ 


the mean value of s, over one precessional period is zero. Hence 
Ss, =(s,J)J,/J*, which corresponds exactly to (36.7). 
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(b) The potential energy in the external field is large compared to the 
spin-orbit interaction 

In this case we obtain the approximation of zero order by eliminat- 
ing the term in (L,s) in (36.4); L”, L,,s*, and s, then commute with #,, 
and /, m,, s, m, may therefore be chosen as the quantum numbers. The 


energy is Enimm, = Eni Hp H(m,+2m,) (36.10) 


As in the case of equations (30.6a, 30.65), it may be shown that the 
selection rules AJ/= +1 and Am,=0,+1 apply, together with the 


= 


1! 

oo 

Fig. 35.—Displacement and splitting of the energy terms of the sodium D 

lines in the magnetic field. Each group of transitions refers to a single 

field strength, but for the sake of clarity the individual transitions are 
shown side by side. 


additional rule Am, =0. As a result of this last rule, only the normal 
Lorentz triplet (30.5) is observed. 

This transition from the complicated pattern of the anomalous 
Zeeman effect in weak fields to the simple Lorentz triplet dn strong 
fields has been verified experimentally and is termed the,Paschen-Back 
effect. - 

x 
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In order to analyse the transition quantitatively it is necessary to 
solve the eigenvalue equation (36.4). When m j = +(/+4), and hence 
m, = +4, only one of the functions Y,,, in (36.3) is different from zero. 


Y “a “aii 


@ small 
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ae field 
aa a a magnetic 


field 


Fig. 36.—Zeeman effect: structure of the sodium D-lines in weak and 
strong magnetic fields 


The expression for the energy is obtained. directly from (36.4) by form- 
ing the scalar product with this function: 


E = Ey. +(AE,)j=144t+HpH(I+1) for m,=+(1+4) (36.11) 


Fig. 37.—Zeeman effect: line shift and intensity as a function of field 
strength. The broken lines refer to the z-components. The thickness of 
the lines indicates the intensity 


In the above expression (AE,,);=14; denotes the energy separation 
when H =0, due to spin-orbit interaction, as calculated in §34, and 
including the additional effects mentioned there. When m; = +(/+4), 
therefore, the displacement of the energy terms is proportional to H; 
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this result agrees with (36.5) and (36.10), and is valid in particular for 
all s-terms, for which / =0, m; =m, = +4 (cf. fig. 35). 

When |m,|</+4, both the functions Y,,, in (36.3) are different 
from zero, corresponding to the combined effect of the two states 


Fig. 38.—Vector model of the angular momenta 


j=1+4 and j=/—4 possessing the same value of m;. In this case 
forming the scalar product with $, = Y,,-4.% and $2 = Yimj+4- B 
yields a secular equation of the form 


(#,,—E) H 12 = 
Hr, (H22—E) 
the solutions of which are 
Ex2=HF a +H 50) + [HH 11—H 92)? +|H 42 [7]? 
In order to calculate the matrix elements +7 ix = (o;, # h,) we make use 
of (23.12), (23.13), and (24.8), and put o, =4(0,+ic,). Then 
2(L,s) = h?(A,o,+A,o,+A,0,) = h’(A,o_+A_o4+A,¢,) 

from which it follows as a result of (24.6) and (24.7) that 

Hy, = E,, + K,,(m;—4)+ 4 H(m; +4) 

H a7 = E,,—K,(m;+4)+ 4, H(m;—4) 

KH 32 = Hy, = has) i; 


h? o 1dVv 
h Ky, =s- |) Ra - 2 
where "= Gop |, nap R,r’ dr>0 


0 


w. 
‘ 


We finally obtain the following expression for the energy for the case 
in which |m,| #/+34: 
Ey. = En— 4K £V[Ki (+9? + Ky ty H+ Gop Hey 


w~ 


+ Uy Hm, (36.12) 
* 
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It may be verified that the energy expression (36.11) tends to (34.3) 
as H becomes vanishingly small; when H is small, it is converted into 
(36.5), where g is represented by (36.9); when AH is very large the 
expression tends to (36.10) (cf. figs. 35, 36, 37). For strong fields, the 
doublet structure is preserved in the case of the o-components, but 
vanishes in the case of the z-component (figure 36 and 37). 


§37. Quantum theory of paramagnetism and diamagnetism 


When a material is magnetizable, a magnetic moment is produced 
in it under the influence of a magnetic field. In the case of diamagnetism 
this moment is opposed to the field, while for paramagnetic materials 
it lies parallel to the field direction. 

When calculating the magnetizability it is necessary to distinguish 
whether or not the individual molecules or atoms already possess a 
magnetic moment. In the latter case the magnetization arises as a 
result of the moment induced by the field in the atoms, as we have 
already seen in the classical treatment of §35. This induced moment 
always produces a diamagnetic effect; the latter is unaffected by the 
existence of any permanent moment, and is therefore a basic pheno- 
menon occurring in all materials. However, when the individual 
molecules possess a permanent magnetic moment the resultant para- 
magnetism is generally much stronger, and the coexisting diamagnetism 
may therefore be neglected. 

We give below a treatment of paramagnetism and diamagnetism of 
single-electron systems, or more precisely, of atoms with one valence 
electron which is almost entirely responsible for the magnetism. Such 
atoms possess a permanent magnetic moment as a result of the electron 
spin. There are also elements, such as boron in the ground state *P, /, 
that possess a non-vanishing orbital moment. We shall, however, per- 
form the analysis in a sufficiently general manner to enable the results 
to be easily extended to atoms with more than one electron, in which 
the permanent moment may vanish.* 

The Hamiltonian operator for the atom in a constant external field is 


e* 


2mc? 


H = #.-—(A,p)+ A?—— (6,H) where A=4Hxr (37.1) 


* This may occur in the case of the so-called Russell-Saunders or L-S coupling, in which the spin- 
orbit interaction is so small that the orbital and spin angular momenta are each more strongly coupled 
among themselves than is the total spin with the total orbital moment. The resultant orbital, spin, 
and total angular momenta are represented by L, S, J in place of J, s, j. 
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In the above expression, % includes the kinetic, potential and spin- 
orbit energy terms that are independent of H. The magnetic moment 
consists of 


the spincomponent ji, = —poF and 
the orbital component ii, =(e/2c)(rxtr) (cf. 35.9). 


The averages represent the quantum-mechanical expectation values, 
and where applicable, mean values taken over the temperature distri- 
bution. 

It may easily be verified that, since 


i e 
i = —-(#r—r#’) =| p—-A 
i 5 er rx) (» Fe ) / m 
the expectation value of the moment for the state ¢; and energy £; is 
given by =e 
0# OE; 


ji = ith, = 
with corresponding expressions for fi, and ji,; in the following analysis, 
however, we shall put H,=H,=0. Then by averaging over the 
temperature distribution we obtain 


OE; 
2 3H exp — BE; 


= 1 
LL, = "Sexp — BE, where B = —— (37.3) 
i 


kT 


We shall restrict ourselves in the first instance to those cases in which 
the average thermal energy kT is large compared with the Zeeman 
energy separation. However, the temperature is assumed to be suf- 
ficiently low to enable practically all but the lowest multiplet state and 
its Zeeman separation to be neglected in cases where the ground state 
of the atom possesses an orbital moment and a consequent term separa- 
tion as a result of spin-orbit interaction (figure 39). 

The summation in (37.3) then merely extends over the 2j+1 states 
of this separation. In addition, since we have assumed weak fields and 
comparatively high temperatures, we may restrict ourselves to terms 
of the first degree in B: 


me 1 OE, 5) MAREN 
= ae | » (-fEpm (37.4) 
fers mj=—j 
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In the above expression, the quantities E,, , represent the portions of the 
multiplet energies E,,,,,, that are dependent on H. 

We are interested only in terms of the first degree in H; in the 
expression for E,,,, therefore, we merely require terms as far as the 
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Fig. 39.—Ground-state thermal energy and Zeeman splitting, for sodium 


and boron 


second degree in this quantity. These result firstly from the term 
separation calculated in §36: for the two cases j=/+4 and j=/—4 
we have the following result, which follows from (36.11) and from 
(36.12) after expansion as far as terms of the second degree in H, 


2 Hy? 4m? 
(1) ppm fg 
Em, = Ha Hom, t Fe oi4 i) (1 (21+ i) 


where the Landé factor g is given by (36.9).* Secondly, from the term 
in A? in #, which we have hitherto neglected, 


—my e* 


e? 
E® = ee = 
ay me? 8mc? 


Since }'m,=0, ).m* =1j(j+1(2j+1), after performing the sum- 
mation in (37.4) we obtain the folowing expression for the mean 


Corie 


* When j = 7+}, the term in H? obviously vanishes for |m;| = 7+ 4, in agreement with (36.11): 
the above formula is therefore also valid for s-terms. For / > 0, the doublet term with j = /—3 
is the Iowest, since Kn: > 0, and is the only one that requires to be considered. 


224 CII. The atom in the electromagnetic field 
magnetic moment in the direction of the field, for the cases j=/+4: 


ZemagitT a3 3K, (21+1)  6me 


5r?H (37.5) 


where = —Upgj 


It should be noted that, when averaged over all values of m,, 


Paras 
where r? denotes the average taken over the radial component of the 
wave function. When there are Z electrons present, the corresponding 


term in (37.5) is Fe Sage ee 
6mc? py 


The first term contains the theoretical basis of Curie’s law, according 

to which the paramagnetic susceptibility per mole is 
S a Ni, C 
i TE 


where N is Avogadro’s number, and 


cut Utd, 
ko 3) 
is the Curie constant. 

The second term is strictly absent in the case of the s-terms (for 
which g =2). In systems comprising a single electron j is never zero: 
in these cases the last two terms may be neglected in comparison with 
the first (for instance, the ratio of the first term to the second is of the 
same order of magnitude as that of the interaction term K,, to kT). 
The first term may vanish in the case of systems with more than one 
electron, and the first and second terms vanish in particular for closed 
shells—a fact that we state without proof. In this last case the third 
term represents the normal diamagnetism (cf. §35). The reader is 
referred to §38 for experimental values of diamagnetic susceptibilities. 

We shall now briefly investigate the situation in which BH and kT 
are of comparable magnitude. There are two limiting.gases Which we 
shall consider; in doing so we shall neglect the diamagnetic effect. 

e 


‘“ 
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In the limiting case of classical mechanics, in which J may assume 
any orientation, the energy of a dipole of moment pu, making an angle 


3 a 
Fig. 40.—The Langevin functions L;(«) and Lo(«) 


8 with the field direction, is E = —pHcos@. Hence from Boltzmann’s 
distribution law the mean moment is 


| pcos 0 eFH# 88 sin 8d ' 
7 u(cotha—*) Te) 
| ef tH cos ® sin 8 dO ° 
0 
pH 
he =— 
where ae 


Secondly, we consider the case j =4, for which 
a im ehhh _ Gmee 


Hs = — galt, gfe = ptanho = wLy,2 (a) 


All the curves L,;(«) =u,(j)/uU), where j is arbitrary and p(j) = 
—j1zgj, lie between the two limiting curves L,,(«) and L;/2(«) (figure 
40). The curves L,(«) are called the Langevin functions. 

In experimental work on paramagnetic materials it is usual to 
operate in the initial linear region of the Langevin curves (figure 40). 
In the measurements of susceptibility undertaken by Kammerlingh 
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Onnes and his collaborators on gadolinium sulphate, it was possible to 
cover a large part of the Langevin curve only by reducing the tempera- 
ture to that of liquid helium and increasing the field strength to 22,000 
gauss. 


§38. The induced electrical dipole moment 


An atom in which the centroids of the positive and negative charges 
coincide produces no external electrical effect. If an external electric 
field is applied, however, the centroids of the charges are drawn apart 
and a dipole moment is produced. This moment lies in the direction 
of the applied field, which we shall denote by F in order to avoid 
confusion with the energy. The factor of proportionality between the 
dipole moment and the field is called the polarizability a. 

In §4 we saw that, in the case of the Thomson model, the polariz- 
ability is proportional to the atomic volume; the only effect of quantum 
mechanics is to alter the numerical factor (§28). This result is also 
approximately valid in the case of more complicated atoms and 
moleculés. In the present context we shall confine ourselves to mention- 
ing that the atomic volume enters into several very different effects, 
such as the volume correction term in the van der Waals equation, and 
the free path (and therefore the viscosity) in gases. A satisfactory agree- 
ment is found to exist between the values of the atomic volumes as 
determined from polarizability, the gas equation, and viscosity; this is 
particularly true in all cases in which a dipole moment exists only in 
the presence of a field. 

In the special classical case of the Thomson model of §4, in which 
the electron is elastically bound and possesses an angular frequency @9, 
the dipole moment p” induced in an atom by a field F =(F,0,0) is 


PA 
é ’ 
pe=ex=——GF =F, a=ag Ce 


It will be shown in the next paragraph that, for the general case of an 
atom posessing one valence electron, quantum mechanics leads to the 
very similar formula 


e2 f; s, ie oe 
ex=—) “DF where hay = E,—Eo (38.2) 
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In the above expression the angular frequency w, of the classical oscil- 
lator is replaced by a summation over all the Bohr transition frequencies 
from the ground state to the highest excited states. The so-called 
“oscillator strengths” fj) indicate how much each frequency wo 
contributes to the total dipole moment; it will be shown in the next 
paragraph that these strengths have the values 


2M jo 


fio = h 


|x;ol?, and in particular, foo =0 (38.3) 


The oscillator strengths also occur in the theory of dispersion, absorp- 
tion, and emission, and are accordingly considered in detail in §§41 
and 50. In §41 we give the proof of the summation theorem: 


YSjo = 1 (38.4) 


The polarizability may easily be evaluated with the help of this theorem. 
In (38.2) we put 
is a 


ye oh phe fo = 


i700, ww? w? 


where w? is an appropriate mean value of the w? . In the case of the 
hydrogen atom the f-values decrease comparatively slowly as j in- 
creases, so that an appreciable fraction (about 40 per cent) of the sum 
in (38.4) lies in the continuous part of the spectrum. 

We therefore tentatively replace \/(w”) by the Rydberg frequency 
Wp =e?/2hay, and obtain 

ex=4a3F, i. «= 4a (38.5) 

A somewhat better estimate was given in §28 with the help of the 
method of variations. This method also provided comparatively 
simple expressions for systems containing more than one electron (cf. 
Exercise 5, p. 176 and Exercise 6, p. 238). In order to compare the 
theory with experimental results we shall neglect the correlation terms, 
i.e. the mean values x,x, for i#k, that occur in the above-mentioned 
formulae, since they may be expected to be small compared to x;?. 
(If the wave function were separable into a product of functions of a 
single particle they would even vanish.) Hence for spherically sym- 


metrical. atoms A 1 2 
= oS y r2 38.6 
: 9 wank i ') 
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Since the wave functions of complex atoms are generally unknown, the 
r,? cannot be calculated. However, we recall that the same quantity 
occurs in the expression for the diamagnetic susceptibility (§37): 


y= —e? )r?/6me? 


We thus have a relationship between y and a in which only experi- 
mentally verifiable quantities occur: 


2 
e 
= ——,,/(Naa 38.7 
L= ~ 73 V(Naao) (38.7) 
ELECTRIC AND MAGNETIC POLARIZABILITY OF THE INERT GASES 


«(10-24cem3) | —y(10-29cm3) —x 


N 
observed* observed** calculated 
He 2 0:216 0-316 0:33 
Ne 10 0:398 1:2 1:0 
Ar 18 1-63 3-22 2:8 


Xe 54 4-01 TAS 75 


Kr 36 2:48 | 4-65 | 48 


* Landolt-Bérnstein I. 1 401 (1950). 
** Landolt-Bérnstein I. 1 394 (1950). 


In the above table numerical values are given for the inert gases 
which show that (38.6) is a very good approximation. 


§39. The Stark effect 


Using quantum-mechanical methods, we shall calculate the effect of 
an external electric field on the energy levels of an atom (the Stark 
effect). If we take the x-axis of our coordinate system to be parallel to 
the field, the Hamiltonian operator is 


H = KH —eFx (39.1) 


In the above expression #, is the Hamiltonian operator of the un- 
perturbed atom, with eigenfunctions ¢, and eigenvalues E;. The 
expression for the dipole moment in the direction of x is similar to the 
formula (37.2) for the magnetic moment: 


- OH 0g — 
Ca aR GF 4h (39.2) 
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We shall determine the energy ¢ by means of Schrédinger’s perturba- 
tion method. We are interested only in the terms of X that are of the 
first degree in F, and consequently need to carry through the perturba- 
tion calculation only to the second-order approximation. Using (26.12), 
and noting that Wo9 = —eXo9 F =0, we obtain the following expression 
for the energy of the ground state, in the case of a spherically sym- 
metrical charge distribution: 


e lx l- 
e=Egt+ > call ja jo 


F2 39.3 
Ay Eo—E; Ce) 


In view of the relation (39.2), differentiation of the above expression 
with respect to F gives equation (38.2), if fjo is substituted from (38.3). 

In the derivation of (39.3) it is important that the unperturbed 
energy value E, should not be degenerate. This is generally the case 
for the ground state, but not for the excited states. 

Consider, for instance, the first excited level of the hydrogen atom, 
for which n=2, and which is fourfold degenerate. The quantum 
numbers (/,m) have the values (0,0), (1,0), (1,1), (1,-—1).* For these 
states, all elements z,, except 2(0,0), (1,0) = 2(1,0), (0,0) vanish (cf. (25.11) 
regarding the selection rules AJ/= +1, Am=0 for the z-component of 
the matrix element). This gives 


— €F 2,9,0),(1,0) = ~eF | Gas0(0)2020 (r) dr 


Cree 4 r r é 
=—-—y 2-— —— 6 d(cos 6)d 
atl | ( )exp( cos (cos 0) dr 


= ea, FP 


In the subspace of the functions (0,0) and (1,0) we therefore have to 
solve another secular equation of the form of (26.9), in order to remove 
the degeneracy. In the present case we obtain 


Hie Ay = Jiro 3eayF a 
Hy, H,.—€& = 3ea)F JB 
the two solutions of which are 
& = E,—3ea oF Eo = Ey +3ea,F (39.4) 


* We temporarily take F to be parallel to the z-axis (although the latter is more usually employed 
as the polar axis); the field F is assumed to be strong enough to enable the term separation due to 
spin-orbit interaction to be neglected. 
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When no degeneracy is present, therefore, the energy merely de- 
creases proportionately to the square of F (the quadratic Stark effect); 
in the degenerate case, however, the energy separation is directly 
proportional* to F, as though the atom possessed a permanent dipole 
moment (linear Stark effect) (see figure 41). 


(=0-1 —E, 


(-0—E, 


Fig. 41.—The Stark effect for the hydrogen atom. The broken lines 

illustrate the linear Stark effect; the full lines show the quadratic cor- 

rections. (These corrections are magnified by a factor of 10 relative to the 

linear terms, and are therefore really much smaller than shown.) The 

ground state and the state /=1, m=-+1 exhibit only the quadratic 
Stark effect 


The correct eigenfunctions of zero-order approximation corresponding to the 
energy values (39.4) are $200+¢210. These two functions give a charge density 
with a dipole moment parallel to the positive or the negative z-axis. The electro- 
static interaction of this dipole moment with the external field gives the additional 
terms in (39.4). If the /-degeneracy is removed when the field is absent (e.g. in the 
case of sodium), only the quadratic Stark effect is obtained. a, 

“thee 

*In strong fields the quadratic Stark effect is naturally superimposed on the linear * a 

aS 


= 
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The validity of the previous perturbation calculation might be open 
to question, for the following reason. The potential energy, plotted as 
a function of x, exhibits a form as shown in figure 67, p. 384. Now the 
potential barrier can be penetrated by the electron in virtue of the tunnel 
effect (§16); the atom cannot therefore possess any stationary bound 
states, although these are clearly predicted by equation (39.3). 

The use of (39.3) is justifiable, however, in spite of the above 
considerations, provided that the field is not too strong and that the 
atom is not too highly excited. The Hamiltonian operator (39.1) refers 
to a literally permanent field, whereas in fact in any experiment the 
field is switched on and off. If the atom is in the ground state and the 
field is not too strong, the probability of the electron tunnelling through 
the potential hill is so small that it remains in the bound state until the 
field is switched off. The situation is different for strong fields and 
excited states; in such cases, as we might expect on classical grounds 
(cf. Exercise 3, p. 238), the atom can be ionized much sooner as a 
result of the tunnel effect. 


$40. The classical theory of dispersion 


We refer again to the concept of the elastically bound atomic 
electron, which we have already used on a number of occasions. The 
equation of motion of such an electron, under the influence of an 
electric field F,, = Fcosat, is 


m(X+@_ x) = eF cos at (40.1) 


if we neglect the effect of damping for the time being. The general 
solution of this equation is 


; e _ cosat 
x(t) = Acos @yt+Bsinwot+—F = 


o2-—@ 


If we take the initial conditions x = 0, x = 0 at t=0, the dipole moment 
is 
e7F cos wt—COS Wo t 


el = =— 40.1a 
pi) = ex = — (40.14) 


wz — aw? 


Owing to the damping which is always present (but which has been 
neglected here for the sake of simplicity), the term in cosq@po¢ resulting 
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from the initial conditions soon decays; in the condition of “forced 
oscillation” the dipole moment is therefore 


el cE 40.2 
Py (t) = (Ce eae ( 0. ) 


In the case of a not too highly compressed gas possessing N atoms per 
cubic centimetre, the electric displacement in an alternating field of 
angular frequency o is 
4ne*N 
D, = F,+4nNp? = (1+ ie ) 


m(w2 — 7) 
The refractive index n = é is therefore given by 


4nNe? 


2 
pi (nll 
tea) 


If N is so small that |n?—1| <1, the dispersion formula becomes 


Ne? 
<a —|= 2 es 
; ne Tal m(wp—w?) ae 


Apart from a numerical factor and an additional term, the above 
formula represents the function n(@) in the resonance region a~w@p, 
in a manner that is very satisfactorily confirmed by experiment. When 
equation (40.1) is supplemented by a frictional term, it leads to the 
relation for n(w) within the absorption line that is termed “anomalous 
dispersion”, 

The dispersion formula (40.3) soon proved to be inadequate in one 
respect: even in the simplest substances (such as a gas consisting of 
hydrogen atoms or sodium vapour, in which only one electron per atom 
can be concerned with dispersion), the absorption spectrum does not 
show a single line wo, but a very large number. If the atom is in the 
quantum state s, corresponding to an energy E,, then on Bohr’s theory 
all possible frequencies 


v=0,1,2,3,... 


SFR 
can occur as absorption frequencies. Each of these frequent ies con- 
tributes to the dispersion in the manner prescribed by the ‘expression 
aX 


wy 


“sy 
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(40.3). On the other hand, before the advent of quantum mechanics 
the oscillator model provided the only means of giving a fairly correct 
representation of dispersion phenomena. The idea thus came into 
being that the atom did not merely contain one single oscillator wo, 
but a whole series with characteristic frequencies w,,, and that it was 
necessary to add the contributions of all these oscillators when cal- 
culating the quantities p*’ and n—1. A simple summation of expressions 
of the form of (40.2) is out of the question, however, just because this 
would lead to abnormally large values of p® (t). To each ad hoc oscil- 
lator we must be prepared to assign a temporarily unknown “oscillator 
strength” f,, which indicates the extent to which it contributes to the 
dispersion. 
The dispersion formula then becomes 


4nNe? bs 
= Eee (40.4) 


n*—1 ; 
m y Dys—@ 


and for the case in which |n?—1 |<1 


2nNe? ie 
= ~ 40.5 
Me ws 


n-1 


Using this model, we obtain the following expression for the dipole 
moment p? of an atom in the state s: 


Irs 5 cos cot (40.6) 


w2,—-@ 


er 
pat) = er 2 


Soon after this formula was derived, Thomas and Kuhn put forward 
a hypothesis about the quantities f,,. If the frequency @ is taken to be 
so high that w* is large compared with all frequencies ?, (as in the 
case of X-rays, for instance), then (40.6) tends to the expression 


p(t) = - ze (5 fe) cos at (40.7) 


mo” 


The characteristic frequencies w,, do not appear in the above expres- 
sion. We may assume that the old classical formula (40.2), in which 


2 
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is valid in this limiting case; this formula simply describes the behaviour 
of a free electron. This can only be true if the relation 


ARS IL icimeeatlies (40.8) 


is satisfied. Equation (40.8) is termed the ‘“‘summation theorem”’. The 
number | occurring in this theorem expresses the fact that we are dealing 
with only one electron in total; the individual quantities /,, indicate 
how the unit oscillator strength of the classical bound electron is to 
be distributed among the different “equivalent oscillators’”’. 

In the next paragraph we shall prove formula (40.6) using the 
methods of the quantum theory, and shall also investigate the actual 
numerical values of the quantities f,, in simple examples. 


§41. The quantum-mechanical theory of dispersion 


Let the unperturbed atom be described by the Hamiltonian operator 
# 9, with associated eigenvalues E, and eigenfunctions ¢,: 


. Hoby = Ey, (41.1) 


Let the effect of the light wave be represented by a time-dependent 
operator W. In the simplest particular case of an alternating electric 
field F, = Fcosqt parallel to the x-axis we may put* 


W = —4xeF (exp iwmt+exp — iat) (41.2) 
We now take the Schrédinger equation 
P 
(€o+W)y = = (41.3) 


and expand w in terms of the eigenfunctions ¢, of the unperturbed 
equation: 


y= Ea (exp( ~F ‘)e, (41.3a) 


* Strictly speaking, in place of — exF we should use the expression 


_ pe Az where Az = <Fsin wt (41,24) 


However, the difference between these two quantities is unimportant, provided that the veseor potential 
Az is nearly constant throughout the volume of the atom, so that a dipole approximation may be used. 
This may be directly verified from the expression (41.6), if we take into consideration the relation 
Pu = IM@yeXve. 
4S 
See 
ba 


§41. The quantum-mechanical theory of dispersion 235 


If we then form the scalar product of (41.3) and ¢, we obtain 


a, (t) — >) Wa exp( 5 (,-Es)) a, (t) (41.4) 


where W,, =(,, Woda) (41.5) 
As in the case of the Dirac approximation described in §27, the 
integration of (41.4) is subject to the initial condition that the per- 
turbation W is applied at time t= 0, and that until that moment the 
atom is in the state s, i.e. a,(0) = 6,,. Then when v #5 we obtain 


Rint SES. vs i vs p= 
Ae Fx,, (exp i(@,,+@) ¢ exp i(@,,—@) 
ha O,,+@ O,,—@ 


} (41.6) 


It is clear from the above expression that, whenever @ is in the neigh- 
bourhood of one of the resonance frequencies w,,, the approximation 
assumed in the Dirac method (\a,| <1) is no longer satisfied even 
when F is small. We must therefore restrict ourselves in the present 
instance to frequencies for which the approximation is valid; the 
reader is referred to §50 for the discussion of the case for which 
@~,, Using (41.3a) and (41.6) we obtain the following expression 
for w: 
y= ex(-ZEt) d+ D ayexo( =>.) (41.7) 
v#S 
We are concerned with the expectation value of the dipole moment, 
which is calculated by means of (41.7): 


p(t) = ey, xp) (41.8) 


(The mean-value symbol over p‘, ' denotes a spatial, not a time average.) 
When calculating (41.8) we shall restrict ourselves in the approximation 
to terms of the first degree in a,. Then 


Ch, XW) = Xpp+ (Ay EXP (IOs, f) X5y +. 4F EXP (— 105, 1) Xzy) 


If we now introduce the quantities a, as given by the expression (41.6), 
we obtain the following expression for the dipole moment in place of 
formula (40.1a), which was calculated from classical theory: 

28 ie ene 


pit) = ex.t+—— ; a Es (cos@t—cos@,,t) (41.9) 
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We shall omit the contribution of cos@,,¢ in the above expression, 
as we did in the case of the corresponding term in the classical treat- 
ment of §40. The first term in (41.9), ex,,, denotes a constant dipole 
moment corresponding to an atom in the state s, and contributing 
nothing to the dispersion. The remainder of (41.9) corresponds exactly 
to formula (40.4), which was derived on semi-classical grounds; it 
possesses the great advantage, however, that the quantities f,, can now 
be specified by a fundamental relation. Comparison of (40.6) and 
(41.9) gives (cf. (38.3)) 


= 20045 | Xyo |? (41.10) 


is= h 


This result enables us to prove the summation theorem }) f,,= 1. We 
first write (41.10) in the form i 


m 
ik = kh (@,s Xvs Xsy = Dey Xsy Xue) 


The matrix elements of the momentum are 


“s Pys = IMM, Xy5 


1 
hence bie = ria Pys— Psy Xv 


Now the summation theorem requires that the following relation 
should hold for all s: 


Se Xys — Xsy joke) = 


This is just the matrix form of the term r =s in the fundamental com- 
mutation relation 


h 
(px XD) = i Gre 


the latter may therefore be considered as in a sense a consequence of 
the summation theorem for f. 
According to (41.10), the sign of f,, is the same as that of 
w,,=(E,—E,)/h. If s represents the ground state of the atom, then 
E, is always greater than £,, and f,, is positive for all values.of v; this 
is the usual situation in the case of dispersion measyements. If s 
represents an excited state, however, negative values of i e when 


. 
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E, is less than E,. A “‘negative dispersion”’ of this type may be observed, 
for instance, in the case of excited (metastable) neon atoms in a neon 
arc.* 

The behaviour of a linear harmonic oscillator is of interest. In this 
case, E,= hw (s+4). The only non-zero matrix elements x,, occur 
when v=s+1 and v=s-—1: 


h 1/2 h 1/2 
0 0 


Hence from (41.10), putting 
Os+1,s = Wo and O;,_-1,5= —Wo: 
Sir1s= Sti and f,-1,.=—s 


The sum of the contributions of the positive and negative dispersion is 
unity; hence the value of the-dipole moment due to forced oscillations 
is the same as that given by the classical formula (40.2), for all s 
including s=0. 

As an example, the values of ffor the principal series of lithium and 
sodium are calculated from (41.10), and compared with the observed 
values; the results are extracted from the excellent compilation con- 
tained in A. Unsold, Physik der Sternatmosphdren, Berlin (1938), pp. 
191 ff., 205 ff. 


Lithium 
principal | 4(A) | f(calc.) f (obs.) 
series 


6708 0-750 0:750 Absolute measurement 
3233 | 0-0055 ooo 


n=2 

n= 3 : 
ne A | 2741 } 0-0052 0-0048 Relative measurements 
n=5 


2563 0:0025 90-0032 referred ton = 2 


Sodium 

principal | (A) f (calc.) Ff (obs.) 
series 
a 5893 0-975 1-00 Absolute measurement 
n=4 3303 0:0144 0:0144 ! 
a 2853 0:00241 0:00211 > Relative measurements 
n=6 2680 0-:00098 0-00065 


* Cf. for instance H. Kopfermann and R. Ladenburg, Z. Phys. 65, (1930), 167. 
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It should be noted that only the product Nfvs can be obtained from dispersion 
measurements in the neighbourhood of an absorption line, using the relation 


Pe 
n—1 = 2nN = frsl(ve2— 2) 
my 


Considerable uncertainty is involved in the determination of N (the number of 
atoms per cubic centimetre), and relative measurements are therefore often pre- 
ferred. Further, the theoretical determination of the quantities fiz is strictly possible 
in the case of the hydrogen atom alone; all other atoms can only be treated by 
somewhat laborious approximation procedures, such as Hartree’s method. The 
errors in the calculated transition probabilities are estimated to be 20 per cent. See 
Exercise 4 below for the calculation of the oscillator strengths in the case of the 
hydrogen atom. 


Exercises 


1. Zeeman effect for the sodium D-line 


Is it possible to produce the Paschen-Back effect in the case of the sodium 
D-line, having regard to the fields that can be achieved in practice? 


2. Doublet eigenfunctions 
Determine the eigenfunctions 
Yismy = Yi, my-1/2% +0 Yi, my+1/2B 
and use them to calculate the relative intensities of the Zeeman components of the 
sodium D-lines in a weak magnetic field. 


3. lonization due to the tunnel effect 


Make a rough estimate of the lifetime of a hydrogen atom in the ground state, 
acted on by an electric field of order of magnitude 106 V/cm. 


4. Spectral line intensities 


Calculate the oscillator strengths for the transition 2p > 1s in the hydrogen 
atom. What is the lifetime of the excited 2p states? 


5. Oscillator strengths for the principal series of sodium 


In the table on p. 237 the sum of the experimental values of the oscillator 
strengths for sodium is obviously greater than 1. Does this conflict with the sum- 
mation theorem for f? What is the sum in the case of lithium? See figure 30, 
p. 186 for the lithium and sodium terms entering into the sums of the (values. 


6. Polarizability of the alkali atoms 


In the alkali atoms the oscillator strengths for the resonance lines corresponding 
to the transition from the ground state to the first excited state are nearly equal to 1. 
The polarizability is practically entirely due to the valence electron. Since the 
ground-state configurations are spherically symmetrical, the energy in an electric 


field F parallel to x is Ses 
. * “s 
je RS | Wio | Me 
ito Eo—Ex NY 
“y 
Wy 
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as in the case of the hydrogen atom (W = —eFx). The eigenfunctions of the first- 
order approximation are 


Wio 
$=¢o+ & 
Po izo0 Eo—Ei o 


Making the assumption that W419 differs from zero only for transitions to the first 
excited state, show that 


(1) the perturbed function ¢ is produced by a displacement of 49 by an amount f: 
re) 
¢ = do—B 5 $0 


(2) the polarizability « is determined from 8; it is expressed in terms of universal 
constants and the excitation energy Ea. 


(3) Compare the calculated values of « with the values determined experi- 
mentally from the Stark effect.* 


Li Na K Rb Cs 
Ea(eV) 184 | 210 | 161 | 1:56 | 1:39 
Genp(10-24cem3) | 27 27 46 50 | 61 


7. Refractive index of free electrons 


Determine the refractive index n(w) of a rarefied ‘‘gas’’ consisting of free 
electrons, neglecting radiation damping and ohmic resistance. If n is imaginary, 
total reflection occurs. For what wavelengths are alkali-metal foils transparent, 
assuming one free electron per atom? (The specific volumes of the body-centred 
alkali metals are given by 1/N = 4a3, where a = 3:5, 4-3, 5-3, 5-6, 6-1 respectively 
for Li, Na, K, Rb, Cs.) What is the density of the free electrons in the ionosphere, 
if total reflection occurs when v % 10Mc/s = 107s~1!? 


* Landolt-Bérnstein, I/1, 6th ed., Berlin, 1950. 
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CHAPTER DI 
Problems involving several electrons 


$42. Pauli’s exclusion principle 


So far we have considered systems possessing only a single electron. 
The treatment of systems containing more than one electron requires 
new concepts in order to make the properties of such systems com- 
prehensible. 

If we omit the effect of the electron spin and the electrostatic inter- 
action of the electrons, the Hamiltonian operator for n electrons, 


rai 1 n 
H = » (= r+ (6))= 2 ; (42.1) 


consists of the sum of the operators #;, each of which acts on a single 
set of electron coordinates r;. If the eigenfunctions @, of #; are 
known,* 


H Py = FqPq (42.2) 
then the complete set of eigenfunctions of # can be given: 
HD (¥1,%2,-++ Tn) = Eg Dg (42.3) 


where © = oy, (Fs) Pgs (t2)-+- gy (Fa) and Eg = Seq, (42.3a) 


The validity of equation (42.3) may easily be verified. Since #; acts 
only on ¢,,(r;) and leaves the remaining functions unchanged, 
H ,Do = £,,P9, from which (42.3) follows directly. Thus all solutions 
may be obtained, since the functions By constitute a complete ortho- 
gonal system in the coordinate space 1,,¥2,...,¥,, if this is true for 
,(r) in the coordinate space of r. 

When dealing with atoms possessing more than one electron, it is 
generally possible as a first approximation to neglect the spin energy, 


* The symbol q represents an abbreviation for a set of three quantum numbers, such as nr, J, and 
m in the case of a central potential. 
243 
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which is small. The electrostatic interaction of the electrons can 
be represented by taking V(r) in the ith equation to be the sum 
of the potential due to the nucleus and that due to the effect of 
the other electrons in the atom. The Hamiltonian operator then 
takes the form (42.1). If the system is further specified by the spin 
coordinates and spin quantum numbers, and if x is used to denote the 
space and spin coordinates r and s, then the eigenfunctions correspond- 
ing to the energy E, =), 
i 


MD ge tessa 0) a (X) Ere case es on) (42.4) 


where A represents the space quantum numbers q and the spin quantum 
numbers m,. Each energy value E, therefore exhibits spin degeneracy 
in addition to spatial degeneracy. 

Investigation of the properties of atoms with more than one electron 
shows that the ground states are quite different from what we would 
expect in consequence of the above description. In the lowest energy 
state, all electrons should clearly be in the state Is. The corresponding 
spatial quantum numbers of all electrons would be equal.* In fact, 
even the simplest atoms behave quite differently. Spectroscopic observ- 
ation shows that, whereas in helium the electrons occupy two Is states, 
in lithium two Is states and one 2s state are filled. Spectroscopic 
examination of the elements, and the shell-like electron structure of 
atoms, expressed by the periodic system, both lead inevitably to the 
hypothesis that each state can be occupied by only a single electron. 
This is Pauli’s principle. 

In consequence of this principle, equal sets of quantum numbers A; 
should not occur in the wave function ¥,. Using this assumption, it is 
possible to explain the construction of the periodic system of the 
elements. The ground state of an atom is obtained by filling the lowest 
states successively in the equivalent potential V, taking due account of 
the spin degeneracy. 

For many reasons, however, the above formulation of Pauli’s 
principle is untenable. For one thing, it is based on the assumption 
that the interaction of the electrons can be represented by an average 
potential. In general, however, individual sets of quantum numbers 
cannot be specified for each electron. Further, it may easily be shown 
that a perturbation gives rise to forbidden states produced. fom the 

* Spin-spin and spin-orbit coupling would be absent. The energy would hae jadependent of 


the spin quantum numbers and the ground state would be 2”-fold degenerate. ~ 
4 


ty 
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permitted ones. Finally, the above form of the Pauli exclusion principle 
can be only provisional, since it is based on the special properties of the 
Hamiltonian operator. 

Heisenberg has shown how the Pauli principle may be expressed in 
general form. In order to understand the principle as expressed in 
Heisenberg’s form we must first deal with the general properties of the 
Hamiltonian operator for many particles. 

The Hamiltonian operator of a system of n electrons may depend in 
a very complicated manner on the operators p,, r;, ¢;, but it possesses 
one simple property of decisive importance: it is symmetrical with 
respect to interchanges of the indices 7, and is invariant for any such 
interchange. This is because the electrons are physically equivalent 
particles which are indistinguishable in all respects. All potentials, 
including the electron interaction, appear in the Hamiltonian operator 
in symmetrical form. (This may be seen in the case of the Hamiltonian 
operator in the absence of spin, which consists of the expression (42.1) 
together with the interaction terms 


jp 1 
2 =z) 


If P represents a permutation of the numbers 1,...,” and P;, the number 
replacing i after the permutation has been effected, this property of #7 
may be represented’as follows: 


KH. . -> Pili Gi, - o) = KH. . «> Ppp Tpp Op, +++) (42.5) 


This may also be described by means of a permutation operator P: 
FEN CG cae oo) ie dC renee teen, 50) mel G PANS) 

# and P then commute: 
PHY =HPY or PH-HP=0 (42.7) 


Therefore if ‘V is an eigenfunction of #, PY is also an eigenfunction, 
belonging to the same eigenvalue. 

The simplest relations are those for the case of two particles, where 
the only permutation is the interchange of the numbers 1 and 2, 
denoted by P,,. If W(x,,x2) is an eigenfunction of #, then so is 
P,.V(x1,X2) = P(x2,x,). Since the double application of P,. gives 
the identity (P,2.P,2 = 1), the only possible eigenvalues of P,, are +1. 
Then the eigenfunctions of #, that are also eigenfunctions of P,., are 
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evidently symmetric and antisymmetric functions ¥*5 and ‘¥“; when 
acted upon by P,, these functions either remain unaltered or suffer a 
change of sign: 


HU =EV, HPA= EVA, HV = EV 
P,, ¥4 = — Yas Pe ws = ws (42.8) 
where y4=YP—P,,~ and P=V+P,,¥ 


The symmetric or antisymmetric nature of a state does not change in 
the course of time; if a state is antisymmetric at time ¢ = 0, it remains 
so for all time. This is because the unitary transformation that con- 
verts ‘¥(0) to Y(t) (cf. §27) only contains the operator #; the trans- 
formation operator therefore commutes with P even when # contains 
arbitrary (but necessarily symmetric) perturbations that are functions 
of time. 

In the present problem, involving two particles, the following 
conditions apply. A symmetric and an antisymmetric eigenfunction are 
associated with each energy value E denoted by A, and A,, where 
Ay #4; when A, = A,, however, there is only one symmetric function. 
We may therefore forbid the occurrence of a doubly occupied state by 
admitting antisymmetric functions only. This leads to the postulate 
that the wave function must be antisymmetric in the coordinates of 
both electrons. This form of Pauli’s principle is free from objection; 
it reduces to the original form for the case in which no interaction is 
present. It does not depend on any special form of the Hamiltonian 
operator, but imposes a condition on the wave function. Since by § 19 
any arbitrary quantum numbers may be introduced by resolving in terms 
of the corresponding eigenfunction system of commuting operators, 
the prohibition of identical sets of quantum numbers is quite general. 
In the Fourier expansion, for instance, no two wave-number vectors 
can be equal when the spin is the same in each case; the amplitude 
vanishes when x, =x, as does the antisymmetric wave function 
MEGK ines): 

For the case of several electrons, it is clearly necessary only to 
postulate that the wave function for each pair of electron coordinates 
is antisymmetric in order to express Pauli’s principle in its general 
form. If P;, represents the interchange of two electron coogdinates, the 
following relation must hold: A 


P, VC -,X,) = —EX 1, -- +, %,) fOmany izkn, (42.9) 
aS 
Wwe 


“ 
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Now if we have an eigenfunction corresponding to a given eigenvalue, 
HY = EY (42.10) 


then in general, n! functions PY belong to the same eigenvalue, since 
there are n! different permutations. Since every permutation can be 
expressed as a product of interchanges of two quantities, the anti- 
symmetric function W4 associated with E can be represented as follows: 
Y4=)(-1)?P¥, where #84 = EWA (42.11) 
P 

In the above expression the summation is to be taken over all permuta- 
tions; the value of (—1)? is —1 when P contains an odd number of 
interchanges, and +1 when this number is even. Then 4 is an anti- 
symmetric eigenfunction, though it vanishes whenever the procedure 
for generating an antisymmetric function yields the value 0, as in the 
case, for instance, when Y is completely symmetrical. The energy 
values remain unchanged by this procedure; however, some states are 
excluded in virtue of Pauli’s principle, and the degree of degeneracy of 
others is appreciably reduced. 

According to Slater, the procedure for making the wave function 
(42.4) antisymmetric may be expressed in a simple manner as a determin- 
ant, known as the Slater determinant: 


Ya, (X41) VY, (X2).. P(x) 
— a, (1) (42.4a) 


(ce eee Ts (,) 


It is clear that the interchange of two coordinates (or two quantum 
numbers) changes the sign of the above expression, since this cor- 
responds to the interchange of two columns (or two rows) in the 
determinant. A single eigenfunction is associated with each set of 
quantum numbers 4, #1, 4/3... 4 /,. 

As in the case of two particles, Pauli’s principle is completely valid; 
the antisymmetry property expressed by (42.9) does not change in the 
course of time, and naturally still holds good when expressed in terms 
of other coordinates. 

It is important to realize that Pauli’s principle does not complicate 
the situation, but that on the contrary it represents a very great simpli- 
fication. If the principle were not valid, it would for instance be possible 
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to have completely symmetric functions,* P,,\¥°=‘¥*. However, the 
symmetric nature of the Hamiltonian operator implies that transitions 
between symmetric and antisymmetric states are strictly forbidden and 
can never take place. In the case of two particles, for instance, the 
Hilbert space is resolved into two completely independent components, 
one of which is symmetric, and the other antisymmetric. As a result, 
we should expect to find a symmetric and an antisymmetric “world”, 
between which there would be no connection. It follows that any 
theory of thermodynamic statistics would be impossible, since it is 
assumed in all such statistics that every state is possible, starting from 
the ground state. We should therefore be compelled to treat the sym- 
metric and antisymmetric components separately in the statistical 
theory. Fortunately, only one simple function group exists in nature, 
that of the antisymmetric states. 

In the next sections we shall show by means of simple examples 
how fundamental the Pauli principle is to the physics of atoms and 
molecules. 

The electron coordinates always appear in symmetrical form in 
physical.quantities. For instance 


pee, $1,T2,52,-- ) F dr, sec dr, 


is the probability of finding electron 1 in the element of space dr, and 
with spin coordinate s,, electron 2 in dr, with spin s,, etc.; this quantity 
is symmetric in the electron coordinates x,,...,x, and independent of 
the numbering of the electrons. In this case there is no possibility of 
distinguishing between the individual electrons; it would therefore be 
more correct to say that (ia); ote ae. represents the probability of 
finding an electron in dr, with spin s,, another in dr, with spin sp, etc. 
In equation (42.4) the state , represents electron | in state 4,, electron 
2 in state A,, etc.; the physical interpretation of ‘¥,4, on the other hand, 
is that there is an electron in state 1,, another in state A,, etc. Pauli’s 
principle therefore implies that the physical equivalence of the electrons 
is expressed by the equivalence of the different states when the electrons 
are permuted. 

In principle, all the electrons of the universe should be handled 
together in a single antisymmetric wave function; this would of course 
be an impossibly complicated matter. In the case of spatighlageparate 


* When there are more than two electrons, other groups of functions existaka addition to anti- 
symmetric and symmetric functions; they are associated with other forms of representation of the 
permutation group. ~~ 

+ 


S 
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physical systems, however, it may easily be shown that the process of 
obtaining the antisymmetric wave function has no outside effect; 
when discussing the hydrogen atom, for instance, it is permissible to 
consider a single electron. The situation is perhaps best illustrated by 
taking the case of two electrons bound to two widely separated protons 
a and 5; the states of the electrons are denoted by A, and 4,. Then 
P= PCs) Y,,(%2) and ¥4=(1/ J 2) [Y4(%1)'Pi,(%2)— Pi a(%2) Fa,(%1) | 
are both normalized functions, if (P,.. ¥i) =(P,,,,,) =1, and if 
(‘Y,,.‘¥,,) vanishes as it certainly does when the separation is great. 
Physically, YW and 4 are quite indistinguishable, and all physical 
quantities, which must necessarily be symmetric in X\, X2, are the same 
whether calculated from YW or 4, The expectation values of all 
operators A are the same, whether formed from ¥ or 4, but the degree 
of degeneracy may well be reduced; two different Y functions are 
associated with A, and A,;“but only one function V4, It is therefore 
immaterial whether ¥ or ¥4 is employed, provided that is initially 
chosen so that, when x, = x, and the Pauli principle would take effect, 
this function vanishes simply on account of the large interval between 
the two systems. 

Pauli’s principle applies not only to electrons, but to all elementary 
particles that possess half-iritegral spin, such as protons and neutrons 
whose spin is 4; for all these particles, the principle requires that the 
corresponding wave functions should be antisymmetric. Such particles 
are called Fermi particles or fermions, and are subject to Fermi-Dirac 
statistics, so-called because E. Fermi was the first to develop a relation 
between the term selection given by Pauli’s principle and statistical 
thermodynamics. 

Finally, we must refer to the behaviour of composite particles. We 
may consider these as single particles of appropriate spin, provided 
that the binding energy is high, that the interaction is not too great, 
and that the inner state of the compound structure remains unchanged. 
The Hamiltonian operator corresponding to such particles is sym- 
metric, and the particles themselves are indistinguishable. With regard 
to the behaviour of the wave function, it is necessary to distinguish 
between particles composed of an even number of fermions, e.g. 


Deuteron: 1 neutron, | proton, spin 1 
a-particle: 2 neutrons, 2 protons, spin 0 
He* atom: 2 neutrons, 2 protons, 2 electrons, spin 0 
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and those composed of an odd number, such as 


Triton: 2 neutrons, 1 proton, spin 4 
He? nucleus: 1 neutron, 2 protons, spin 4 
He? atom: 1 neutron, 2 protons, 2 electrons, spin 4 


In the first of these groups, the sign of the wave function remains 
the same when two identical particles are interchanged; in the second 
group, however, the sign changes when this occurs. If X; are the co- 
ordinates of the centre of mass and the spin, then 


P, Y(...X;...)= VY for an even number of fermions (42.12a) 
Py, (...X;...) = — for an odd number of fermions (42.12b) 


Particles whose wave functions behave according to (42.12) obey 
the Fermi-Dirac statistics, while those whose wave functions are given 
by (42.12a) are said to be governed by the Bose-Einstein statistics. 
Since all particles behaving according to (42.125) possess half-integral 
values of the spin, while the spin of those governed by (42.12a) is an 
integral number or 0, the behaviour of the corresponding wave func- 
tions can be characterized by the spin; Fermi-Dirac and Bose-Einstein 
statistics apply respectively in the cases of half-integral and integral 
values of the spin. The wave functions obeying Bose-Einstein statistics 
are completely symmetric with respect to permutations of the co- 
ordinates. (Light quanta also belong to the family of Bose particles, 
or bosons.) It is important to note, however, that the above description 
is only valid when all the composite particles are in the ground state 
and excited states are excluded; an excited helium atom, for instance, 
would be physically distinguishable from such an atom in the ground 
state. 


§43. The helium atom 


(a) General properties of the eigenfunctions 


In order to provide a simple illustration of the application of the 
Pauli principle, we shall discuss the properties of a system of two elec- 
trons in the Coulomb field of a nucleus of charge Zep = —Ze. For the 
helium atom Z = 2; we shall use the general value of Z at first,. however, 
so as to be able to treat simultaneously the cases of the negative hy hydrogen 
ion (Z = 1) and the positive lithium ion (Z = 3). - “a 


Wa 
“f 
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If we disregard the small contribution of the spin in the Hamiltonian 
operator, then ‘ 11 a 
Ch (n? et) 7 e2 | Sle 

= (pi +pz)—Ze ([+2)+= (43.1) 
KH is symmetric in r, and r,; the spatial components of the eigen- 
functions of # can therefore be chosen to be symmetric and anti- 
symmetric: 
P,,@%(r,,r2) = ®(r2,r,) = @*(r,,1r2) (43.2a) 


Py, O4(r,, Tr.) = O(r,, r,)= —04(r,,1r,) (43.25) 


Since the entire wave function must be antisymmetric in all the electron 

coordinates, the spin component must be chosen to be symmetric for 
A . . 

@4 [y°(s,,52), where P,, 75 = x5], and antisymmetric for ° latsies5): 


where P,,x* = —y4].* Thus the only total wave functions to occur 
are the two combinations 
Y(x,, x2) = D*y4 (43.3a) 
ety - (43.3b) 


(6) Properties of the spin functions y5‘and y4 

One antisymmetric and three symmetric functions can be formed 
from the two normalized and mutually orthogonal spin functions « 
and £ (cf. §§24, 32) that are available for an electron:t 


s, | s? 
1h = (ols) 6l62)—a(6.)6(6))) | 0 | 0 43.4a) 
§ = a(s,)a(s2) Pn | on 
18 = 75 oC )BGs)+0(62)66)} 0 | ane} cas.48) 
021 = Bls,)B(s2) | —h | 2h? 


* The spin and spatial components can be separated only in the case of systems comprising two 
electrons, since there is then only one permutation operator P,,. A further condition is that it should 
be possible to neglect the spin-orbit interaction. 

+ The factors in (43.4) are so chosen that the spin functions are normalized to unity. In addition 
they are mutually orthogonal since they belong to different eigenvalues of s? and sz, as can be immed- 


iately verified. 
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It may readily be verified that the above functions are both eigen- 
functions of the square of the angular-momentum operator for a total 
spin s? = (s, +8,)? as well as eigenfunctions of the latter’s z-component 
5S; =54,+5,: for this purpose we make use of the representation of 
the operator s given in §24, and note that s, acts only on functions 
of sy. 

It follows that 74 corresponds to a total spin of value 0, whereas in 
5 the spins of the two electrons, each of value 4, combine to give a 
total spin of value 1. In the states represented by (43.4a), therefore, the 
angular momentum and the associated magnetic moment are due solely 
to the orbits of the two electrons. 

Transitions between the states represented by (43.3a) and (43.35) 
are very rare. Since (@*°,@4) = (y°,¥*) =0, any perturbation W that 
could produce such transitions must contain spatial and spin com- 
ponents (e.g. spin-orbit interaction), in order that the matrix element 
(M5y4, Wo4y5) should be different from zero. Transitions in the 
optical region (for which W would be approximately proportional to 
r,+Fr,) do not occur. From the optical point of view the term systems 
corresponding to (43.3a) and (43.35) behave as though they were 
almost completely separate. The prohibition of transitions in the 
optical region is admittedly not a strict one, since as a result of the 
spin-orbit interaction the exact eigenfunctions do contain small com- 
ponents of both groups of functions.* No prohibition exists in electron 
collision processes, since the addition of a further electron to the two 
atomic electrons completely alters the symmetry conditions. 

The helium atom states (43.3a), in which the spins are “antiparallel” 
(s? = 0) are called parhelium, and the states (43.35) in which the spins 
are “parallel” (s? = 2h”) are termed orthohelium; the reason for this 
nomenclature is that it was originally sought to explain the different 
optical behaviour of the two types of helium by means of two different 
modifications of the helium atom. The terms belonging to the parhelium 
system are also called singlet terms, those belonging to orthohelium, 
triplet terms, since each ortho term can generally split into three terms 
as a result of the spin-orbit interaction. 


® Thus there is for instance a weak line due to intercombination between the 2p ortho- and the 


ls para-state (cf. figure 42). SRE RN 
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(c) The spatial components of the eigenfunctions in the presence of a 
perturbation e?/r,» 


If we treat the electrostatic interaction of the electrons e*/r,. asa 
perturbation, then the eigenfunctions of zero-order approximation are 
the products of eigenfunctions in the Coulomb field, which were 
treated in detail in §29 for the case of the hydrogen atom, and which 
may be taken to be real functions: 


Do = dq, (Fs) Pq, (T2) (43.5) 


In the above expression, q represents the three quantum numbers n, 

I, and m occurring in the hydrogen problem. Neglecting the perturba- 

tion, the energy then consists of the sum of the two components: 
m(Ze?)? Lely 


where & = ——373- = as (43.6) 


Eg = Eq, +e Dh2n2 


q2? 
(Jy 1s the energy of ionization of the hydrogen atom.) 

In the above approximation, the ground state of helium would 
possess the energy Ey) = —8/, (nm; =n, = 1); the energy of ionization 
would be 4/,,, which is the energy difference between the helium 
ground state and the energy (—4/,;) of the singly ionized helium atom 
in the ground state, characterized by n,=1, ny=00 (or ny =o, 
nz, = 1). States in which both electrons are excited (such as n, =n, =2, 
for which Eg = —2/,) are situated above the helium ionization limit 
and may be disregarded in any discussion of the discrete spectrum of 
eigenvalues. In what follows, therefore, we shall consider only those 
states for which one of the n-values is unity; the corresponding wave 
function @, 99 will be denoted by ¢o. 


Daim = Po (r)Pnim (r2) (43.5a) 


The symmetric and antisymmetric functions formed from (43.5a) 
1 
Dim = WP {Po (81) Patm 2) + Po (12) Pnim (P1)} (43.6a) 
1 nh=23, 4 
Dim = Js {0 (ts) Pam (F2) — Po (T2) Pntm (r,)} (43.6b) 
we 
Dino = Polti)bo(r2) for n=1 (43.7) 
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are the correct normalized initial eigenfunctions for the perturbation; 
they yield the following first-order approximation for the total energy: 


ES, = (O- ge0> (43.8a) 
EA = (04,,, 004m (43.8b) 


This follows because #, as given by (43.1), commutes with Pj, and 
with the components of the total angular momentum L=L,+1, and 
therefore also with L?. The same applies to the perturbation e?/r,. = 
H —H o, since the unperturbed operator commutes in a trivial manner 
with these three operators. The functions (43.6) are chosen in such a 
manner that they are eigenfunctions of L,, L?, and P,,: 


Fl L? Pe 
@, | fm | h2l(1+1) |} +1 (43.9) 


alm 


o4, | Am | A7li+1) | -1 
(Note that each component of L, when applied to oo(T,) gives the 
result 0.) The different functions corresponding to the same initial 
energy (i.e. a fixed value of n) belong to different eigenvalues of opera- 
tors that commute with 9% and e?/r,, (cf. §26). This implies the 
vanishing of the perturbation matrix elements composed of the different 
functions; the latter are therefore the correct initial functions for the 
perturbation calculation. The factors are so chosen that the functions 
are normalized, using the same criteria as for the hydrogen functions. 

It can be shown that the energies given by (43.8) do not depend on 
m. The proof is most simply effected by introducing operators applic- 
able to two particles that are the counterparts of (24.6) or (24.7); such 
operators change m by one unit and commute with #. 

The ground state is the parhelium state (43.7a) with zero spin, since 
there is no antisymmetric spatial function corresponding to it. This 
state is spherically symmetrical and possesses neither spin nor orbital 
angular momentum. Apart from this, the unperturbed energies are the 
same for the parhelium and orthohelium states; however, the ortho- 
helium states possess the triple degeneracy of the corresponding par- 
helium states since three independent spin functions are associated with 
each orthohelium term. ys 

The effect of the perturbation can easily be seen qualitatively. Since 
the perturbation e?/r,. is positive, the first-order perturbatign energy 

And 


‘e 


“ 
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is also positive, and all the unperturbed energy values are displaced 
upwards. The perturbation effect is stronger for ®* than for 04, 
because 4 vanishes in the region for which r,, ~0, where the per- 
turbation is strongest. The parhelium energy terms are generally 


Fig. 42.—Term scheme of the helium atom. The centre column shows the 
unperturbed energies (43.6) up to the ionization level. On either side are 
shown the experimental term schemes of ortho- and parhelium 


higher than the corresponding energy terms for orthohelium. Figure 
42 shows the unperturbed energy values in comparison with the 
experimental term values. The deviation from the unperturbed energies 
is quite considerable, which suggests that the method of treating the 
electron interaction as a perturbation is not a particularly good 


approximation. 
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According to (43.6, 43.8) the perturbation energy (®, (e7/r,,)®) = 6E 
consists of two parts: 


6ES, = Cy + An (43.10a) 
6E4 = Cy —An (43.10b) 
In the above expression C,, is the “Coulomb integral” 
Cae | polti)Pn (Ta) a ae, (43.11) 
[ry —r | 
where po(t) = eb3(t), Pu (t) = ebmo(") 


This integral represents the Coulomb interaction energy between the 
charge densities in the states po and p,,. The “exchange integral’’* 


A A 
Ate PaEr)Pa (2) ae ap, (43.12) 
[ry—T2 | 
where pa(r) = ebo(t)bmo (Fr) 


is the Coulomb energy of the charge distribution p4. Both integrals 
are positive: the orthohelium terms are therefore less than the cor- 
responding parhelium terms by an amount 24,). 

The perturbation calculation using e*/r,2 is not accurate enough for 
it to be worth while employing it to calculate the terms quantitatively. 
In particular, the perturbation in the case of the excited states is fairly 
large. It seems reasonable when selecting the initial functions to take 
$o(r) with Z = 2, but ¢,),,(r) with Z = 1, because the nuclear charge is 
so screened from the outer orbits by ¢o that its effective value is 
practically 1; the excited states therefore resemble those of hydrogen. 
Better results are obtained by this method. 


(d) The ground state 

The calculation of the ground-state energy needs to be discussed 
in some detail. The first-order approximation for the energy calculated 
by the perturbation method is 


ED = Eot+Co (43.13) 
where the unperturbed energy Ey = —2Z 27, and the Coulomb integral 
Cy is given by 

Po(T1)Po (F2) ' 
Cy = | ———— dr dr ~agr'43.14 
) | ir,;—rp | i) BAS or ) 


* The physical meaning and nomenclature of this integral are discussed in the followit paragraphs. 


Be 
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From (29.11), 


e on 
hence = =e 
Po(r) aa exp : (43.15) 


depends only on the magnitude of r, as does ®(r), the potential of the 
charge distribution p(r). Instead of calculating ® from the usual 
integral 


O(r) = ey dr’ (43.16) 


let us determine this quantity from the equation for the potential 


Iedee, 
V7 = —4npo; hence aa rO(r)= —4np.(r) (43.17) 


® must vanish like e/r at infinity. Integration of (43.17) gives 


2 
P= ef1-(142)exp -2| 
Fe a a 
2 


then cc | Po(r)(r)4ar? dr = ac 
0 8a 


5 
hence Ce = gt Hoye 2, 9 (43.14a) 


The ionization energy would therefore be 1:5Jy, instead of 4/7, as in 
the case of the initial approximation; the experimental value is 1-82/,. 
The value calculated by the first approximation is therefore still about 
0:37, or 4eV too high; however, in view of rough approximation used, 
the agreement is surprisingly good. 

A better approximation is obtained if the perturbation W is kept 
as small as possible. If it can be arranged that the first-order perturba- 
tion energy actually disappears, the effect of the perturbation is parti- 
cularly small and the approximation procedure is optimal. For this 
purpose the Hamiltonian operator (43.1) is artificially split into two parts, 


1 2 2 2 1 1 2 1 1 1 

pees ye ——(Z-—Z')| —+— }$ (43.18 
5, (Pi t Pa) ze —+2 +e ( NS a (43.18) 
a rr 


2 r12 


#¢ W 
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by introducing an effective nuclear charge Z’ of such magnitude that, 
when the average value of W is formed from the eigenfunctions of #9, 
it vanishes. The eigenfunctions and eigenvalues of #9 are those 


Fig. 43.—Comparison of the various energy values found for the ground 
state of the helium atom. 
Eo (exp): experimental value 
Eo: unperturbed value 
Eo‘): value with perturbation e2/rj2 
Eo‘): value obtained from method of variations with optimum Z’ 


occurring in the analysis of the hydrogen atom, but with nuclear 
charge Z’ and with a’ =a,)/Z’. The unperturbed energy is 


Ey) = —2Z" Iq (43.19a) 
and the mean value of the perturbation energy is 
= Se De? 
We 7 (43.195) 
8a a 


It follows from the requirement that W=0 that the best choice of Z’ is 
TN act (43.20) 


The above approximation leads to a value of about 1-7/, for the 
ionization energy of helium; this is appreciably nearer the experimental 
value than the results of the previous approximation (figure43)=. 

The same choice for Z’ can also be substantiated on“Other grounds. 
From (43.19), it is clear that Ey+W is simply the expecta value 


“a 
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of #, formed from the hydrogen functions with a nuclear charge Z: 
2 
H(Z') = — <{Z'?-§2' +2Z'(Z-Z))} (43.21) 
0 


Z’ is a parameter entering into the wave functions. In accordance with 
the procedure of §28, the best approximation for the ground state is 
obtained by choosing Z’ so that #(Z’) is a minimum: this leads once 
more to the value for Z’ given by (43.20). The energy found by a 
variational method of this sort must be higher than the exact value. 
We can also see that the perturbation calculation using e?/r,, must 
yield an even higher value, since the total energy found by this pro- 
cedure is #(Z), which is the expectation value of 3 when the wave 
function is not an optimum. If we include still more parameters (say 
9 in total) in the trial solution used in the variational method, and in 
particular, terms containing both r, and r,, it is possible to calculate 
the position of the ground state with almost spectroscopic accuracy.* 
The result given by (43.20) can also be expressed as follows: the 
distributed charge of an electron screens the field of the nucleus to such 
an extent that the effective nuclear charge for the other electron is just 
Z’e. 

From (43.19a) and (43.20), the ionization energy Jz of a nucleus 
of charge Z with two electrons (i.e. the work of separation of an electron 
from an ion with positive charge Z—2) is 


f= OZ 2— 27) — 1 — 27 4 2(=,)7) (43.22) 


A comparison between theoretical and experimental values is given in 
the following table. 


Ionization energy of helium-like ions, from equation (43.22) 


Ion Zz I/fy theor. | Z/Iq exp.t 


H- 1 —0-055 +0:053 
He 2 +1-70 1:81 
Lit 3 5:45 5°57 
Bein 4 11-20 11-32 
B3+ 5 18-95 19-08 
(Cee 6 28°70 28:84 
N>+ 7 40-45 40-61 
O6+ 8 54:20 | 54:39 
lathe 9 6995 | 70-12 


* F. A. Hylleraas, Z.f. Phys. 54 (1929), 347. + Landoilt-Bérnstein, 6th ed. (1950), Vol. I, part 1, p. 211. 
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Apart from the case of the negative hydrogen ion the agreement is 
good. The negative sign of J, would mean that the negative hydrogen 
ion could not exist, since the calculated energy of its ground state is 
higher than the energy of the hydrogen atom in the ground state. In 
the present approximation, the electrostatic repulsion exceeds the 
Coulomb attraction of the single nuclear charge. However, this 
approximation is not sufficiently accurate to enable the existence of the 
negative hydrogen ion to be excluded. This ion does in fact exist, and 
possesses a comparatively small ionization energy* of 0-05/,. 


§44. The hydrogen molecule 
The Hamiltonian operator for the hydrogen molecule may be 
expressed as follows: 


ye wrath pit ate 1 pclae a 


+t—+e 


2M 2m Ro hi Te 


In the above expression, a and 6 refer to the nuclei, 1 and 2 to the 
electrons, and R =r, is the distance between the two nuclei (figure 44). 
Since we. have neglected the spin-orbit interaction, the wave function 
may be expressed as the product of the spin and orbital functions: 


Y = W(Ra, Ry, 01, 82)X(Sa» 84)M(S1, $2) (44.2) 


Since # commutes with the permutation operators P,, and P,,, the 
eigenfunctions of # can be simultaneously chosen to be eigenfunctions 
of P,, and P,,. Therefore p(R,,...) is either symmetric or antisym- 


Ra R Rp 
Fig. 44.—Distances between electrons and nuclei in the hydrogen molecule 


metric in a,b and 1,2; in virtue of Pauli’s principle, the spin functions 
y and 1 must always have the opposite symmetry to W. As in the case 
of the helium atom, therefore, singlet and triplet states exist due to 
both nuclear and electron spin. 


* The quantity /, relating to the negative hydrogen ion is called the electronic affinity, by analogy 
with other atoms such as the halogens, which form negative ions. This affinity is the eaér£y-obtained 
when an electron is picked up by the neutral atom. SAD 

. . ry . * . cd 

+ This is possible because there are only two similar particles. When there aré-several particles 

the functions (44.2) must be made antisymmetric in their spin and orbital components Nogether. 
a 


a 


“a 
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It is not possible to solve the Schrédinger equation #w = Ew 
exactly, but good approximate solutions exist. 

We shall now consider the adiabatic approximation due to M. Born 
and R. Oppenheimer (1927). It is based on the great difference in mass 
between electrons and protons, as a result of which the latter may be 
considered to move slowly relative to the electrons in stationary bound 
states, according to the classical concept of the atom. We shall there- 
fore assume that at each instant the electrons are disposed according 
to the instantaneous positions of the nuclei, and accordingly express 
the wave function as follows: 


W(R, R;, QT; r2) = K(R,, R,) (11, 1) ; R,, R;) (44.3) 


In the above expression ¢ is the wave function for fixed values of R, 
and R,, and |x(R,,R;)|?¢R, dR, is the probability of finding R, and 
R, in dR, and dR, respectively. must therefore satisfy the equation 


1 1 1 1 
Hab = eee (=-2-2-7->)hs (44.4) 


12 Yo, Pa, Pp, rp, 
= Ee (R)d 


In this equation £,,(R) is the energy of the electrons expressed as a 
function of the positions of the nuclei: for reasons of symmetry this 
quantity must be a function of the interval |Ra— —R,| = R alone. 

If we insert (44.3) in the Schrédinger equation # = Ey, and then 
multiply by @* and integrate over r, and r2, we obtain 


Z 2 2 
|e et aa a ct Hah dds dey = Br | [de dy 


¢ may be assumed to be real and normalized without loss of generality. 
Then since 


P2xp = Pik +KP7h +2(P, KP. $) 
* 2 ho 
and ~* P, ddr, dr, =P,4|¢ atid > aes a 


we obtain from (44.4) the following result: 
24 2 2 Z 
oe meus +[o" Fae ats ee) ba PEE (Rye fan Ex (44.5) 
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We shall see later that @ depends essentially only on the differences 
R,—r,, etc. The order of magnitude of the second term in (44.5) is 
therefore (,[(pi+p3)/2M]¢), ie. smaller than the kinetic energy 
(¢, [(p? + p2)/2m] ) of the electrons by a factor m/M; this term can 
therefore be neglected in comparison with E(R). Hence from (44.5) 


P2+pP? 
2M 


2) 
ag H+ oh = Ex (44.6) 


It is evident that the total energy of the electrons appears as the 
potential energy of the nuclei. The solution of the problem reduces 
approximately to the solution of equations (44.4) and (44.6). 

The translational and rotational motions can be separated in the 
usual way in equation (44.6). We introduce the coordinates R,= 
4(R,+ R,) and R=R,—R,, and put 


k= exp(iKR,)¥,,(8,0) 9 


Substituting for x in (44.6) yields the following equation for u:* 


SR? (rea) e? n?K? 
aa" Ht Ba R+S u=(E- ar)" (44.7) 


In order that the molecule should possess a bound state, the function 
V(R)=E,,(R)+e?/R must possess a minimum corresponding to a 
definite equilibrium interval a. In the lowest energy states of the 
molecule only small vibrations can occur about the equilibrium 
position. We may therefore expand the expression in curly brackets 
in (44.7) about a: 

h71(1+1) h71(1+1) 
ieee) — ves 


+V(a)+iMa?(a—R)* 


If we neglect the displacement of the minimum of V(R) due to the 
centrifugal force, we have the following relations: 


dV (R) es ec 
dR oa nee = jap? | 


R=a 


Then from (44.7) we obtain the equation of a harmonic oscillator with 


energy levels E,,. = ha(n +4). a es 
AD 


* Note that the reduced mass $M occurs in place of M in the equation of relativg,motion. 
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Thus we arrive at the result that the total energy of the molecule 
may be divided as follows: 


E i Bans at Ea: as Ee or V(a) (44.8) 


We wish to compare the order of magnitude of each of the above terms: 


rue he ae h? where A is the de Broglie wavelength cor- 
ANT he responding to the translational momentum. 
a pal) 2p h? where a is the molecular equilibrium 
a Ma? Ma?’ distance. 
E% (a) (M\12 A? 
Sse =h mh — 5A 
a(n ae $) | M ( *) Ma? 
h2 M Zz g + 
V(a)~ a a 


ma”  m Ma? 


(We have assumed that V(a) is of the same order of magnitude as the 
kinetic energy, since the potential energy is approximately equal to this 
quantity. E.,(a) is of the same order of magnitude as h?/ma*.) In a 
gas consisting of diatomic molecules, translational motion is first pro- 
duced, followed by rotational motion, and then by molecular vibra- 
tions, as the temperature is increased. With a further increase in 
temperature electron transitions may be excited; however, dissociation 
often occurs first. 

The dissociation energy is given by D=2&)—£po, where €ép is the 
energy of a free atom and the energy of the ground state of the molecule 
is Ey = V(a)+4ho. 

There is a further point with regard to Pauli’s principle, in connec- 
tion with the rotational spectrum. The wave function Y,,,(@,®) is 
symmetric in R, and R, if / is even, and antisymmetric if / is odd (cf. 
Exercise 1, p. 152). Since R, is symmetric in R, and R, and the same is 
true of the wave function $(r,,r,; R,,R,) of the bound states (as we 
shall see in §45), nuclear-spin function triplets correspond to odd 
values of J, and singlets to the even values; this is a consequence of 
Pauli’s principle. The nuclear triplet states are called orthohydrogen, 
and the singlets parahydrogen, by analogy with the terminology used 
for helium. At high temperatures molecular hydrogen is a mixture of 
ortho- and parahydrogen in the ratio of 3 to 1; in this case all rotation 
states are excited with equal probability and the ratio depends only on 
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the relative weights of the spin functions. At low temperatures no 
rotation terms are excited, and the hydrogen molecule should therefore 
occur in the para form. However, as a result of the almost total pro- 
hibition of singlet to triplet transitions, it takes many days before the 
pure gas reaches the new state of equilibrium after its temperature is 
lowered. Once this equilibrium has been achieved and the temperature 
is raised once more, it takes equally long for orthohydrogen to appear, 
which it does as a result of the weak nuclear spin interactions during 
molecular collisions. 

The difference between the rotational terms of ortho- and para- 
hydrogen is particularly noticeable experimentally, both in the rotation 
spectrum and in the rotational contribution to the specific heat. The 
specific heat of a 3:1 mixture of ortho- and parahydrogen is obtained 
by cooling below room temperature; heating pure parahydrogen from 
very low temperatures gives the specific heat of this form alone. It is 
clear from the above account that Pauli’s principle can entail quite 
surprising and far-reaching experimental results. 


§ 45. Chemical bonds 


In §44 we assumed that the total potential energy V(R) of the 
nucleus possessed a minimum; we now wish to know how this comes 
about. 

While many questions concerning the heteropolar or ionic bond had 
been successfully dealt with before the advent of the quantum theory, 
the homopolar or covalent bond had obstinately resisted every attempt 
at explanation in terms of classical physics. We shall see that the 
quantum theory, without requiring any additional assumptions, pro- 
vides both qualitative and quantitative answers to the problem of the 
nature of the homopolar bond. 

Firstly, we must consider equation (44.4): an exact solution is not 
available, but approximations to the lowest energy states may be formed 
from the functions of the hydrogen atom, which have the following 
form: 


I fa 
—R 5 —R 9 h = _—— 
fo(r—R,), Po(r—R,), where ¢o(r) nas) exp ie 

We shall make use of the abbreviations 


a(1) = o(t:—R,), (1) = Go (Ti —Raasy 
together with similar abbreviations a(2) and b(2). NN 


“Ne 
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Four functions of two particles can be constructed from these 
single-particle functions: 


a(1)a(2), a(1)b(2), b(1)a(2), b(1)b(2) 


The complete wave function ¢(r,,r,; R,,R,) is expressed as a linear 
combination of these functions. 

The form of these linear combinations is largely determined by the 
condition that they must be eigenfunctions of P,, and P,,. It may 
easily be verified that this condition is satisfied only by the following 
combinations :* 


ba = Cy {a(1)b(2)—a(2)b(1)} PasGa = Pizb,= — G4 (45.1) 
bs = C2 {a(1)b(2) + a(2)b(1)} +¢3 {a(1)a(2) + b(1)(2)} 
aoe Pas Ps = Py2 bs = ds 

bas = C4 {a(1)a(2) — b(1)b(2)} 
Pas Pas = — Pas Py2 bas = Pas 


The subscripts S and A mean symmetric and antisymmetric respec- 
tively. 

The coefficients c,; and c, multiply functions representing two 
electrons associated with each nucleus: the corresponding states are 
termed “polar”, although in contrast to the heteropolar or ionic bond 
the charge of the two electrons is always symmetrically distributed 
about both nuclei. 

We shall omit any consideration of these states in the first instance, 
and shall investigate the lowest energy state of the two remaining 
combinations. For this purpose we shall require the mean particle 
density 


(45.2) 


(45.3) 


p(r) = | | oer’) Par’ 
for the two states 
4 = Cy {a(1)b(2)—a(2)b(1)}, bs = €2 {a(1)b(2) + a(2)b(1)} (45.4) 


The result is 


1)+ps(1) —2Spa5 (1 2(1)+ Pp (1) +2Spas (1 
p,() = Lab os pall) | 1) =? (1) ae Pav) (45 5) 


*It is not possible to construct a function ¢g4 from the above two-particle functions. 
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The coefficients c, and c, are chosen so as to normalize the functions 
g@, and ds. Further, 


pA1)=a7(1) py (1) = 8701) pag (1) = (11) 
SS i (1) dr, 


Figure 45 illustrates the variation of the “overlap” integral S with the 
separation between the nuclei. 

In classical physics the expected result would be simply p=4(p,+ P»); 
the expressions (45.5), on the other hand, exhibit additional terms con- 
taining the “exchange density” p,,. These are due to the requirement 


$7 
/ 


O5 
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Fig. 45.—The square of the “‘overlap integral” S as a function of distance 
from the nucleus 


that the stationary states should be eigenfunctions of the symmetry 
operators P,, and P,,; they have no analogue in classical physics. 
Since the function p,,(r) is greatest along the line joining the nuclei a, 5, 
the function p, represents a reduction of the charge density between the 
nuclei in comparison with the classical value, while ps represents an 
increase (cf. figure 46). The effect on the nuclei is that p, involves an 
additional force of repulsion and ps an additional force of attraction. 
We should therefore expect to find that @, relates to the bound state 
of the molecule, and this is in fact the case. 

We are now provided with an interpretation of the chemical valency 
symbols in the case of covalent bonds. Owing to a symmetry effect of 
quantum mechanics* the electron charge accumulates between the 
nuclei in the case of those states possessing antisymmetric electron spin; 
it then acts electrostatically as a ““cement”’ holding the nuclei together. 

We now return to the “polar” states. These involve a reduction of 
the kinetic energy, since they enable each electron to spegad over the 

* Not to be confused with Pauli’s principle. > 
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whole molecule independently of the other. This can perhaps be seen 
most clearly if we put cz =c in (45.2); we can then express this equa- 
tion as follows: 


$s = ¢2[a(1)+b(1)] [a(2)+b(2)] (45.6) 


This means that both electrons move around the two nuclei completely 
independently of each other; this involves an increase in the de Broglie 
wavelengths of the individual electrons, corresponding to a reduction 


Fig. 46.—Electron density distribution, from (45.5) 


of the kinetic energy. On the other hand the potential energy is increased 
as a result of the Coulomb repulsion between the electrons, since in 
comparison with ¢, as given by (45.4), there is a higher probability of 
finding two electrons associated with the same nucleus. 

If the constants c, and c; are determined so as to make the energy a 
minimum, a comparatively small admixture of polar states to ds is 
obtained (c, = 0-26c,). For heavier molecules the proportion of the 
admixture is higher; in particular, the polar states provide appreciable 
contributions in the case of metallic bonds. 

We shall neglect the polar states in our further discussion of the 
hydrogen molecule, in which we shall now consider the approximate 
treatment of W. Heitler and F. London (1927). The energy £,,(R) is 
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equal to the expectation value of 7, in the states p, and ¢s. Using 
(44.4) we obtain 


+A 
= = 45.7 
Es(R) = 2¢9+7—< (45.7) 
C-A 
E,(R) = eo 3 (45.8) 
in which 1 1 1 
C(R) = e? \(= -=-2) Pa(1) p,(2) dr, dr, 
Ti2 Vaz Tp 


is the Coulomb integral, 


A(R) = ¢ (=~) pat) pa 2) des dt 
12 b1 


Tq2 


the “‘exchange integral”, and 


the energy of the ground state of the hydrogen atom. 

As regards the term “exchange integral’, it should be realized that 
it is meaningless to speak of an exchange of electrons, because such an 
interchange cannot be observed. On the other hand it is quite per- 
missible to say that the two atoms exchange their spins; the frequency 
of this exchange is actually given by A/h (cf. Exercise 5, p. 272). 

For the simple but rather long calculation of the integrals C and A 
the reader is referred to the original literature;* the results are given 
in figure 47. As we should expect, the symmetric state provides a bond 
as a result of the negative sign of A(R). 

Agreement with experiment is quite good, but can be appreciably 
improved by refinements in the expression for the wave function. 
Firstly, we can treat the nuclear charge number as a parameter in the 
method of variations (45.4), as we did in the case of helium (§43). This 
gives an energy level of about 17 per cent below the simple Heitler- 
London function, when the effective atomic number Z’ is 1-166.¢ In 
addition, the constant c, occurring in (45.2) can also be included as a 
parameter; this implies that allowance is made for the polar states. 
We then obtain a further reduction in the energy of 10 percent, when 

‘n> : 


— 


* Y. Sugiura, Z. Phys. 45 (1927), 484. 
+ Note that in the present case Z’ > Z = 1, in contrast to the situation for the nod ae atom. 
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Z’ = 1-19 and c; =0-256c,. The remaining 25 per cent difference was 
accounted for by H. M. James and A. S. Coolidge: by making a more 
accurate allowance for the correlation between the electrons and the 


Fig. 47.—Coulomb integral C, exchange integral A, and electrostatic 
energy of the nuclei e2/R. When R > 1-5a9, —C ~% e2/R 


factors in the wave function depending explicitly on r,,, they obtained 
values for the energy of dissociation and the inter-nuclear equilibrium 
distance that agreed with experimental data to within 1 per cent 
(cf. figure 48). 


We now refer to another way of expressing equations (45.7) and (45.8), of 
importance in connection with ferromagnetism. Owing to the Pauli principle, the 
symmetric spin function of the electron is associated with ¢4 and the antisymmetric 
function with ¢s. We may therefore say that the potential energy of the nuclei 
depends on the setting of the electron spins. Equations (45.7) and (45.8) are put 
into a new form to make this more apparent: 


P*12s(s1,52) = Ns, P*12 4a(S1,52) = —Na (45.9) 
In the above equations P*;2 represents the permutation operator of the spin variables, 


and ys and ya are the symmetric and antisymmetric spin functions. Equations 
(45.7) and (45.8) can therefore be combined as follows: 


H(R)n = 3{(14+P%12)Eat+(1 —P812)Es}y 
2 A—CS2 
—P*12 


SP] = EalRn (45.10) 
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James-Coolidge 


Fig. 48.—The Heitler-London approximation for the potential energy be- 

tween the two nuclei in the singlet state (Es) and the triplet state (E.), 

compared with the result obtained by H. M. James and A. S. Coolidge 

for Es. The lowest state, allowing for the zero-point energy of the 

oscillation, is shown in each case by a horizontal line. The experimental 
value for the energy of dissociation is 4-48eV 


na and ng are eigenfunctions of #*, with respective eigenvalues Es and Ea. In 
(45.9) we can replace P*12 by 4{1 963, 2)}, where &@, and @2 are the Pauli spin 
operators acting on s; and s2 (cf. Exercise 6, p. 272). Then 


3€*(R) = K(R)—4J(R)(E1,42) (45.11) 
where 


C—AS2 | dA—CS? —CS2 


K(R) = 200+ 5a <3 3 ast? J( Rac <3 <0O (45.12) 


Since na and ns are eigenfunctions of #*(R), the correct spin functions and energies 
are obtained by solving the eigenvalue equation (45.10) for the spin function 7. 

Equation (45.10) implies that, for a given internuclear distance R, there is an 
interaction between the spins that tends to set them antiparallel, since 7 is the 
ground state. This is clearly expressed by the term —4J(@1, @2) in (45.11). 

This interaction is purely electrostatic in character and occurs indirectly as a 
result of Pauli’s principle. It has no connection with the magnetic spin-spin inter- 
action (which is also present). Heisenberg advanced the hypothesis (in 1928) that 
ferromagnetism was due to an exchange interaction of this sort between the spins. 
According to this theory, the difference between the “ferromagnetic electrons”’ of 
iron, cobalt, nickel, etc. (i.e. the electrons of the incomplete inner shells) and the 
electrons of the hydrogen molecule lies in the fact that J is positive for the former 
at the equilibrium distance, which is largely determined by the valenee:electrons 
(i.e. the electrons of the outer shell). It is not yet possible todegide conclusively 
whether the situation is really as described, but it is assumed that Heisenberg’s 
theory is correct in its essentials. “a 
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Exercises 


1. Energy of an ideal Fermi “gas” 

The spatial components of the eigenfunctions corresponding to the particles of 
an ideal gas enclosed in a periodicity volume V = L3 are etkr/4/V, where k = 
2nn/L and nz, ny, mz are integers. These functions may also contain a spin function 


n 
a or # if the particles possess a spin of value $. The energy is E= & f2k,2/2m, 
j=l 


where n is the total number of particles and ky,.. ., Kn are the propagation vectors 
represented in the eigenfunctions. In consequence of Pauli’s exclusion principle, 
the 4n values of k with the lowest energies contain both « and B spins. What is 
the maximum value of the magnitude of k, denoted by ko? What is the energy 
of the ground state? (Since the k-values lie very close together when the volume 
is large, the summation should be replaced by integrals.) 


2. Correlations for the ideal Fermi gas 

The single particle functions for the ideal Fermi gas are a(x) = etktx,/4/V, 
where x represents the spatial and spin coordinates and 4 the quantum numbers 
k and s, and 
® when s = | 


aa ie yey Gee 


The functions ‘¥, (x) are normalized and orthogonal. The ground state of the gas is 
1 ‘ 
Wat a Vinh) 2(—1)P Pa, (x1). 6 Pap (xn) 


The indices 2; extend over all values of k corresponding to those of Exercise 1 
and the values +1 of s. Wa4 is normalized (see below). By integrating over all 
x4 except x; and x2, we obtain the probability w(r1,51,r2,52)dridr2 of finding an 
electron with spin s; in dr; and an electron with spin s2 in dr2: 


w =< i dx3...dxnZ(—1)P(—1)PVR,, (x1)... Xp, Xn) Pap (1)... Pap (Xn) 


Since the functions ‘Ya are orthogonal, the only contributing permutations are 
those for which P; = Pi’ where i 2 3. The permutations P and P’ can therefore 
differ only in the case of the first two indices: this means that P and P’ are either 
identical or that they simply differ through an interchange Pj’ = P2, Py’ = P}. 
In the first case (—1)?(—1)?’ = 1, in the second, —1. (It follows that Wa is 
normalized. When integrating over all x; we are only concerned with the case 
P = P’; this gives m! times 1.) Hence 


1 
w= SF (Mp, CODY, 2)— VE, ODE, (29) Pap, Ory, (2) 


The summation £ may be replaced by a factor (#—2)! corresponding to the 
P 


number of permutations that leave P; and P2 unchanged, and by a summation 
over the range of quantum numbers: 


, az = (¥s (x1) PF (x2) —' PF (x) PF (x2) )¥s (x1)'¥,-(%2) 
n(n—1) a,a 
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(a) Calculate w, replacing the summations over k by integrals. 

(b) w is a function of the interval |r;—r2| =r. If ri, s1 are fixed, then apart 
from a normalization factor, wdr is the probability of finding an electron with 
spin s2 at a distance r from a given electron with spin 51. Multiplication by the 
number 4n of electrons with spin s2 gives the density ps,s,(r) at the distance r 
from the electron with spin s,; in this derivation the small difference between 7 
and n—1 is neglected. 


Psy s2(t) = 4nw(t1, 51; titt, 52)/[wdr ~ 2Vnw 


Discuss the densities p;,1 and g1,-1, and the total density p1,1+1,-1 aS observed 
from an electron. Illustrate them diagrammatically. 


3. Polarizability of helium 


Using the formula given in Exercise 5, p. 176, evaluate the polarizability of a 
helium atom by deriving an approximation to the exact eigenfunction of the ground 
state in the form of a product of hydrogen functions with an optimum value of Z. 


4, Rotation terms of the deuterium molecule 


The heavy hydrogen isotope, deuterium, has a spin of value 1, and therefore 
obeys Bose-Einstein statistics. Give the relative weights of the rotation states of 
D> for the different values of /, using a similar argument to that employed in the 
case of the hydrogen molecule. 


5. The exchange integral and spin interchange in the hydrogen molecule 
‘ ne . . 
A state consisting of the combination 


¢ = ef{fa(1)b(2) —a(2)b(1)] [a(1) B(2) + #(2) BC) + 
ar + [a(1)b(2) +.a(2)b(1 J] [«(1) B2) — (2) BO) ]} 
= Hes Ss 


at time t = 0 depends on time as follows (cf. §45): 
d(t) = fa exp (—iEat/h)+fs exp (—iEst/h) 


Show that this wave function represents the oscillation of an « and a # spin to 
and fro between the atoms a and 4, and that the frequency of this exchange of spin 
is approximately given by 4/f, where A is the exchange integral. 


6. Dirac’s identity for the spin vector 
Let P*x(s1,52) = x(s2,51). Show that 


Pe = 411461 &2)} 
7, Eigenfunctions of S2 
Using the identity proved in the previous exercise, determine the eigenfunctions 


and eigenvalues of 
S2 = 4426 +2)? 


8. Van der Waals potential for the Thomson atomic model 
According to §44, the potential energy between the two atoms of the hydrogen 
molecule decreases exponentially and is negligibly small at distances of a few Bohr 
radii, The energy calculated in that paragraph is essentially a first-o der approxima- 
tion, in which allowance is made only for the ground states of the tprogen atoms. 
At great distances the main contribution is due to the second-order appraximation, 
= 
ey 


a 
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in which excited states are taken into account in the trial solution for the wave 
function; this contribution takes the form of a decreasing potential proportional 
to 1/R6 (the van der Waals potential). This potential is to be evaluated for a simple 
molecular model. Each atom is represented by a Thomson model of radius Ra 
(figure 49). Electron 1 (11) is in nucleus a, electron 2 (rz) in nucleus b. Symmetrizing 
effects are unimportant when the inter-nuclear interval R is large. 


Ra 
Fig. 49.—Two Thomson atoms 


(a) Set up the classical equations of motion for each electron. (Since the dis- 
placements r, and r2 are assumed to be small, it does not matter whether the field 
of dipole 6 is calculated at a‘or at ry.) The equation of motion for r; contains a 
component proportional to r; and r2, and similarly for r2. We thus obtain a system 
of differential equations for coupled oscillators. 


(5) Calculate the eigenfrequencies wy. 
(c) Find the energy of the ground state, V(R). It is the sum of the zero-point 
6 Dany 
energies £ 4#ay,. Derive an approximate expression for V(R) for great distances. 
y=] , 
(d) Obtain the eigenfunction corresponding to the ground state, and calculate 
the mean values of the individual coordinates and their products. Discuss the 


significance of the sign of the correlation product x; x2. 


9. Forces between two helium atoms 


Calculate the potential energy arising between two helium atoms, using the 
same method as was employed in the case of the hydrogen molecule. The ground 
state of the atom is assumed to be represented by products of the hydrogen functions 
a, b with the optimum value of Z. The present calculation is simpler because the 
ground state is not degenerate. The initial function Y4 is the antisymmetric function 


wa = 5 (—1)P Pw 
ip 


where VY = a(1)«(1)a(2)£(2)h(3) «(3)b4) BA) 
Hence : 
Ee(R) = (84, Her ¥4)/(P4, B4) = (04, Her ¥)/(P4, PY) 


In addition, there is the electrostatic interaction of the two nuclei. Express Ee: in 
terms of the Coulomb and exchange integrals that were used in the case of the 
hydrogen molecule; in order to simplify the calculation, assume that the overlap 
integral S may be neglected except in the exchange integral itself. As a result of 
this assumption (W4, ) ~ 1; it should also be noted that, in addition to the identical 
permutation, only P;3, P24, and P}3 P24 (with appropriate sign) occur in (¥4, #.e:'P) 
because the spin functions are orthogonal. 
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CHAPTER EI 
Black-body radiation 


§46. Thermodynamics of black-body radiation 


(a) Kirchhoff’s proof of the existence of a universal function u,(,T) 


If the walls of a completely evacuated enclosure are brought to a 
definite temperature T, electromagnetic radiation is produced in its 
interior. A state of equilibrium is attained when the material of the 
walls absorbs as much radiation energy per unit time as it emits. This 
radiation is represented by its energy density u; since the radiation is 
electromagnetic this density has the value 


= 1 De Z 
u = — (B’4+H’) (46.1) 


The spectral distribution of the radiation energy is denoted by a 
function u, of w; u,,dw represents the portion of the energy density in 
the elementary angular frequency range w,w+dm. Naturally, the 
following relation is always valid: 


le { u,,dw (46.2) 


0 


It was found by G. R. Kirchhoff that, at a given temperature, the 
function u,, does not depend at all on the nature of the material forming 
the enclosure; u,, is determined solely by the temperature, and is 
completely independent of the material constants of the walls. 

Kirchhoff’s proof of this law is based on the following argument. 
Let us assume that there were two enclosures A and B formed within 
different materials, in which different values of u,, arose at some point 
of the spectrum when they were each brought into contact with a heat 
source of temperature T. Then we could make use of this situation to 


produce a finite temperature difference between the two heat sources 
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that were originally at the same temperature T, without performing any 
work. To do this, we should have to place enclosure A in contact with 
one source and enclosure B in contact with the other; we should then 
have to reflect (by means of a suitable optical arrangement) a small 
aperture constructed in A into a similar small aperture in B. The 
apertures would be covered by filters passing only the “colour” @ for 
which there is a difference between the two values of u,,. If for instance 
u» were greater in A than in B, these measures would lead to more 
energy being radiated into B from A than would be radiated back. In 
consequence, energy would be abstracted from enclosure A; the tem- 
perature of the heat source surrounding A would therefore drop, and 
that of the source in contact with B would rise. These changes would 
continue until the value of u,, was the same for each enclosure. The 
temperature difference so created could be used to perform mechanical 
work by means of a heat engine. A difference between the values of 
u,, in A and B would therefore permit the construction of a perpetuum 
mobile of the second kind. Therefore by the second law of thermo- 
dynamics the value of w,, in each enclosure must be the same at all 
frequenties. Since u,, depends only on and on the temperature T, 
there must be a universal function u,,(@,7) which gives the spectral 
distribution of the energy of the black-body radiation at temperature T. 


Fig. 50.—Calculation of the radiation intensity 


Kirchhoff assigned to physical research the task of discovering this 
universal function; the stage-by-stage solution of the problem is 
associated with the names of L. Boltzmann, W. Wien, and--My.Planck. 
When putting forward his law, Kirchhoff did not netdatp make any 
assumption regarding the physical nature of the black-body xadiation. 
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Boltzmann and Wien merely used the fact that, for electromagnetic 
radiation, energy and momentum differ by the factor c. The complete 
solution was first produced by Planck with the help of his quantum 
hypothesis. 

For further thermodynamic analysis, we need to know the relation 
between the radiation pressure P and intensity K, and the radiation 
energy density. Let us consider the radiation energy incident during a 
small time interval t on a small element of surface dA of the enclosure 
boundary (figure 50). Since the energy is propagated with the velocity 
of light, all points for which r S ct contribute to the radiation through 
dA. A certain fraction udr of the radiation energy present in the small 
element of volume dr will strike dA. For isotropic radiation, which we 
shall assume, this fraction is given by the ratio of the solid angle 
dAcos6/r? subtended by the element of surface at dr, divided by the 
total solid angle 4z: ~~ 


dAcos@ 
r z 


d 

: 4zr 

The radiation incident on dA from a given solid angle dQ is obtained 

by integrating over the volume of the cone dQ contained in the hemi- 
Sphete 7 < cv: 


u—-dAcos@dQt = KdAcos0dQz, ie. K=u— (46.3) 
4n 4n 


The total radiation incident on dA is obtained by integrating over the 
complete hemisphere: 
C 
a OL OS ee (46.4) 
4 4 
Kcos@ is the energy radiated from the solid angle dQ, per unit time and 
per unit area of the boundary wall; 5 is the corresponding total energy. 
If dA is a small aperture in the enclosure K and S denote the energy 


emitted into dQ and the total energy, respectively. Equations (46.3) 
and (46.4) are naturally also valid for each spectral component: 


c c 
= == = ay 46.5 
K Vaan? Se Nog ( ) 


ao 


Since the radiation energy and momentum differ by a factor 1/c, we 
can now derive the momentum transferred to the wall, and hence the 
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radiation pressure P. If we assume that the boundary wall is an ideal 
reflector, the radiation incident at an angle 6 will be reflected at the 
same angle @ to the normal, in accordance with the law of reflection 


D9 


0 


Fig. 51.—Ideal reflection at cavity wall 


(figure 51). The momentum in the direction of the normal that is 
transferred to dA during the interval t is clearly 


u 


4nk 
dAt KS en0 kent = gg dAt 
Cc 3¢ 3 


The radiation pressure is therefore 


Ne 
. 


u 
= — 46.6 
Pas (46.6) 


This relation can also be derived from the hypothesis of light quanta 
(cf. Exercise 1, p. 296). 


(b) The Stefan-Boltzmann law and Wien’s law 


The laws of Stefan-Boltzmann and of Wien are necessary con- 
sequences of the second law of thermodynamics. 

In order to derive the Stefan-Boltzmann law we make use of the 
fact that a reversible heat engine working between two heat sources at 
temperature J and T—6T possesses an efficiency 6T/T. We wish to 
perform work by making use of the radiation pressure P; we know from 
(46.6) and Kirchhoff’s law that this quantity is a function of temperature 
alone. The enclosure is provided with a frictionless moving piston and 
brought into contact with the heat source T. If the volume V is now 
increased by an amount V as a result of the slow motion outwards of 
the piston, the radiation pressure performs an amount of work PY. 
This results in the extraction of a quantity of heat Q fram the heat 
source, consisting of the energy equivalent of the work-pesformed, PY, 


and the increase in the energy content of the enclosure, uV..In total, 
— 


See 


. 
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therefore, Q =(P+u)V. We now remove the enclosure from the heat 
source and lower its temperature by an amount 6T by means of an 
adiabatic expansion of amount 6¥. We now compress the system 
isothermally at temperature T— 67 to the point from which a succeed- 
ing adiabatic compression brings it back to the initial state. The net 
external work performed in this cycle is found from the P— V diagram* 
(figure 52) to be 6P.v, where 6P is the difference in pressure at tempera- 
tures T and T— 6T [6P =(dP/dT) 65T]. From the second law of thermo- 
dynamics, this net work must be equal to Q 67/T; hence 


If we put P =4u (from (46.6)) in the above equation, integration gives 
-w = constant x T* (46.7) 


which expresses the Stefan-Boltzmann law. 


Fig. 52,—P-V diagram for the Stefan-Boltzmann law. The work per- 
formed is equal to the shaded area 


The proof of Wien’s law is based on the following argument. We 
imagine a cavity with a movable piston, and with walls composed of 
perfectly reflecting material. Only reflections can take place in such a 
cavity; there can be no absorption or emission processes. When any 
radiation has once been introduced into the cavity, therefore, the 
corresponding spectral distribution of energy would exist indefinitely. 
However, as soon as we introduce a “black” particle capable of 
absorbing and emitting energy, it will exchange energy with the radia- 
tion until the Kirchhoff distribution u,(@,7) is established, T being 
determined by the original total energy of the radiation and the particle. 


* The difference between the area shown in figure 52 and the expression 6P.y is a small quantity 
of higher order. 
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The heat capacity of the latter is assumed to be vanishingly small com- 
pared with that of the enclosure, so that the total radiation energy uV 
remains unchanged by this process of producing a “black” distribu- 
tion. After the Kirchhoff distribution u,, has thus been established in 
the enclosure, the particle is removed and the radiation in the cavity 
is compressed by pressing in the piston with a constant and very small 
velocity v. This naturally alters the spectral distribution of the energy, 
since by the Doppler principle a light wave of frequency @ incident on 
the piston at an angle @ is reflected with an increased frequency 


2 
@® = wa(@) = o(1 +—cos a) (46.8) 


The energy is also increased as a result of reflection at the moving 
piston, since work is performed by the piston on the radiation to the 
extent of the factor a(@), as we can see from the argument leading to 
equation (46.6). 

The second law of thermodynamics requires that the radiation in 
the enclosure should retain the form of the Kirchhoff distribution 
during the course of the compression, as the following argument will 
show. Let us assume that a radiation density u’(@) were to exist in the 
enclosure after the compression. We could then compare this density 
with the Kirchhoff radiation u,,(@,T’) at the temperature for which the 
total energy density is the same, i.e. 


|; u'(w)d@ = \, u,,(@, T’)d@ 


0 0) 


If u'(@) is not equal to u,,(@,T’) at all frequencies, there must be at least 
one frequency @, for which u'(@,) > u,,(@,,T’), and another frequency 
w, for which u'(@2) <u,(@2,T’). Now let A and B once more re- 
present two enclosures filled with “black” radiation at temperature T 
and placed in a heat source at temperature T’. We could then bring 
A and B into contact with our working enclosure as far as the respective 
“colours” w, and w, are concerned, using our previous optical arrange- 
ment together with coloured filters; by this means, energy would be 
introduced into enclosure A and extracted from enclosure B. By a 
suitable choice of exposure times we could always ensure that the total 
energy in the working enclosure remained unaltered, merely ‘suffering a 
change in the spectral distribution. Then the pressure = the 


“ 
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working enclosure would also remain unchanged, so that after removal 
of the optical contact we should obtain exactly the same amount of 
work from an adiabatic expansion that we previously expended on the 
compression. The final result would simply be that we would have 
produced a temperature difference between the two heat sources in 
contact with A and B, and this is impossible to accomplish without 
performing work. 

We shall now calculate the change in the spectral distribution of the 
energy U,,dw = Vu,,dqm in the enclosure in the interval t, when a piston 
of area A is inserted with velocity v. If we consider a fixed frequency 
interval dw = A, the change in U,,A is 


dU, A= —AraKA+| AtK,, dw’ cos@dQ «(@) (46.9) 
oSd'<otd a 

The first term is the total energy in the interval that is incident on the 
surface A, in accordance with (46.4); as a result of the Doppler effect 
it will be converted into a different frequency and U,, will be reduced. 
The integrand of the second term contains the energy contributions 
from the various intervals dw’ that are converted into radiation of 
frequency ®’, their frequency and energy being altered by a factor (0) 
on reflection. The fraction of this radiation for which oS @’S@+A 
produces an increase in U,,. When A is small we have, from (46.9), 


dU, = —nAtK,,+ | 4ck(2)eosoaa (46.9a) 


If we expand 


OK, 2 
«(2) = K(o|(1+7cos0)) ~ K(o)——2@ — cos 0 
a c dw c 


and neglect the terms of the second degree in », the first term of (46.9a) 
cancels, and after integrating over the solid angle 27 there remains 
4n wvAt OK, 


= —-—— 46.10 
dU 3 c @o ( ) 
Since vAt represents the decrease in volume —dV as the piston is moved 


inwards during the interval t, (46.10) may also be expressed in the form 
wadU,dV wou 


=——-—_ = 2 dv 46.11 
ae 300 Vi 3 do ae ( ) 
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using the relation (46.5). Equation (46.11) can be looked upon as a 
partial differential equation of the first order that must be satisfied by 


the function U,,(V): 
@ (dU, dU,,.(V) 
pee | cea 46.12 
ral ow ), ( ov iT ( ) 


This implies that U,(V) can only be a function W(@?V), arbitrary in 
the first instance, of the argument w°V: 


U,V) =Vug = W(o°V) (46.13) 
or putting We) = €(C) 
u, = o°¢(w°V) (46.13a) 


From this equation we can deduce the form of the function of interest 
to us, u,,(T). From the first law of thermodynamics, dU = —PdV for 
the adiabatic compression; this equation also follows immediately from 
(46.11) if we integrate over all w and put P=4u. Then since u= 
const.T* it follows that 


‘. dV T+4T* dV =0 or VT* =const. 


Therefore, if we replace V in (46.13a) by const./7°, we obtain 
Ug (T) = w>f(@/T) (46.14) 


This is Wien’s equation, by means of which Kirchhoff’s problem is 
reduced to the determination of the function f(@/T) of the single 
variable w/T. Integration of (46.14) over the range of w yields the 
Stefan-Boltzmann law (46.7); the equation also leads to Wien’s 
displacement law, which states that @,./T OF Amax7 must possess a 
fixed universal numerical value at the maxima of the spectral distribu- 
tions. 

The Stefan-Boltzmann law and Wien’s equation follow purely as a 
result of the general laws of thermodynamics and the electromagnetic 
nature of the radiation. In the next section we shall be concerned with 
the additional concepts required for the complete evaluation of the 
function u,,(T). 


§47. Mathematical model for black-body radiation 
According to Kirchhoff’s law, the function u,(T) representing the 
spectral distribution of the radiation energy density in the enclgsure is 
oe 
hye 


“a 


RTF, 
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independent of the nature of the enclosure walls and of the manner in 
which contact is established with the temperature bath T. We are 
therefore free to choose both in such a way as to make the theoretical 
treatment as clear as possible. We shall adopt the following model. 

The bounding surface of the cavity is assumed to consist of perfectly 
reflecting walls. Inside the cavity there is assumed to be a linear oscil- 
lator in the form of a particle of charge e and mass m, capable of per- 
forming elastic oscillations parallel to the x-axis, about an equilibrium 
position. If E, is the x-component of the electrical field strength at the 
particle, and 

2e7?m? 


ee (47.1) 


Y 


is the radiation damping (cf. §5), then,the equation of motion of the 
particle is a 


¥+pX+02x = —E, (47.2) 


In order to define the temperature of the system we assume that the 
cavity contains an electrically neutral gas; this gas interacts with the 
boundary surface which ‘is heated to the temperature 7 and thus 
“‘imposes the temperature 7”’ on the oscillator by means of molecular 
collisions with it. On its side, the oscillator maintains contact with the 
cavity radiation as a result of the properties described by (47.1) and 
(47.2). 

When integrating (47.2) we must take account of the fact that both 
x(t) and E,(t) vary greatly and irregularly with respect to time. We are 
not interested in thé values of these functions at any given moment, 
but in their statistical representation. The most appropriate way of 
treating such functions is to represent them by means of a Fourier 


integral: 


1 a 
Sa ict Soy= C* 47.3 
t= 7 (Qn) [coe dw, where C(—w) = C*(w) (47.3) 


Substituting this expression for E,(t) in (47.2), the solution of that 
equation may be expressed in the form 


Ie ecite~ C(@) oot; 
== —_—— "dw 47.4 
*o 5 | ees oe 
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In order to evaluate the above relations we have to make an assumption 
about the behaviour of the function E,(t) for large intervals of time. 
We stipulate that E,(t) shall only differ from 0 in a finite interval 
extending from t = —4t) to t= +4f9; fo can then be arbitrarily large, 
though finite. Using this assumption, we obtain the following expres- 
sion for the time average of E2, from (47.3): 


<i 1 1 oo me Ee ca 
EF? = —— {Il C(a) ee’ C*(w')e'° ' daw da’ at 
io 2@ aa 
Since 
1 ee 
ai i(w-w’)t = as 
oF e dt = ((w—a’) 


—a 


it follows that 


— 2 00 
E2=—1| |C(w)|?do 
to Jo 

Using the abbreviation 


2 
EF = 1C@)/’ (47.5) 
0 


we obtain the spectral distribution of the field strength 
E2(t) = | E2. dw (47.6) 
0 


Similarly, from (47.4) and (47.5) we have 


3 (eee Was E2, dw 
x =z 


mi), @ ae) tyr a 


Now in general y <a ; hence the integral in (47.7) has such a steep 
maximum at w=, that we may replace E2 by E2,. If we take 
[= @—, as the variable of integration, the denominator becomes 


(©—)"(@+ Wo)? +970? & 4a W? + 996 


The approximate integration can then be performed between the limits 
—oo and +00; the result is 


= en 
c= f= 47.8 
@o me 2y ( ) 
os 


To obtain the relation between the mean oscillator enetgys£,,. and the 
spectral energy density udm in the cavity we must introdyce into 
ane 


“a 
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(47.8) the value of y given by (47.1), and the value mw2x? for Eys.. 
For isotropic black-body radiation 


u,,ado = 6 d0 
8x 
where the factor 6 is due to the fact that on average the squares of the 
three components of E and the three components of H are all equal. 
Since the relation (47.8) must hold for every oscillator frequency @, it 
follows that for isotropic black-body radiation 


foc 
Ese = Us D) 
@ 
w2 
or ih, do = E,.. dw (47.9) 
Hac 


We may observe the following relation, which we shall require later. 
From §5, the energy radiated per second by a linear oscillator is 


2650) 


Se (47.9a) 


osc 
Since the oscillator is in equilibrium with the black-body radiation, it 
must absorb the same amount of energy per second from the latter, at 
its characteristic frequency. From (47.9), therefore, the energy absorbed 
per second is 

2n*e? 


3m 


ue (47.9b) 
If we put a = kT in (47.9), as required by classical statistical mechan- 
ics, we obtain the Rayleigh-Jeans formula for black-body radiation: 

24 


u,(T) dw = kT 3 deo (47.10) 


This result is obtained from classical physics alone. It leads to the 
absurd statement that the spectral distribution of the energy density u, 
increases without limit as the frequency increases, and hence that the 
energy density 


u(T) = \; u,,(T) da 


8) 
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is infinitely great for all finite values of T. This is the celebrated 
“ultra-violet catastrophe”’. 

The difficulty was overcome by the Quantum Hypothesis, put 
forward by Max Planck in the year 1900. If £,,, is replaced in (47.9) 
by the value required by the quantum theory,* 


Bs = Sa (47.11) 


(cf. §9), the result is Planck’s formula, which remains finite even when 
@ tends to infinity: 


T)d cee, 
th) 22 Sm (47.12) 
exp—-—l 
kT 


The above derivation is admittedly open to the objection that we 
have essentially retained formula (47.9), which was deduced from the 
arguments of classical physics, in spite of the fact that the inadequacy 
of these ‘arguments is demonstrated by the mere necessity for the 
postulate represented by (47.11). The rigour of this objection may be 
somewhat modified by considering a totally different form of (47.9). 
This is obtained from a consideration of the characteristic electro- 
magnetic oscillations in a cavity (such as a cube of side L), and in 
particular, the number z(w)dw of the oscillations contained in the 
frequency interval w,w+dw. A simple calculation shows that 

2 


2(a)do = B a da (47.13) 


Equation (47.9) may therefore be written as 
Lu, dw = E,,.z(w) dw (47.14) 


In the above expression, the left-hand side denotes the mean energy of 
all oscillations taking place inside the volume L? and lying within the 


* Quantum theory also yields the zero-point energy, in addition to (47.11). Strictly speaking, 
making allowance for this energy also leads to an “ultra-violet catastrophe”. However, this is not so 
important as the difficulty inherent in the classical theory; we must remember that any experimental 
statement regarding emission and radiation pressure refers only to differences betwoen..theradiation 
cavity and its external surroundings. In the ‘“‘balance-sheet”’, the zero-point energy drops out in each 
frequency interval, and therefore in total. uw.(7) as given by (47.12) is the energy fensity which may 
be used in conjunction with (46.2) and (46.4) to give the radiation and the pressure in a gavity at tem- 
perature 7, in comparison with a vacuum at the temperature of absolute zero. x 

Tee 
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interval dw. Equation (47.14) therefore simply states that the mean 
energy of any characteristic oscillation in the cavity is equal to the 


mean energy E,,. of a material oscillator with the same frequency. 

To provide a strict proof of the above statement, we must first put 
Maxwell’s equations for the cavity into their Hamiltonian form and 
apply to them the established propositions of statistical mechanics and 
the quantum theory. We then find that each characteristic oscillation 
behaves just as if it were a linear oscillator of the corresponding 
frequency; this result will be proved in detail in §51. 

We shall now discuss Planck’s formula (47.12) in greater detail, and 
establish a connection between it and the two familiar laws of black- 
body radiation, Wien’s displacement law and the Stefan-Boltzmann law 
of total radiation. 


Wien’s displacement law 


If the spectral distribution of the energy is expressed in terms of the 
wavelength A instead of the frequency mw, (47.12) gives the following 
result: 


16n7hc , 1 
ELE Shee (47.15) 
expr! 


We wish to determine the wavelength 4,, for which u, is a maximum 
for any given value of T. The condition for this is éu,/@A =0; taking 
this into account, and using the abbreviation y=2zhic/A,,kT, we 
obtain the equation GS) 


The root of this transcendental equation may be seen to lie in the 
neighbourhood of y=5. If we put y=5—n we then obtain the 
relation SO dlenn 
Since y is a small number we can replace e” by 1+; we then obtain 
the approximation 


1 
= —-— = 0-035 
i te>—] 
The constant of Wien’s displacement law is therefore given by 
gp mas ae (47.16) 


ky k 4-965 
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Simultaneous measurements of 4,, and T on a black body will 
therefore give the ratio h/k of the two universal constants, named after 
Planck and Boltzmann. The fact that the maximum for solar radiation 
lies in the green region, for which 4+0-5x 10-*cm, and that the 
corresponding value of T is about 6000°K, enable us to determine an 
approximate figure for the ratio h/k. 


The Stefan-Boltzmann law of total radiation 
The total energy density of black-body radiation is obtained by 
integrating (47.12): 
h (2° widow 
a 08 |, ro 


expr 


Introducing x = hw/kT as a new variable, 


LE Se dx 
WS De h 5 e*—1 


The numerical value of this integral is 2*/15; this gives 


h n*(kT\* 
==> (| — 47.1 
ine = h ) Oe 
We have thus determined the constant appearing in the Stefan-Boltzmann 
law as given by equation (46.7). As a rule direct measurements are not 
made on the energy density, but on the energy S emitted per second per 


unit area of the surface of a black body on one side (i.e. into a solid 
angle 2n). This quantity is related to u by equation (46.4): 


ae 


The energy emitted per second per square centimetre of a black body is 
therefore 
Tok 


S= Cine where o= 60c2h3 


(47.18) 


The measurement of S at a known temperature gives us«the ratio 
k*/h?; thus, merely by measuring the maximum and the total radiation 
we can determine the two fundamental constants h and k. s&s 


4 
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The experimental results are as follows: 
Am 1 = 0:290cm deg, 
o = 5:68 x 1075 erg s~! cm? deg~* 
h =1-05x107?’erg s, 
k = 1:38 x 107 !* ergdeg™ ! 


A knowledge of Boltzmann’s constant enables us to determine Avo- 
gadro’s number WN and the elementary electric charge e: 


R 831x107 = 
7 Seem 
F 96,500 


e C = 1:60x 107 19C = 4-80 x 10 ~ 1%e.s.u. 


~ N~ 602x107 

This method of Planck’s for determining the elementary electric 
charge from radiation measurements alone deserves particular con- 
sideration, being by far the most accurate at the time (1900). It was 
only much later that it was surpassed in accuracy by the measurements 
of Millikan, which were described in Vol. I. 

Planck’s formula (47.12) may be expressed in a somewhat simpler 
form when the ratio ha/kT is either very large or very small compared 
with 1. The results for these two limiting cases are as follows: 


hw? ho 
hw > kT: Ug = SEE Sdie kT (47.19) 
w? 


Formula (47.19), known as Wien’s radiation formula, had been estab- 
lished by W. Wien before Planck had put forward his hypothesis ; 
however, it contained an undetermined numerical factor. The formula 
represents quite accurately the ultra-violet part of the energy distribu- 
tion including the maximum. The other limiting case covered by 
Planck’s formula, (47.20), is identical with the Rayleigh-Jeans radiation 
Jaw (47.10); this is only to be expected in view of the method of deriva- 
tion. When Planck’s formula was put forward, therefore, it provided a 
connection between the experimentally verified equation (47.19) and 
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the equation (47.20), which had been deduced from classical theory (cf. 
figure 53). 


(a) 
( b) 10 
05 
* Am. a 


0 2 4 6 6 10 1210°cm 


Fig. 53.—Spectral distribution of black-body radiation for T = 6000°K 
(a) Planck’s distribution, Rayleigh-Jeans law (I), and Wien radiation 
formula (II), as functions of the angular frequency o. 

(6) Planck’s distribution as a function of the wavelength J. 


§48. Einstein’s derivation of Planck’s formula 

Einstein, whose process of reasoning was of decisive importance in 
connection with the concepts of the quantum theory, successfully 
advanced a self-consistent proof of Planck’s formula.* It is character- 
istic of the derivation that it demands a minimum number of basic 
assumptions. These are set out below. 


1. If E, and E, are two non-degenerate energy levels of an atom 


(E, > E,), the latter reacts with the black-body radiation by emitting 
or absorbing light quanta of magnitude 


hoe eo (48.1) 


depending on whether it is in the state n or the state s. — 


* A. Einstein, Phys. Z. 18 (1917), 121. Sang 
<< 
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2. Let there be a number of such atoms (e.g. free gas atoms) in 
a cavity at temperature T. In particular, 


N, = number of atoms in the state s, 


N,,= number of atoms in the state n. 


Then when the system is in thermal equilibrium it follows from a 
basic formula of statistical mechanics that 


N, exp—£,/kT 
N, exp —E,/kT (828) 
and therefore 


ho 
No aN -_— a2 
exp iT (48.25) 
3. In the limiting ¢ase for which’ hio,, <kT the laws of classical 
physics and hence the Rayleigh-Jeans formula 
2 


Ons 
(ys) > —ae5 KT (48.3) 


are valid. fet 

We now consider in turn the number Z,, of transitions from s to 
n taking place in the time df, and the number Z,, of opposite processes. 
At equilibrium, both numbers must be the same. We take the number 
of absorption processes Z,,, to be proportional to N, and to the energy 
density u(w,,) of the radiation at the corresponding frequency, and 
include a constant B,, that is characteristic of the absorption: 


Zen = Ny Ben U(@ns) at (48.4) 


The number of emission processes is proportional to N,,. We now have 
to distinguish between two types of emission. The first is spontaneous 
emission, which is independent of u, and which is represented by the 
probability 4,,dt of a spontaneous transition from 7 to s in the interval 
dt. The second type is “forced” emission, proportional to u(w,,), and 
expressed as B,,u(w,s). In total, therefore, 


Zns = NT [Ans at Bas U(@ns) | dt (48.5) 


The forced emission introduced here corresponds in classical physics 
to a vibrating oscillator which can extract energy from an incident 
electric wave, or convey energy to it, depending on the phase angle 
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between the vibration and the electric field of the wave. Now it follows 
from the condition Z,, = Z,,, bearing in mind (48.2), that 


exp u=A,,+B,,u 


k T sn 
from which 


Ane 


oj (48.6) 


Bs exp = a Be 


where @,, = @. 
In order to apply our third postulate we take hw/kT <1. Then 
Ans 
HOS) <= 
B,,—B,s+B 
sn ok sn kT 


In order that this formula should be identical with (48.3) we must have 
Buy = Bas (48.7) 


that is, the forced emission and the absorption constants must be equal. 
In addition we must have 


Ans wo 
hoB,, eee ee a 


i.e. the following relationship must exist between 4,, and B,,: 


Ayn: 

Hee (48.8) 
When the relations (48.7) and (48.8) between the initially arbitrary 
coefficients A and B are introduced into (48.6), Planck’s formula 

w? ho 
yode n> expho/kT —1 
is obtained. 

The characteristic feature of the description of absorption and 
emission given by (48.4) and (48.5) is that it assumes that the occurrence 
of each elementary process is due to chance. Thus A,,d¢ is simply the 
probability that an atom in state n changes to the state s as.a result of 
the spontaneous emission of a quantum ho,,, during thedsterval dr. 

Most physicists were at first inclined to look upon this representation 


Ay 
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aS a provisional expedient. It was only the further development of the 
quantum theory that showed that the physical situation was in a sense 
completely described by the statistical postulates (48.4) and (48.5). We 
shall see in §53 how the coefficients A,, and B,, can actually be calcu- 
lated by means of the quantum theory. 

Even without such a calculation, however, Einstein’s relations (48.7) 
and (48.8) enable an important connection to be established between 
the coefficients A,, and the oscillator strengths f,, introduced in the 
theory of dispersion; this was first demonstrated by R. Ladenburg. We 
shall calculate the energy absorbed by an atom obeying the dispersion 
formula 2 
n—-1l=N eas Sus 

mM w2,—-w? 
in the neighbourhood of a given line w,, and over an interval dt, when 
it is in an isotropic radiation field of spectral energy density u,. From 
(47.95) this energy is 


me 


2 
Ins 


u(o,,,) at 
m 
Using Einstein’s representation of the absorption process, the same 
energy is given by 
ho,,;Bystt (ns) dt 


If the above expressions are equated to each other and the relation 
(48.8) is introduced, we obtain 
2 e?w? 
= Sf = 48.9 
AN 3m co fs Nine ( ) 


This equation shows that it is possible to obtain quantitative estimates 
of spontaneous transition probabilities from measurements of dis- 
persion. This method is much more exact and reliable than the one 
based on the duration of the luminosity of canal rays in Wien’s well- 
known experiment. 
If we introduce into (48.9) the value of f,, given by (41.10), 
2 
fe = 2m | Xns | Ons (48.10) 
h 

we obtain equation (11.9) for the probability of spontaneous emission, 
which we had previously inferred from the correspondence principle. 
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For the three-dimensional case we must add the contributions |y,,|? 
and [zaele due to the other two vibrational directions; the formula 
then becomes identical with (11.9a). 

This agreement provides strong support for the validity of the 
argument of §11, based on the correspondence principle, and leading 
to equation (48.9). However, a self-consistent proof of this equation 
can be given only in terms of the quantum theory of the electromagnetic 


field (§53). 


Exercises 


1. Pressure and energy density in an ideal gas 


A gas consisting of atoms of rest mass mm is present in a container. The density 
of the atoms is m, and the distribution of the momentum is given by f/(p)dp, which 
is the number of atoms per cubic centimetre possessing a momentum in the range 
(p, dp) ((fdp = n). The pressure P is defined as the momentum transferred to the 
container walls by collisions with the atoms, per unit time and per unit area. The 
collisions are assumed to be elastic, and the distribution /(p) is isotropic. Show that 


P= on Bein in the non-relativistic limit, 
ie. oa 
= gre in the limit E > mec2. 


E is the total energy, Exin the kinetic energy. The mean values are defined by 


SF@s@dp 1 
ype REN UAN EL 
Tae | F(p)f() dp 


The first relation gives the ideal gas equation if we put Exin = a the second 


relation gives the connection between pressure and energy density (equation (46.6)) 
for a gas consisting of light quanta, for which m = 0. 


2. The solar constant 

The temperature of the sun’s surface is about 6000°K. Using (47.17), calculate 
the solar constant S, i.e. the solar energy radiated per minute on to 1cm2 of the 
surface on the earth normal to the incident radiation. (The angle 6 subtended by 
the sun at the earth is about 4°.) 


© ee 
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CHAPTER Ell 
Absorption and emission 


§49. The classical treatment of absorption and anomalous dispersion 


The theory of dispersion that was given in §40 applies only to the 
transparent region outside the spectral lines (i.e. @ #@ ). In order to 
describe the behaviour within the lines, we must include the damping 
in the equation of motion for the electron. This equation then becomes 


F+yt+oer = <E (49.1) 


If E depends on time through the factor e’’, the solution of (49.1) is 


given by 
/ @ 1 
=e OO 4 i? 
a m w2—w? + iyo Ce) 


We shall first consider the balance of energy in the system. The work 
done by the field on the electron in the time interval dt is eEidt. From 
(49.1) the mean power due to E is therefore 

ei = myi? (49.3) 
since the mean values of 


d., ._1d_, 
—r and rt=570) 


are equal to zero for periodic motion. This power is to be compared 
with the mean radiated power of the electron, which is 


D = 
= iP =5—07% (49.4) 


Now (49.3) represents the energy withdrawn from the field per second, 
while equation (49.4) gives the energy which is returned to the field in 
297 
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the form of radiation. Both these quantities are equal when y has the 
usual value for the radiation damping 
Deri. 
Vrad = 3 oil 
If y is greater than y,,4, part of the power eEr is converted into heat, 
e.g. into kinetic energy of the atoms. 


The order of magnitude of the ratio yrag/@ is of some interest: it is 


jo 2€2/mc2 _ Ret 
ee 3 clo ~ A 


In the above expression, Rez is the classical electron radius (~ 10-13cm) and A 
the wavelength employed (~ 10-5cm). 


If we make use of (49.2) to express the current density j = Ner, and 
substitute in the first of Maxwell’s equations, 


4 1 
.. curllH =—j+-k 
: C ame 


we obtain 
ps 


curlH =f, where ¢=14+4nN— 
c m 


(49.5) 


O%—@? + ipo 


We then obtain the following equations for a wave travelling parallel 
to the z-axis, and polarized parallel to the x-axis: 


B,= aexpio(1—s), H, = a,Jeexpio( +222) (49.6) 


If we put 
Je=n-ik (49.7) 


where n and «x are real, then the real part of the solution is 


OK n 
<= aexp(—S"z)coso(+—"2) 
c e 


ne OT etiten ya exp(-“*2] cos] o(1-2 2) (49.8) 


Ae 


where tan =k/n, ./e = (n? +x)" e"™: nS 
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The time average of the Poynting vector S = (c/4z)E x H is 


@ 2wK 
S,=S=—na’ —— 
2 mee exp ; & 


The reduction in intensity over the distance dz is thus 


2 
ISS -="Sadz (49.9) 


n is termed the (real) refractive index, and x the extinction coefficient. 
If the gas is sufficiently rarefied it can be assumed that |e—1| <1; then 
Je=1+4(e—1) approximately, whence 

2 


e wez—w? 
n=1+2"2N— 2 
‘ m 


oF +70" 
2 


rh = ue 
m 


aoe 49.10 
(fo F703 cd 
In order to see how the above quantities vary in the neighbourhood of 
a spectral line, we shall put. 


O=OotHh 
When |p| <a, w§—-w* = —2p#m 9. Elsewhere we may replace w by 
@o. Then 
er —2p 
= 14+2zN ——>—G 
n SP iE 7c 4+ y? 
e? y 
= 2nN ——5 5 49.11 
es! MO, 4? +7 ( ) 


The manner in which x and n vary with w = 1+ is shown in figure 
54. Omitting the factor 2xNe?/ma which is common to n—1 and k, 
the latter quantity has a maximum of height 1 /y at p =0, and half this 
value at p= +4y. Now n—1 has a maximum at p= —4ty and a 
minimum at p = 4y, the magnitudes of which are 1 /2y. Between these 
two values, that is, within the spectral line, the refractive index decreases 
with increasing frequency, in contrast to its behaviour in the transparent 
region outside the spectral line. This property is termed anomalous 
dispersion. 
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The curve of x becomes higher and narrower as y decreases, but the 
area included under it is independent of the damping, and is equal to 


me 
~o4w ty? 


2 e* 1 
Kd@ = 2nN = (49.12) 
ae MO 2 


Therefore 


Using this result, the absorption in the case of a continuous spectrum 
may easily be calculated. Provided that the intensity (i.e. the energy 


7 Wy-P? Wo Woty w 
K 
i 
Wp @ 


Fig. 54.—Refractive index and extinction coefficient in the neighbourhood 
of a spectral line 


per second per square centimetre) of the incident radiation is not in the 
form of a sharp line, but extends over a continuous spectrum, 


S -{ I(w) dw (49.13) 
0 
we should expect from (49.9) that the absorption over an interval dz 
would be 
2K 
ds = ~4z | 10) dw sg, 
ey 


Since « has a sharp maximum at w=@p , wl(w) can be replaced by 
ee 


“ 


§49. Classical treatment of absorption and anomalous dispersion 301 


@o1(@ 9) in the integrand provided that /(@) remains nearly constant 
within the line width. Then from the last equation and (49.12) 
PB Pd 
ade a) (49.14) 
com 
Equation (49.14) shows that the total energy absorbed by a line from 
the continuous spectrum is independent of the line width. 

This equation may also be interpreted as follows. Ndz is the number 
of atoms contained in a layer of thickness dz and 1cm* cross-section. 
Equation (49.14) therefore states that the energy absorbed per second 
by each oscillator from the spectrum represented by (49.13) is 


2n7e 


~ em 


te 


I(oo) (49.15) 


If we represent the incident radiation by its energy density u(ergs 
per cm?) instead of by its intensity S(ergs per second per cm?), we have 
the following relation: 


u(@) = . I(@) 


The spectral energy density of the radiation field being u(), the energy 
absorbed from the field by a three-dimensional oscillator is therefore 


u(@) (49.15a) 


A linear oscillator which is capable only of motion parallel to the 
x-axis can only react with the x-component of the field. For such an 
oscillator only one-third of the radiant energy of an isotropic field is 
effective, hence: 


Energy absorbed by a linear oscillator is 
2n*e? 


3m 


u(@) (49.15b) 


The damping constant does not appear in the above formulae for 
absorption in a continuous spectrum. 

In view of the later treatment of the subject by means of the quantum 
theory, it is of interest to note that the same formulae for the absorption 
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of energy by an oscillator can be obtained without introducing the 
damping. In §40, we gave the solution of the equation 


e 
i+oer=—Fcoswt 
m 


(where F is the amplitude of the electric field), for initial conditions 
Pedra € COS WI—COS Wo t 
— Sa es 49.16 

LO) See (49.16) 
(We may no longer omit the term coswgt, since we wish to perform 
the calculation when the damping is zero.) Using the identity 
cosa—cosf = 2sin3(B+«a)sink(B—a) we may express (49.16) as 
follows: 
2sin4(w+wo)tsin4(@—Wo)t 


iO ag acs (Wp + @)(@p — @) 


(49.17) 

The potential energy of the oscillator is 4mm%r?, which is equal to its 
mean kinetic energy; the total energy is therefore maar?. For the 
magnitude of this energy to be appreciable, w must be nearly equal to 
Wp. We shall therefore put wp +@ % 2a in (49.17), and since the 
term sin?@ yt oscillates rapidly we shall replace it in the following 


expression by its mean value sin?w t=4. Then the energy absorbed 
by the oscillator in time ¢ is 
1 sin? 4(w—w,)t 


ee} ————— 
roots 2” (wp—a) 


The radiation intensity corresponding to a field amplitude F is 


S=<F 
8x 
If this intensity is distributed according to (49.13), 
Tae Ane? ic os Coo) 
me (@)—@) 


Putting @—a@ ) =p once more, we have for the function ages to I(@) 
in the integral sin * Tne 
ou ) a .* a 

pe ~ 


wx 
ry 
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which we have already encountered in §27. When p =0 it has the 
value 477, and its first zero is at 49 =2n/t. The area under the curve is 
approximately a triangle of base 2u, and height 477, and is therefore 
equal to 4a¢. It may in fact easily be verified that 


- Pu) du = tat 


exactly. Now if tis so large that J(@) does not change appreciably when 
@ changes by an amount z/t, we may take J(@,) out of the integral. 


We then have 


ne” 


mer? = ee I(@o)t 


in agreement with (49.15). 


§50. The probability of an induced transition 


In §41, an atom subject from time ¢ =0 to the effect of a perturba- 
tion was represented by the equation 


= exo( FE.) 6.45 ayexo(—FE,t)4 (50.1) 
VES 

|a,(t)|? is the probability of finding the atom in the state v at time f, 
given the fact that it was in the state s at time t=0. Provided that 
|a,| <1, it is permissible to say that |a, | represents the probability 
that a transition from s to v took place during the interval ¢. In (41.6) 
we gave the following expression for a,(¢) in the case of an alternating 
field £, = Fcosat: 


eFx,, (expi(o+o,)t—-1 expi(o—@,,)t—1 


The condition |a,| <1 is no longer satisfied when @ is nearly equal to 
@,,; to deal with this case it is really necessary to take account of the 
damping. However, in the classical treatment of absorption it was 
shown that the total energy absorbed per second could be correctly 
deduced without taking the damping into account. In the present 
discussion we shall therefore limit ourselves to the calculation of the 
total absorption, making no allowance for damping. 

We shall again consider the case of a continuous spectrum of 


incident radiation. The only frequencies contributing appreciably to 
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Me (t)|? are those for which one of the two denominators, @,,+q@ or 
ys—@, is very small. In particular, if @, denotes the ground state of 
ie atom, w,,>0, and only the term with w,,—@ as denominator 
contributes significantly. On the other hand, if ¢, represents an excited 
state, @,, can be less than 0, and |a, (t) FB then represents the probability 
that the radiation field induces a transition from @, to a state of lower 
energy $,; this is termed forced, or stimulated, emission. 
We now consider the case when w,,>0. When monochromatic 
radiation is incident, 
e? | Xys ie 5) sin? [4(@,,—@)t] 


2 — 
Mel Sar aera)? 


(50.3) 


(In the above equation we have used the relation |e? —1|? = 4sin74£.) 
When the incident radiation is in the form of a continuous spectrum 
F? is replaced by (8z/c)I,,dw, and 


e|x,[ 8a sin? [4o,.—o)t] 
ah? make OF =e 


When ¢ is sufficiently great we can remove [(@,,) from the integral, as 
we did in the previous paragraph; we then have 


e? 
@ |x, |F 4a 
Se — I@ Ok (50.5) 


[a, |? = 


da (50.4) 


la,@|? = 


The energy of the atom increases by an amount ha,, in the case of a 
transition from @, to ¢,. The increase in energy per second is therefore 


1 e7 | x,,|7 4x? 
Fhala,()? =e wh yy (50.6) 


This increase in energy may be compared with that found for the 
classical oscillator in (49.15), when the latter expression is multiplied 
by its appropriate f-value, as given by (48.10). In this case the increase 
in energy per second is 


2n? e? Meeale an 
Sus 7 M@y,) = @ oy oe Se I(@ ys) (50.7) 
ee 
The above expression is in complete agreement with tH®-result given 
by equation (50.6). & 
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§51. The Hamiltonian form of the Maxwell equations for a vacuum 


Before we can make use of the quantum theory in the treatment of 
the radiation field, we must first put Maxwell’s equations in their 
Hamiltonian form. The methods so far established cannot be directly 
employed because, unlike the position and momentum of a particle, the 
electromagnetic field is not represented by discrete numbers but by 
continuous functions of position. These methods become applicable, 
however, if we consider the fields inside a cavity such as an enclosure 
with reflecting walls. 

As a result of the boundary conditions, which require the vanishing 
of the appropriate tangential and normal components of the fields, only 
a discrete number of plane waves can exist inside the enclosure, in 
contrast to the situation in infinite space. The fields can therefore be 
represented by means of a ‘discrete set of wave amplitudes, dependent 
on time. Lagrangian or Hamiltonian differential equations may be 
derived for the latter, which can easily be made compatible with the 
postulates of the quantum theory. 

We may obtain the results for continuous fields by proceeding to the 
limiting case of an infinitely large’ enclosure. In doing so, we may 
reasonably expect that the boundary conditions will not affect the final 
result; we are therefore free to choose them in the most appropriate 
manner for calculation. Instead of postulating ideally reflecting walls 
we shall therefore assume that all field quantities are periodic in the 
enclosure; for simplicity, we shall take the enclosure to be a cube, the 
sides of which are of length ZL and are parallel to the coordinate axes. 
More precisely, if (x,y,z, ¢) is any field quantity, then 


if (x; y>2; t) ra 
=f(x+L,y,z,1 =f (x, y+L,z,t) =f(x, y.z+L,t 
The advantage of this procedure is that it permits the use of the more 
convenient exponential functions in the Fourier expansions occurring 
in the calculation, instead of sine and cosine waves. 
In the first instance we shall consider fields in empty enclosures. 
The Maxwell equations 


curlE = 25 divE=0 
c 


) GL) 


curl H =-%, divH =0 
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are solved by putting 
1 : 
H=curlA, E= <A, divA =0 Gi) 


giving the following equation for the vector potential A: 


lee: 

VA-GA =0 G13) 

A is expanded in a Fourier series: 

elke 
A(t, t) = ¥) Axa (4) kazaa (51.4) 
k,Aa L 
The quantities 

Si, = S-xna (51.4a) 


are linearly independent unit vectors defining the polarization of the 
corresponding wave. Since divA =0, (s,,k) =0, which implies that the 
waves are transverse. The summation over 4 therefore extends only 
over the values 1, 2. The two vectors s,, and s,,, which are normal to 
k, will also be chosen to be orthogonal to each other. 

As a result of the postulate (51.1) k assumes only the discrete values 


Z 
k == (Ny ly, M,)), WHEE M1, !y,, — Ot Ieee ee 


The summation over k in (51.4) therefore represents a triple summation 
over all integers n,,n,,n,. 

The proper variables to employ for the representation of the field 
are the amplitudes A,,(t). Since A is a real quantity, 


Axi = Ar x (51.45) 
in virtue of (51.4a).* From (51.3) we obtain the ‘equation of motion” 
Ax, + @2 Ay, =0, where @, =c| kl (51.6) 


This is the equation of a linear oscillator, for which the Hamiltonian 

formalism and quantization characteristics are already known. The 

equations (51.6) are not mutually independent, however, as a result of 

the accessory condition (51.45), and the amplitudes are complex ; we 
SA 


* The relation of 5,3 to $_j-4 given by (51.42) is arbitrary. Once it has been bscumet@however, (51.46) 
follows necessarily. is, 
aN 

Teg 


‘Ne 
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must therefore give further consideration to the problem of the Hamil- 
tonian representation of the radiation field. 

We shall assume that, as in the mechanics of particles, the total 
energy E of the field assumes the role of the Hamiltonian function. 
Then, taking account of the relation 


‘za: Aes Cogan ’ 1 when k =k’ 
al, | exp i(k —k’)r dx dy dz = 10 en ee zy One 
and the fact that (ks,,) =0, we obtain from (51.2), (51.4), and (51.6): 
1 1 : 
E=— (E? +H’) dV = 5) (AR Ato A Aga) (51.7) 
87 8c ia 


We must now form canonically conjugate variables q,; and p,; from the 
Ay, and A,, such that, when the field energy E is expressed in them, it 
may be employed as the Hamiltonian function #(p,,q,) in a canonical 
representation. This implies that the equations of motion (51.6) follow 
from the equations 


: OH . 036 
Det tae (51.8) 
J 


Now the amplitudes A,, themselves cannot be employed as co- 
ordinates in this canonical representation, because of the restriction 
imposed by (51.4b). However, if new amplitudes are introduced, 
defined by 


1 i 1 (Ties 
Qya= 5(4u +ady) a*y,= 5(4.1-g4us) (51.9) 
k 


then Ay = Gy, +67) (51.10) 

Condition (51.45) is thus automatically satisfied, while the amplitudes 
a,, and a,*, are free from any further restriction. It would thus appear 
that the a,, could be employed as coordinates in the required representa- 


tion; it can be shown immediately that this is in fact possible. 
From (51.9) and (51.6) we first derive the new equations of motion: 


dy, tia, a, = 9 Gy, — im, ay, = 0 
Thus two differential equations of the first order have replaced the 
single equation of the second order (51.6). In addition, 
Aya = —i@y (4x, 47 x2) (51.11) 
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The field energy E may now be expressed in terms of the a,, and ay, 
alone, in view of the definition (51.9): 


1 
E= —;) ox CHA ee eee 
TC” kA 


1 Py, yb 
= —> ) Oa, 4 SHY: 
If the a,, are now identified with the canonical coordinates q,, and the 
quantities im, a,*,/2nc? with the conjugate momenta p,, the energy may 
be expressed as the Hamiltonian function in the form 


= —§ YO G5 Bj (51.12a) 


The equations (51.11) then follow directly from the canonical equations 
of motion (51.8), thereby establishing the required connection with the 
canonical form of representation.* 

In order that we may later form the necessary commutation relations 
as simply as possible, we shall replace the a,, by the quantities 


1/o,\ 7 
bya = (=) Aya ($1.13) 


following a similar procedure to that which we adopted in the case of 
the individual linear oscillator in §15. Then (51.12) becomes 


E=Y ho, bi by, (51.14) 
kA 


and the corresponding canonically conjugate coordinates and momenta 
ae b,, and ihby, 


As before, it may easily be verified that equations (51.11) follow from 
(51.9). 

We now express the vector potential (51.4) in terms of the dy). 
Using (51.10) and (51.13), we first obtain 


2uh\ 
Ar, = rad a at) S,, (bya t b%,,) exp ikr 


* In the canonical equations of motion (51.8) the coordinates and momenta are complex t tonjugates, 
apart from a factor; however, they may be regarded as independent of each othesitpartial differentia- 
tion. This may be proved by resolving them into real and imaginary parts, and treating the latter as 
independent quantities. 

4 na 


i 
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If we replace —k by k in the second summation, and put 
by, = bp,exp—iw,t be, = bp* expia,t 


in virtue of the relation (51.11), the expression becomes 


@ 2nh\!2 
A(r, t) = BP Dy (=) Sx X 
ica 


Oy 


x {b0, exp i(kr—, 1) + bot exp —i(kr—@, 1} (51.15) 


This is the sum of real waves of amplitude |Be, , travelling in the 
direction of k. The result may be used to derive the number of waves 
occurring in the interval dw, which has already been given in (47.13). 
From (51.5) and the relation w? = c?k? 


In the space of the n,, n,, n,, the number of “lattice points” cor- 
responding to integral values for which n2+n>+n?< R? is equal to 
the volume of the sphere of radius R, namely (47/3)R°*, when R is large. 
Since two directions of polarization (A = 1,2) are associated with each 


value of k, the total number of waves of angular frequency less than @ is 


4n ( Lw\? 
go)= 5 (=) 


The number of waves occurring in the interval dw is therefore 
ds w? 
z(w) dw = qa” = D734 
as stated in (47.13). 


§52. The quantum theory of the radiation field 


Now that Maxwell’s equations have been expressed in canonical 
form with coordinates 6 and momenta ihb*, we may proceed to the 
quantum theory, replacing the numbers b* and b by operators b* and 
b subject to the commutation relations} 


; h 
ihby, Bye ae — yea ihby, a joke’ Ou bya Byry = Dyey Dy, =0 


+ The fact that 5* must be replaced in quantum theory by 5+ is best seen by resolving 5 into real 
and imaginary parts; these parts must become real numbers in Hermitian operators. 
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In other words, all operators b, bt commute except those with the same 
values of k and A, for which 


Dua bya— by, by, = 1 (52.1) 
In terms of these operators, the Hamiltonian operator is 
H = Ay ho, bey De (52.2) 
ki 


The transition to quantum theory is not quite free from ambiguity, 

since the Hamiltonian could equally well have been expressed as 

Yi hea,. baby. The expression (52.2) implies a particular choice of 

energy scale, corresponding in fact to a ground state of zero energy. 
The vector potential now becomes the operator 


2nh\'/? 5 
A = y c = kA 
kA cL af Oy 
We can now construct a Hilbert space from the eigenfunctions of #, 


just as we did in the case of the linear oscillator in §15. If ® is an 
eigenvector of # (cf. (15.11)) corresponding to the eigenvalue E, 


y ha, bf by ® = E® (52.4) 
k 


(heen teOy en nt (52.3) 


(The index 4 has been temporarily omitted.) If we form the scalar 
product with ®, taking account of the fact that b* is adjoint to b, 
we obtain 

> ha, (b, D, b, ®) = E (52.4a) 

k 


All the terms on the left are positive or zero; therefore E is positive, 
and only equal to 0 if b,@ is 0 for all k. We now apply a particular 
operator b,, to (52.4); it then follows from (52.1) that 


Y he, bi by (by ®) = (E— hay.) dy ® (52.4b) 


If the operator b,. is applied n times, the following result is obtained: 
either bf, belongs to the eigenvalue E —nhw,., or it is equal to 0. The 
latter case must occur once for a finite value of , since the eigenvalue 
certainly cannot be negative. Let the number n,. be defined such that 
btk’ @ corresponds to the eigenvalue E—n,-ha,. but that b7k’*’® =0. 
Now let us apply the same procedure to the equation  =—§ "yee 


= 
PE TONE ERO SUE Sipe re) bro 
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forming the scalar product n,. times with another operator b,». Then 
the result, 
=e" bi © 


corresponds to the eigenvalue 


ER ny hay — ny h@ye 
and b,- ¥ =0 


We continue in this manner, taking each 5, in succession. We 
finally obtain an element 


oO, = (1 se) ®@ 
k 
corresponding to the eigenyalue Z 


E-) ho, ny 
k 


for which b,®,)=0 for all k. Then from (52.4a) the eigenvalue is 
equal to 0; the eigenvalue E in (52.4) must therefore have the form 


= Yh, Ny (52.5) 


If the discrete sequence of k values is numbered in some way, say 
k,,K2,k3,..., we may denote the eigenvector corresponding to the 
eigenvalue (52.5) as follows: 


Ong, Mas Mugs - + (52.6) 


We can now take the rest of the argument directly from our earlier 
treatment of the linear oscillator. As in (15.12), if ® is an eigenfunction 
corresponding to E, then bj ® is an eigenfunction corresponding to 
E+ho,. We can therefore construct the whole Hilbert space by means 
of the repeated application of the bk to Do,,0,.-. =@,.* After once 


more introducing 4 and normalizing, we obtain 
tnksa’ 
ry = Dey a 
coe My F Wien, 0,0,0,°°° 
k’,4" Vmex ) 


* The ground state represented by o corresponds to a vacuum, it still contains zero-point vibra- 
tions, however, as in the case of the linear oscillator (example 4, p. 108). Since we are dealing with 
an infinite number of oscillators the mean square values of the fields, E?, H®, must also be infinitely 
great. A completely satisfactory treatment of this anomaly does not yet exist (see p. 319). 
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The n,, form an infinite set of positive integers, and define the 
number of light quanta with wave number k and polarization / that 
are present in the state ®...,m,,,... The energy corresponding to ® is 


E = y ho, Nga (52.7) 
ka 


The operators b and b* have the same effect on the eigenfunctions as 
in the case treated in §15: 


Bi, D Wels — 3) aii) sae tee cee 
By D vans Migs 5) i ie lees 


(52.8) 


They can therefore be designated as the photon generating and an- 
nihilating operators. 

This completes our description of the vectors forming the Hilbert 
space basis, and of the effect of the application of the operators b,j, 
and b,, to them. 


§53. Quantum mechanics of the atom in the radiation field 


We shall now consider the case in which radiation and an atom 
with one valence electron are both present within the container. The 
stationary states ¢; of the electron satisfy a Schrédinger equation 
H ..6,= &:;; for the sake of simplicity they will be assumed to be 
non-degenerate. The index i represents the complete set of electron 
quantum numbers. The stationary states of the complete system, 
consisting of the electron and the radiation field, and neglecting their 
interaction, are given by 


®, = p,®. ee os NKas eee with energy E, = e+) ho, ny, (53.1) 


(Greek subscripts represent the quantum numbers of the complete 
system, e.g. stands for the set of numbers i,...,m,,,...) 
The interaction* between the field and the electron is 


e h e 
W= —— A,— al || = —— 
( ; gra ) (A; P) 


The states ®, are no longer stationary, but functions of the time. Their 
dependence on time is determined by the Hamiltonian operator 


AES. 
H =H +W lige 


he 
* The term in A? is omitted, since it makes no contribution to the processes dibctisgeBElow. 
< d 


Ben 
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where H o = Hat) hoy dig Dea 


e {2nh Sue 
and W= -(F) “yy Sew P) Kas P) {b,., exp ikr + by, exp —ikr} 


3 
L ka OO; 


If we take the general expression for a state to be 


Cec.) exp(—FE ‘a, 
then, since #® =ih®, it follows that 
é,() = --r.@, W®,)exp(iw,, t)¢,(), where hw,, = E,—E, 


Therefore if the system is in the state D=@, at time ¢=0, there is a 
probability leue@)\” of finding other states ®, at time ¢. This prob- 
ability is found from Dirac’s perturbation theory (§27) to be 
|(®,W®,) |? sin? 4o,,¢ 


t = 22 ——.——-_ ———_ 


le, (7 =w 
ad ae tnw7,t 


where w,, is the “transition probability”. 

Since, 6 vector potential and the operators b* and 6 only occur in 
linear form in the interaction W, the matrix element W,, =(®,, W®,) 
only differs from 0 if a single one of the n,, of the final <i ®,, differs 
by unity from its corresponding value in the initial state ®,. For 
instance: from (52.8), 


(®, by, ®,) = (KD eee talent DOr isc) =./(m,,+1) 


when ©, and ®, agree in all quantum numbers except m,. This means 
that, in “the fleeordr approximation of Dirac’s perturbation theory, 
the only transitions to occur are those in which a single light quantum 
is produced (i.e. emitted) or annihilated eed): 

When ¢ is large enough, the function sin? 4at/}n@ 2+ differs from 0 
only in the immediate neighbourhood of m =0. Since 


the function may be replaced by 6() in all further integrations over a. 
This implies that the only transitions to occur are those for which 
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®,*@,. Therefore, if , denotes the frequency of the emitted or 
absorbed quantum: 


é+ha, = &; Absorption (@; > &;) (53.2) 
é;=e,+ha, Emission (¢; <6) j 
el 
Einitiat al 


We shall now consider the case of emission. Using the relations 
(52.8), the transition probability is 


i»;  (n)? e m,+1 
Ki <a aa | (bj. 8x2 P exp (ikr) $;) |? 5(@;; — ,) 
(53.3) 


This may be expressed in words as follows: if an atom in the state @; 
is present at time t=O in the radiation field ®...,m,,..., then 
wiz/dt is the probability that after a time dt the atom should be in the 
state o,, having emitted a light quantum of wave number k and 
polarization 4. This probability consists of two components. One 
component contains the factor n,,, and is therefore proportional to the 
intensity, of the radiation field. It proves to be identical with the 
probability of the induced transition, which was introduced in §§48 
and 50. The other term contains the factor 1, and is therefore quite 
independent of the radiation field, existing even when the field vanishes; 
this component gives the probability of the spontaneous emission. The 
formula that was derived in §48 on the basis of the correspondence 
principle is deducible in the present treatment as a natural consequence 
of the quantization of the radiation field. It is also apparent from the 
relations (52.8) and from the argument on which the construction of 
the Hilbert space was based that the figure 1 occurring next to n,, in 
(53.3) results directly from the commutation relations (52.1). 

In order to deduce the familiar formulae (48.9) or (11.9) for the 
probability of spontaneous emission, we shall investigate the probability 
of a transition from i to j accompanied by the simultaneous emission 
of radiation into an element of solid angle dQ. In order to do this we 
must sum (53.3) over both polarizations and over all the k whose 
directions are contained in dQ. At the same time we proceed to the 
limit L + co; as a result, the permitted values of k are packed closer 


and closer together, and the summation becomes an integraky-=s. 
‘Aa, ' 


LNA o 
—) dQ |k? dk, where k=|k|=— ~ 
5=(z) | where [| : 


“Ns 


4 


= 


i 
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Owing to the 6-function in (53.3), the only value of k remaining after 
integration has the magnitude |k| = a,,/c. 

In order to make the comparison with formula (11.9) complete we 
shall restrict ourselves to the case in which the wavelength of the 
emitted light is large compared with the diameter of the atom; we may 
then use the dipole approximation e" = 1. In addition, 


($;, P$;) = ima;;($;,1P;) = IMO; ;T ij 


We now take s,, to lie in the plane defined by the real or imaginary 
part of r;; and by k, and s,, normal to it. Then (s,2,r;;) =0, and there 
remains only 
1 7}, 
om hes | (Sxas ri) |? dQ 
From figure 55 we see that the scalar product (S,;,rj;,;) contains the 
factor sin@; hence after integrating over dQ we obtain 


3. 
Ws pont = 3 hic | Tij F (53.4) 


The energy emitted in connection with the transition ij is obtained 
by multiplying (53.4) by ha,;. The results agree with the formulae 
based on the correspondence principle, (11.8, 11.9). 


Re(r iz) 


Fig. 55.—Polarization vector sx,, dipole moment Re (rj), and pro- 

pagation vector k. The polarization vector sx, is perpendicular to the 

plane of the diagram. To integrate over [Sxa, Im (r1)], Sx, is chosen 
to lie in the plane defined by Im (rj) and k 


We shall now deal with the term containing the factor m,, in 
equation (53.3), in order to obtain the corresponding formula for the 
stimulated emission. In view of its application to the treatment of 
temperature radiation in a cavity we shall restrict ourselves to the case 
in which the radiation distribution is isotropic; in other words, we 
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assume that the n,, depend only on the magnitude of k, but not on its 
direction or on the polarization A. 

We introduce once more a spectral energy density u(@) such that 
u(w)daw is the energy density of the radiation field in the frequency 
interval dw. Then in this interval there are u(w)dw/he light quanta 
per unit volume of the cavity, each half of which is associated with one 
of the two independent polarization directions. We thus obtain the 
following expression for the probability of an induced dipole transition - 
from i to j: 

(Og 68 Du(@), dQ 


ee ne . . 2 ——— — 
B Figy | Pir Sea PP)) | J(Q;; @) Iho do 4n 


ij 
Winduced — py 


This integral is evaluated as above, and gives 


22 
inj 


2 
Winduced = 3 He u(@;;) | Tj | 
which agrees with the result (50.6) when we put /(w) =cu(q) in that 
equation.» 

The above analysis also covers the case of absorption, since the 
transition probability has the same form as (53.3), with the factor 
(n,,+1) replaced by n,,. We thus have the familiar relation 

Windiced — Weosorp 
A comparison with the coefficients A and B introduced in Einstein’s 


derivation of the Planck radiation formula yields the following relations: 
e*a@?, 


—_|r 7 
3 hed Mj 


= wb 
Aj.s j = Wspont = 


427¢? 
B= 3 ye lel = Bj.; 


ES ) 
B;., i u(a;;) = Winduced 


As we can see, the relation (48.8) 


A B hoi; te A 
ae) git ope “AD, 
is in fact satisfied. —_ 
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The natural width of spectral lines 


In §5 we saw that the spectral line emitted by a classical oscillator 
possesses a certain width due to the radiation damping of the electron. 
The line intensity distribution is given by 


Yet Io dow 


iin 
2n(@— Wo)? +472 


(53.5) 


for which the half-value width is 


On the other hand, the immediate result given by Dirac’s perturbation 
calculation for the line width Aq is the relation Aw.t x 1, from which 
it would appear that the quantum theory predicted infinitely sharp 
spectral lines in the limiting case of very large time intervals. This 
conclusion is false, however, because the Dirac approximation is not 
valid for arbitrary values of the time; on the contrary, it assumes that 
in the expansion = 
O(t) = Co (t) Do a6 », Cy (t) ®, 
ve 


the probability |co|? for the occurrence of the initial state is nearly 1. 
In view of the normalization condition oF le, |? + [eo|? =1, this 


implies that for a sufficiently weak ranetion field 2 |e, (¢)|? = 


Wepont-t <1, where W,pone iS the probability of a ppontanedus transition 
from the initial state to some lower excited state of the atom. For 
greater time intervals, however, co(t) will decrease as ¢ increases; we 
shall attempt to allow for this in the perturbation calculation by making 
the initial assumption 


Co (t) = exp —4yt (53.6) 


instead of co(t) #1. 

For simplicity we shall restrict ourselves to the case of an atom in 
the first excited state @, in the absence of the radiation field; we shall 
neglect processes in which more than one light quantum is emitted, 
and shall use the dipole approximation. Then the light quantum wave 
number k is sufficient to denote uniquely the final states represented. 
by the atom in the ground state ¢, and by one light quantum of 
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frequency «, in the radiation field. We thus have the following equation 
for the amplitudes c,(¢) of these states: 


UB : 
ee (t) = Wyo exp [i(@y— @o)t] co (D) (53.7) 
where ha = E,—E, 
e (2nh\!/? imw 
and Wo = -<(=) as (Sy; lag) 


The vector s, is normal to k in the plane defined by k and the matrix 
element r,, (see figure 55). 
Substituting (53.6) and (53.7) and integrating, 


exp [i(@, —@o)t—4yt]—1 
h(wo — @,)— fihy 


When yt> 1, the probability distribution of the emitted quanta is 


_ | Mol? 1 
OTE Carrer 


The number of quanta present in the frequency interval dw = cdk is 


L 3 
n(w) dw = (=) k? dk { c, (00) |? dQ 
2a 


cy (t) = Mo 


The above expression is integrated in the same manner as that leading 
to (53.4); the result is 
ol dw 
n(w) dw = wi7'8, ———___.—_,, 53.8 
a Sen COT) a a 
The normalization condition is now 
e+ lar =1 
k 


Since this condition must hold good for all values of the time it follows 
that 


Flacco? = |" = (oye 


Since y < wo, the only appreciable contributions to this integral come 
from the range in the neighbourhood of w =p; its value ig therefore 
| ? w dw | se dw “Oe 


9 Wy (@p—@) +47? J-(M—O) +42 aN 
~ 
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Then from (53.8) and the normalization condition we obtain the follow- 
ing relation for the lifetime of the excited state @,: 


? = Wspont (53.9) 


Since the initial assumption co = exp —4yr is not a strict solution of the 
Schrédinger equation, the normalization condition is not strictly fulfilled at all 
times. Further, y is determined by the normalization condition only if it does not 
contain an imaginary part. It is therefore somewhat more satisfactory to determine 
y from the equation of motion for co(t), 


h, : 
= a Wox exp [i(@o— wx)t] cx (t) 


Using this procedure, we obtain the previous result (53.9) for the real part of y, 
and an imaginary part which represents a displacement of the spectral line wo. 
Unfortunately, this imaginary part is a divergent integral.* 

This divergence has for long been an insuperable difficulty of the quantum 
theory; it has not yet been completely overcome, but has been ingeniously circum- 
vented through the concept of the mass renormalization of the electron (Kramers, 
1945). The discussion of these developments lies outside the scope of this book. 
The reader is referred to such a book as Jauch and Rohrlich, The Theory of Photons 
and Electrons, Cambridge, Mass., 1955. 


We give without proof the result for the case in which the electron 
is in some higher state ¢,; w'~/ denotes the probability of spontaneous 
transition to some lower state ¢;. From the correspondence principle 
we would expect the width y,; of the line w,; to be equal to w'“/. This 
is not the case, however; the result is 

= Vty = y wets Yo wirk 
k<i k<j 
Each term «; is associated with a given width y, dependent on the 
probabilities of the transitions to lower terms; in the case of the 
transition w,, the widths of the terms ; and ; are to be added to give 
the width of the line «,,. 


Exercises 
1. Fourier representation of Hertz’s solution 
Integrate the equations 
V2A—A/c2 = —4zj/c V24¢—¢/c2 = —4np 
using the relations 
A(r, 1) = JAx,oexpi(kr—wt)dkdw A(r,t) = Joxwexpi(kr—wt)dkdw 
* This divergence is directly associated with the infinite field oscillations discussed on p. 311. See 


Weisskopf and Wigner, E., Z. Phys. 63 (1930); Heitler, Quantum Theory of Radiation, third ed., p. 181 
(Oxford, 1954). 
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Perform the integration with respect to @ in the complex plane. How must the 
path of integration be taken with respect to the poles of Ak, and ¢k,w, in order 
to obtain the solutions of the retarded potentials? 


2. Total radiation momentum 
The momentum density of electromagnetic radiation is 


1 1 
=—_-ExH = ——_A x curlA 
8 4nc ae Anc2 cee 


Expressed in component form, 


1 OA k 1 OA; 
=) ee oie Tae Se [see AG) (2) 
va 4nc2 4 Oxi 1 Fire2 fe é OXk Gis 


Only the first term contributes to the total momentum G = Jgdr. The contribu- 
tion of the second term vanishes—this may be seen by integrating by parts, where 
the term outside the integral vanishes because of the periodicity assumed in (51.1), 
and the remaining integrand vanishes because divA = 0. Represent G in terms 
of bx, and bk,, then proceed to the quantum theory and determine the eigenvalues 
of the operator G. 

Note the relations (51.4a) and (51.12), and express the result with 5* to the 
left of b, as shown for the Hamiltonian operator (52.2). 


3. Angular momentum of the radiation 


The angular momentum M of electromagnetic radiation is M=Sr x gar, 
where g is the momentum density. If g is resolved into the two components 
g(l)+¢g(2) of the previous exercise, the component g'2) may be transformed by 
integration by parts, and we obtain 


M=[r x gdrtos [A x Adr 
Anc2 


The first term is of no interest; it clearly depends upon the choice of the origin of 
coordinates, and corresponds as it were to the “‘orbital angular momentum” of 
the radiation. It can always be made to vanish by a suitable choice of origin. In 
contrast, the second term is independent of the coordinate system, and corresponds 
to an intrinsic angular momentum, or “‘spin”’, of the radiation. 


Represent hea i A x Adr 
4nc2 


in terms of the operators bi xand bya, taking due account of (51.9), and the remarks 

at the end of the previous exercise. As in the case of 3” and G, M may be represented 

as a sum of terms, each of which is associated with a given value of k: M = © M(h), 
k 


In contrast to #'k) and Gi), however, the two polarizations 4 = 1, 2 are still 
combined. 

Introduce new operators in order to separate the polarizations in M‘), What 
are the eigenvalues of M? What classical waves correspond to the eigenstates ? 
Express # and G in terms of the new operators. Describe the Hilbert space con- 
structed from the eigenstates of #7, G, and M. ae 
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CHAPTER FI 


Relativistic classical mechanics 


$54. The equations of motion of the electron 

We shall assume a knowledge of the principles of the theory of 
relativity that were derived in the first volume; the results required for 
our present purpose are summarized below. 

The non-relativistic equation of motion of an electron in an electro- 
magnetic field E, H is 
o mv =e (E+ts H) (54.1) 
dt c 


The energy equation is obtained by forming the scalar product with v: 
d 
qm = e(Ev) (54.14) 


The relativistic analogue of the velocity v; = dx,/dt is the four-velocity 
u, = dx,/dt, where x, stands for x,y,z, ict, and dt=./(1—v"/c*)dt is 
the differential of the proper time. Since the x, constitute a four- 
vector and the proper time dr is a scalar quantity, the u, also form a 
four-vector: 


v ic 
= —_——_ > = —— 4,2 
The length of this vector is 4 
yy me (54.2a) 
vel 


In the relativistic case the field strengths* E, H, can be combined in an 
antisymmetric tensor of the second order: 


~ 1 2 3 4 
1) 0 #H, —H, —iE, 
FP SN TE oO oe Ble ado (54.3) 
3\/H, -H, 0 —iE, 
Ae iE, iE 0 
* Strictly, the magnetic induction B should be used instead of H, since E and this quantity together 
form a tensor. In what follows, however, we are only concerned with a vacuum, where H and B are 


identical. 
323 
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If we form the vector of the four-force K, from F,, and u,, 
K, =<), Fu, (54.4) 
then, substituting for u, according to (54.2), we obtain: 


COE ees Ht | ase 
(54.5) 


ie 
K,= SB / Jt=H1e" 
c 
The above equations represent the relativistic generalization of the 


right-hand side of (54.1). The left-hand side becomes dmu,/dt; the 
relativistic equation of motion therefore assumes the form 


d e 
7 ly = gow u, (54.6) 
Expressed in components: 
d my v 
———_=- = e( E+-xH 54.7 
di Ja —v]e) e( Tages ) OLD 
ay mc? 


Fae Wiens = e(Ev) (54.7a) 
The spatial components (54.7) are the experimentally verified equations 
of motion that have already been discussed in §3. The fourth com- 
ponent (54.7a) provides the relativistic generalization of the theorem 
of the conservation of energy. Equations (54.6) therefore summarize 
and generalize equations (54.1) and (54.1a). 

The energy of the electron is 


E =mce?/,/(1—v7/c”) (54.8) 
For small velocities 


E=mc?+4mv*+... 


We thus obtain for E the kinetic energy of non-relativistic mechanics, 
apart from an additive constant which is the rest energy*wiz*> It is 
apparent that in the non-relativistic limiting case, for’ Which pie <_|, 
the four equations (54.6) tend to the four equations (54.1, Sula). 

eS 


“ 
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If u, is multiplied by the electron mass m, a new four-vector is 
obtained, 


my i 
py = mu,, where (D1; P2, P3) = Ja—v[e) =p, P4= “2 (54.9) 


the spatial parts of which are the components of the momentum. Then 
from (54.2a) we obtain the following relation between energy and 
momentum: 


pean = me? E= V(p2c?+m2c) (54.10) 


§55, The Lagrangian and Hamiltonian functions 

The relativistic Hamiltonian function can be obtained in its most 
concise form from the quantity G = | Ldt which was introduced in (6.6). 
In non-relativistic mechanics the vanishing of the variation of G leads 
to a formulation of the equations of motion that is independent of the 
coordinates. Gis a scalar, and if the relativistic equations of motion are 
based on a similar principle of the extremum, then G must be a scalar 
relativistic invariant. ae: 

Recollecting that the differential of the proper time dt= 
dt,/(1—v?/c’) is a scalar invariant, although df is not, we may put 


dt — Lede (55.1) 
where L’ is also to be invariant. Comparison with (7.3) suggests a form 
for L’ which is deduced as follows. We consider the two four-vectors 

four-potential (©,,®,, 93, ®,) = (A, i¢) (55.2) 
and four-velocity (U1, U2,U3, U4). 


We assume that L’ contains the scalar product of these two four- 
vectors, plus a scalar invariant. The latter must be equal to —mc’, 
since in the non-relativistic case and in the absence of the field 


L=LJi-wv/c?)x li Se) 


This must reduce to the non-relativistic Lagrange function 
L=const+4mv*. Hence for ®,=0, L must be equal to —mc*. We 
therefore try the following solution: 


pe —me?+=5, 1, ®, (55.3) 
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Our new Lagrange function L follows from this trial solution together 
with (55.1) and (55.2): 


oe —me? (1—v?/c2) += (VA)—ed (55.4) 
Hence the relativistic canonical momentum is 
= mx my 
Py, = +- 6 i.e. fA (55.5) 
~ (d=F ec) "ec Pe Td") e 


It may easily be verified that the Lagrangian form of the equations of 


ou dp, GL dp, OL dp, _ aL ae 
dt 0x ‘dt dy dt éz j 
agrees with (54.7). 

For the Hamiltonian function py—L it follows from (55.4) and 
(55.5) that 


p? mc2 
nayee Taasten 
Ja /c?) J =0?/c?) 


We must now express the velocities in terms of the momenta, according 
to (7.4). Then from 


eu Ne mv? 1 
= = = PRPs ee es | 
(> c ) 1—v?/c? oe (Ae ) 


it follows that 


+ me? ,/(1—v?/c?)+e¢ = 


H(r,p,t) = e| [(e-£a) + me | +ed (55.7) 


This is the relativistic Hamiltonian function for the motion of a particle 
of charge e and mass m in an electromagnetic field represented by the 
potentials A and @. 

This result may be expressed in the following form, 


which brings the relativistic invariance into prominence when the 
four-vectors SAS 


i 
(Pi; Pas Pas Pa) -(v2) (®,,®,,03, 0,4) = Mie *g) 
. 
act 
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are introduced. This gives the following result: 


24 
(v.-£0.) = )(mu,)? = —m?c? (55.8) 


v v 


When the external fields vanish (55.8) is identical with (54.10) when the 
energy E is replaced by the Hamiltonian function. 


Exercises 


1. The energy spectrum of electrons in B-disintegration, according to Fermi 

In the course of the f-disintegration of a nucleus, the latter emits an electron e 
and a neutrino v. The energy of disintegration Em is distributed between the two 
emitted particles. The only observable particles, the electrons, therefore possess 
different energies, depending on the share of the energy associated with each 
neutrino. In order to calculate the energy distribution of the electrons it is necessary 
to make an assumption concerning the distribution of the disintegration energy 
between the two particles. One obvious assumption drawn from statistical mechanics 
is that the number of disintegrations n(pe,pv)dpedpyv, for which the momenta of 
the two particles lie in the intervals (pe, dpe) and (py, dpy), is proportional to dpedpy. 
The nucleus itself may be assumed to be practically at rest in view of its large mass, 
and it is therefore unnecessary to take account of the conservation of momentum. 
The momenta are subject to the further condition that the energy of the two particles 
H.(pe) + 2y(pv) is equal to the energy of disintegration Em, with an associated 
infinitesimal uncertainty AEm which is introduced purely for convenience of cal- 
culation. Hence 

n(pe, Py) dpedPv = Cdpedpy, where En s FAH, s En +tAEm 
The constant of normalization is determined from the total number N of observed 
disintegrations: 
i ndpedpy = N 


Em S Het+Hy S Emt+hEm 


The number of electrons in the interval (pe,dpe) is obtained by integrating over 
Py, subject to the energy condition; the number of electrons n(Ee)dEe with 
energies in the interval (Ee,dEe) is found by a further integration over pe with 
Ee S He S EctdEe. 

Evaluate n(E-): the calculation should be performed using the relativistic 
Hamiltonian function, first for a finite neutrino rest mass my, then for the case 


my = 0. 


2. The relativistic Hamiltonian equations 
Derive the equations of motion (54.7) from the Hamiltonian function (55.7). 
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Relativistic quantum mechanics 


§56. Relativistic wave equations 
In non-relativistic quantum theory momentum and energy are 
represented by operators as follows: 


p=-~ (f==_— (56.1) 


These operators act on a wave function y. Then, retaining the classical 
relation between # and p, and applying the energy theorem # = E, 
we obtain the Schrodinger equation 
H(p, ry = ih (56.2) 

The relations (56.1) are also retained in the relativistic theory; they 
may be.summarized by the four-vector p, in the form 
hé 
i Oe, 
which exhibits their invariant suetanee 

We shall now attempt to establish a relativistic Schrodinger equation 
for the electron. The equation employed so far is not relativistically 
invariant. It contains derivatives of the second order with respect to 
the space coordinates, but a derivative of the first order with respect 
to time; the relativistically equivalent derivatives @/dx,, are not treated 
in a symmetrical manner. If we wish to obtain a relativistic generaliza- 
tion of the original equation, there are two possibilities: the equation 
must either be of the second order in 0/ér and so in 0/@t as well, or it 
remains linear in 0/¢t and we must arrange to make it linear in @/ér also. 

The first alternative together with (55.8) leads to the Klein-Gordon 


equation* 2 
ho 
(72-2s,) W=—mc2y (56.3) 


uml ly ix 
or {(e-£a) -al; Ale eb) y= S aes 66.34) 


* Klein, O., Z. Phys. 37 (1926), 895; Gordon, W., Z. Phys. 40 (1926), iy 
328 


Py = (56.1a) 


‘Ne 
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When the external forces vanish (i.e. ®, =0) the equation becomes 
hie 
WV + w= —m?c*p (56.35) 


If we now consider the second alternative, then following Dirac,* 
we can attempt to linearize the force-free form of equation (56.3) by 
assuming the following solution, which is known as Dirac’s equation: 


» Yu rh y= » mii} w = imey (56.4) 


In the above expression the quantities y, are constant operators that 

have yet to be determined. The manner of linearization must be such 

that the solutions of (56.4) also satisfy the force-free Klein-Gordon 

equation (56.3d), thus preserving the previous relation between energy 

and momentum (i.e. between the propagation vector and the frequency 

in the case of plane waves). If the operation )’y,p, is again performed 
B 


on (56.4) the result is 


Duy PuPyW = —m?cry (56.5) 
H,v La 
If this equation is to agree with (56.3), this clearly requires thatt 
3p Py ty Yu) = Ov (56.6) 


This equation cannot be satisfied by ordinary numbers y,, but as we 
shall see, it can be by square matrices y, ,,, of at least four rows. This 
means that in (56.4) w must be a wave function consisting of a number 
of components: w= (W1,W2,---,Was--.). This is very satisfactory since 
the electron must be associated with additional degrees of freedom to 
take account of the spin. The y, act on the components yw, in the manner 
with which we are already familiar from the discussion of spin: 


(Wm = 2 Yann Vn 


Later on we shall encounter special representations of the y,,. 
In the presence of external fields (56.4) is generalized to 


yy, (»,-£0,)¥ = ime (56.7) 


* Dirac, P. A. M., Proc. Roy. Soc. 117 (1928), 610; 118, 351. 
+ Only the symmetric part (56.6) occurs in (56.5), since py py is symmetric in » and ». 
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While (56.4) together with the relation (56.6) leads to the Klein-Gordon 
equation, in the case of (56.7) the same procedure yields additional 
terms: 


e e 
5 7079(Bo-£0,)(p.—<8,) = —mc*p (56.8) 
Hyv c c 
or after a simple transformation, taking account of (56.6), 


e.\ he 
{5(2-£) aed Y=, Yu Vy Py) Fh = —mcp (56.84) 
rm c iy Fic 
ao, ao, 


py = 
OX, OX, 


where 


is the field strength tensor (54.2). Equation (56.8a) differs from (56.3) 
through an additional term that may be interpreted as the interaction 
of the spin with the external field. 

In order to illustrate this more clearly, we introduce the vectors 


r = (oi, o2; a3) and &= (a, Qos 3) 


the components of which are 


C1 = 1) 3/2, ea =i: =A (56.9) 
and Oy = 174715 Oe = 1Y4 P25 ='iy, ¥3 


and confine ourselves to the non-relativistic case. We now assume a 
solution w=wWexp —imc?t/h together with the approximation 
lv|< <|mc7|. We can then neglect Ww and consequently obtain 


1 e,\? eh eh 
= ——— #'H+i— aE} y =i ; 
tmm(P-S a) +e¢ Rae! thts eee hy ih (56.10) 
This is the correct representation of the interaction between spin and 
field postulated in Pauli’s theory of spin. The operators o; are very 
similar to the Pauli spin matrices o;; this is shown by the fact that they 
satisfy the same commutation relations 


o10,—07 0; = 2io}, etc., and o,7=1 (56.11) 


(as may be verified from (56.6)), and that the three components of o’ 
can therefore have only the eigenvalues +1 and —1. da §60 We shall 
show that, apart from additional terms, (56.10) is actitdly identical 
with Pauli’s spin theory. a * 

“ 
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It can be regarded as a great advance over the Schrédinger equation 
that the electron spin, including the commutation relations of the Pauli 
matrices, and the correct value of the magnetic moment follow auto- 
matically as it were from the relations (56.6) (cf. magneto-mechanical 
anomaly, p.194). 

Nevertheless, serious difficulties are encountered in connection with 
the physical interpretation of the Klein-Gordon and Dirac equations 
as quantum-mechanical equations for the electron; that is, in taking 
y to represent a state vector, as in the non-relativistic theory. We shall 
give a qualitative discussion of these difficulties in the following pages. 

The Klein-Gordon equation does not possess the established form 
#y = ih; on the contrary, it is of the second order in 4/dt. A know- 
ledge of the state at a given instant is therefore insufficient to determine 
the situation at a later time; for this purpose we require the initial 
values of w and y. Again, it is not possible to define a probability 
density p (represented by w*y in the non-relativistic case): to see this, 
we shall attempt to determine p by establishing the relativistic general- 
ization of the continuity equation p+div j=0 (which implies the 
maintenance of the normalization {pdr). Expressed in terms of the 
four-current* j,,, the continuity equation is 


¥ aj, (0x, =0 
it 


The only possible equation of this type is obtained by a similar pro- 
cedure to that used in the case of the non-relativistic Schrédinger 
equation in the absence of external forces: 
yr _y OU" 
i a Oxpen OX, 
It may easily be verified that the continuity equation is valid in virtue 
of (56.36). The resultant density 


ih 
p =jalio= 5 WV -VY} 


cannot be interpreted as a probability density because it can assume 
positive and negative values, and negative probability densities are 
obviously absurd. 

This difficulty cannot be removed by restricting y and W to those 
values for which p is positive, because this positive value of p generally 


* Cf. Vol. 1, §81. 
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gives rise in the course of time to a density which is still negative in 
places. We cannot therefore make use of the Klein-Gordon equation 
to describe a particle. 

However, this equation possesses meaning when considered as a 
classical wave equation in which ep appears as a charge density (where 
the charges may be positive or negative). The normal quantization 
methods may then be applied to it, similar to the procedure employed 
in the case of Maxwell’s equations (§§51, 52). Particles associated in 
quantum mechanics with the “Klein-Gordon field” possess a mass m, 
charge -te, and no spin; z-mesons are an example. 

The above difficulties do not appear in the Dirac equation. This 
equation is linear in 60/dt; further, the corresponding equation of 
continuity enables a value of p to be defined that is always positive 
(cf. following sections). On the other hand there is another difficulty, 
as we shall see later. It is found that the energy levels of the stationary 
states vary between — oo and +00; there is no state of lowest energy.* 
This means that it is impossible to find a completely positive expression 
for the energy density when the Dirac equation is interpreted as a 
classical wave equation; nor can the difficulty be eliminated by exclud- 
ing the states of negative energy from consideration on the grounds 
that they are physically useless, because positive energy states can 
become states of negative energy in the presence of external fields. 

Nevertheless, the Dirac equation may be “quantized” to provide 
a many-particle theory which at first sight also includes particles 
with negative energy possessing physically absurd properties (see $58). 
However, since the electrons satisfy Pauli’s exclusion principle, Dirac 
was able to eliminate this difficulty by assuming that all the negative 
energy states were already filled and that therefore no transitions could 
take place between positive and negative states. This situation represents 
the vacuum state, that is, the state of lowest energy with zero charge 
and mass. An additional electron can assume only the unoccupied 
energy values, and a lowest state exists. 

The vacuum state is not empty; it possesses a lower stratum of 
occupied negative-energy levels which entail a number of physical 


* The situation is different in the case of the Klein-Gordon equation. The energy density of the 
field theory is positive definite; in the quantized theory, therefore, the energy specttuum contains 
positive values only (in contrast to the frequency spectrum, which extends, f —w to +o). 

+ It may be shown directly that the occurrence of negative energies in the cas@of Dirac particles 
necessarily entails quantization in accordance with Pauli’s principle. To some extenthis proves the 
relation between spin and the statistics that was described in pp. 249-50. aN 


Ty 
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properties. This can be most clearly seen from the fact that it is possible 
to produce electron and positron pairs. A light quantum of sufficient 
energy can raise an electron with negative energy into a positive energy 
State; the ground state is then short of a particle with negative energy 
and charge. What we should therefore be able to observe besides the 
excited electron is a new physical entity which, according to Dirac, 
behaves like a particle with positive energy and charge! It was in 1930 
that Dirac advanced the hypothesis of the existence of “positrons”* 
on the strength of his bold and at first sight extremely surprising 
assumption with regard to the vacuum state. Such particles were in 
fact first observed two years later by Anderson in cosmic radiation. 

Fundamentally, the Dirac and Klein-Gordon equations are similar 
in that each necessarily leads to the consideration of many particles. 
This is a general characteristic of all relativistic theories, which are 
represented in physical terms by quantized fields with many particles. 

We shall, however, look upon the Dirac equation in an approximate 
manner as the Schrédinger equation for an electron, provided that we 
note that the states of negative energy are filled, and provided that we 
may neglect transitions from positive to negative energy states. 


§57. The physical interpretation of Dirac’s equation 
We shall first put the Dirac equation 


e : 
» We (»,-£0,)- imehy =) (57.1) 
u 
into the usual form #y =ihy. This is achieved by applying icy, to 
(57.1), since y4y4 = 1. Using the definitions (56.9) together with 
ee ou = ify (=1,2,3) (57.2) 
or or Wy (57.2a) 


we obtain the following equation: 
{pme?+ca(p-£a) eh = ihp (57.3) 


* Dirac first thought that there was a connection between the “‘holes”’ in the ground state and the 
proton, which was then the only other particle known besides the electron. However, it was soon 
shown by R. Oppenheimer (Phys. Rev. 35 (1930), 461) and H. Weyl (1931) that the mass of a “hole” 
must be equal to the mass of the electron. 


334 FII. Relativistic quantum mechanics 


Thus in this expression the Hamiltonian operator is given by 
= pct+-ca(p-£A)+08 (57.3a) 


# ust be Hermitian in order to possess real eigenvalues. We there- 
fore choose the matrices B and «, to be Hermitian; the y, are also 
Hermitian in consequence of the definitions (57.2): 


jae — B ay” =o ia = Vu (57.4) 
or expressed in terms of the matrix elements, 
jib = |i a ao = Qh nm pies = Yun (57.4a) 
In virtue of (57.2) and (56.6), the «, and f satisfy the relations 
B=1 a B+ Bop=O0 yy +O, 0, = 254, (57.5) 
Hence in view of (57.4) and (57.5) the «,,f,y, are unitary as well as 
Hermitian matrices. 
We can now establish an equation of continuity, using a similar 
methods to that employed in connection with the non-relativistic 


Schrédinger equation. Equation (57.3) is first expressed in terms of the 
components: 


a Po me? as ee. (> -- 4) ta ep ian Wn = ihW, 


This is multiplied by W*, summed over m, and the conjugate complex 
removed. Then in view of the relations (57.4a) the result is 


op. ,.. 
at avs =a) 
where P= LUAU (= Lon dn Vn (57.6) 


This continuity equation enables p(r,t)dr to be interpreted as the 
probability of the occurrence of the electron in the volume element dr. 
We can now calculate the centroid r={rpdr of a wave packet 
together with its time rate of change f. It is apparent from §22 that 
we merely need to form the operator r=(i/h)[9/, r], when F=f. Then 
using (57.3a) and the usual commutation relations for p and LJ ve obtain 
ae 
t=— [#4] = (ie! e ely) 
a 
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Although this operator has exactly the form that we would expect from 
the continuity equation (F=Jj(r,t)dr), it has some unusual properties 
which we shall now describe. 

Since the «, are Hermitian and unitary, they can have only the 
eigenvalues +1; an exact measurement of a velocity component would 
therefore always yield the value +c or —c. Further, the components 
x, », Z do not commute with each other or with # in the absence of the 
external forces ®,,. Thus there are no free particles with sharply defined 
velocity. 

These properties of the operator r indicate that it has very little in 
common with the corresponding operator {p—(e/c)A}/m occurring in 
the non-relativistic theory, particularly since in experimental determina- 
tions of the velocity components any values may be found between —c 
and +c. oe o 

We shall see in §60, however, that there is an operator v that is 
essentially different from c&%, and which becomes the ordinary velocity 
operator in the non-relativistic case; this operator is directly connected 
with the experimentally determined velocity. 

We shall now consider the time rate of change of the operator 
{p—(e/c)A}; since c&=f, this is 

d e i e e0A e. 
Although the form of this equation is similar to that of the classical 
equation of motion (54.7) its significance is not the same, because of 
the difference mentioned above between the mean momentum and the 
velocity of the centroid multiplied by m (cf. §60). 
For a free particle (i.e. one for which A = f =0): 


Therefore although there are no free particles with a sharp value of f, 
such particles do exist with sharply defined values of p; we shall consider 
fhese in more detail in the next paragraph. 

We shall now investigate the conservation law for the orbital 
angular momentum of a free particle, L=rxp. Since # and p com- 
mute we have ; j 
L = [#1] =; [%¢.1]xp= xP (57.9) 
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The above equation shows that the orbital angular momentum of a 
free particle is not constant in time. This is also true of the spin, for 
which we may tentatively assign the value s = 4hé’, where @’ is defined 
by (56.9). Then from (57.5) and the relations o’, = ia; 02, etc., we obtain 


$= = [4,5] = -ixp (57.10) 


If we compare this result with (57.9) we see that the total angular 
momentum J = L+s is constant in time (cf. Exercise 1, p. 359). 

We shall now derive the form of the matrices y,, %, and B. These 
are merely required to satisfy the relations (56.6) and (57.5) and the 
Hermitian condition (57.4). It follows in the first instance that the 
matrices are determined except for unitary transformations Uy,U* 
which leave (56.6) and (57.5) unchanged. 

We can first choose U so that f is diagonal. Since f is unitary and 
Hermitian it can have only the eigenvalues +1, which can be so 


arranged that (1 9 0 
' : O.esse. 
1 a0 xe 
p-(5 ‘)- rnin Poe (57.11) 
0....0° <1 
O07 eet 


In the first matrix the figure 1 represents unit matrices, and the figure 0 

stands for null matrices possessing an initially unknown number of 

rows and columns. Now it follows from the relations «,B+ Bo, =0 
d a,«% =1 that 

and o,0, a hr =e 


Then, forming the matrix traces, we have 
Tr(—f) = Tro, Bag = Tra, o,f =TrB, hence Trf = 0 
This means that, in (57.11), 1 and —1 have the same number of columns, 


and 0 is a square matrix. It then follows from the relations a, B + Ba, = 0 


and «, =a} that «, must have the form as 


0 ao Dy 
Oy = (.00+ 0 ) % 5, (57-12) 
& 
wy 
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with corresponding square matrices a) and 0. From (56.9) the o’, 


assume the form 
a= ( 4) (57.13) 
ano, 
From (56.11) we know that the quantities tho; satisfy the familiar 
commutation relations for the angular momentum; so do 4ho, and 
tho, in view of (57.13). They must therefore be the usual angular- 
momentum matrices, in accordance with §24. Further, we know by 
definition that o,7=1, so that 6% = 6%=1 also; therefore the only 
quantum number for the angular momentum arising is /=4. o, and 
6, may then be put into the form of the Pauli spin matrices by means 
of a unitary transformation of oj, 


Gt 
u-(% 9g) 


which leaves B unchanged: then* 


a = (j °) (57.14) 
Oma 
The «, may now be determined by introducing the matrix 
0 o 
Xo — 1h, eo) Xs — (0 0 ) (57.15) 


This matrix is also unitary and Hermitian, and commutes with all a, 
and o,, as may be shown from (56.9) and (57.5). Hence a can only 


have the form zt i) (cf. Exercise 3, p. 360). Then by means of a 


unitary transformation 


FAI | 0 
u=( 0 wn 4) 


which leaves 8 and & unchanged, a may be put into the form 


Lo = (5 i) (57.15a) 


= 


Gg Oo 
og 


would be conceivable; these would simply lead to two completely similar unconnected Dirac equations, 


* Trivial generalizations of the form 
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From (56.9) and (57.15) we finally obtain 


' 0 Go; 
a = Ad, = o; 0 


which completes our analysis. 

We thus have the following result. The a, 8, and y, are uniquely 
determined by means of the relations (56.6) and (57.5), apart from 
unitary transformations (see footnote, p. 337). They are 4x4 matrices, 
and may be put into the form 


p=(5 a a-(3 4 (57.16) 


where &@ represents the usual Pauli matrices (24.9). 

In connection with later applications, it is useful to introduce the 
following designations. Matrices in the form of 8 and o;, which contain 
null matrices in their secondary diagonal, are called D-matrices, while 
those having the form of a, with null matrices in the principal diagonal 
are termed A-matrices.* The following rules apply to the products of 
such matrices: 

BA+AB =0 BD—DB =0 (57.17) 


D.D’ gives a D matrix, A.A’ gives a D matrix, A.D gives an A matrix. 


§58. The Dirac equation in the absence of an external field 
We shall now look for solutions of the equation 


(céip+Bmc*)w = ihw (58.1) 
We first investigate the stationary states py = ge": 
(cap + Bmc2)p = had (58.2) 


Since p and # commute, as we have seen, @ may also be assumed to 
be an eigenfunction of p, or expressed in terms of components: 


o,(k,) = a,(k) e™* (58.3) 


In the above expression hk is the eigenvalue of p and hw= E is the 
eigenvalue of #. 
When (58.3) is inserted in (58.2) we obtain the eigenvalue equation 


Y, {chk + Bmc?} mn Qn (K) = Ea, (k) < ~ager(58.4) 
m AD 


* Translator’s note: The German for “secondary diagonal” is ain 


a 
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Using the relations (57.16), this equation may be expressed in terms of 
components as follows: 


(E- mc?)a, —chk, a3 —ch(k, = ik,)a, = 0 
(E—mc’)a,—ch(k, +ik,)a,;+chk; a, =0 


(E+mc?)a;—chk; a,—ch(k,—ik,)a, = 0 (58.5) 
(E+me?)a,—ch(k, +ik,)a,+chk;a, =0 
The relativistic energy formula 
E* = (chk)? + m2c* (58.6) 


results for the eigenvalues E, if the determinant of the above system 
of equations is set equal to 0, or if the operator {c&éhk+Bmc} is simply 
applied again to (58.4), and-the relations’(57.5) are employed. Hence 


E = +E(hk) = +./{(chk)?+m?c*} (58.7) 


Equating the determinant to zero yields an equation of the fourth 
degree in E; there are therefore four solutions, of which two pairs 
coincide.* These are designated (figure 56) 


Since the determinantal equation possesses double roots we are free to 
choose any two of the components a, as we wish, the other two then 
being determined by (58.5). One possible choice is 


Gina LO. 


where the af are the components associated with E,. The as yet un- 
determined factor a is chosen so as to normalize a’ (i.e. Lila, ae 
Then the solution of (58.5) gives 
= 1 bS 
On ]{2E(hik) [E(ik) + me?) " 


4 
* From (58.7) there are only two different eigenvalues E. In addition, Zz E; = 0, because the 
trace of the secular matrix vanishes (Tr 8 = Tra = 0). ist 
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Fig. 56.—The energy spectrum of the Dirac equation for a free particle 


where the values of bs are given in the following table: 


Se 1 2 3 4 


— SS ae 


1 | E(hk)+ mc? 0 —chk, —ch(k,—ik,) 

2 0 E(hk)+ mc? | —ch(k,+ik,) chk, 

3 chk, ch(k,—ik,) | E(hk)+me? |} Gy eo 

4 | ch(k,+ik,) | —chk, 0 E(hk) ¢ me? 
4S 


kr 


ta 
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The components a; may be expressed more concisely, using the relations 
(57.16): 
J {2E(hk) [E(Ak) + mc?]} 


___{2B+E (HR) a, 
~/{2E(ik) [E(ik) + me? ]} 


at (ik) = ! céhk + B [E(hk)+ mc] } 


(58.8) 


The a; clearly form an orthogonal system, since the matrix (58.8) is 
unitary because 


[4B + E(hk) [48+ E(hk)]* = #6? + (3B + B)E(hk)+ E2(hk) 
= 2E(hk)[E(hk) + mc?] 
Further, we can see from (58.8) that the o? eauciy equation (58.4), since 
H (AB + E(hk)] = E?(hk)B + HE(hk) = [4B + E(hk)]BE(hk) 
which is the same as (58.4) except for the factor 
\/{2 E(k) E(k) + me?]} 


For our further calculations we shall again assume a periodicity 
box* of volume V = LL’. We can then represent all functions W(r,t) in 
this box in terms of the complete system 


o; (k,r) = af wT ™ where sk=— on (58.9) 
Wn (t,t) = 2, b.(k, t) by (k, r) (58.10) 


The dependence on time of the coefficients 5,(k,t) is found by intro- 
ducing (58.10) into the Dirac equation. In the absence of external 
fields we obtain the following result: 


E, (hk)b, (k, t) = ihb, (k, t) 


ot b, (k, t) = b, (k, 0) e7 @*®* (58.11) 


* This box distinguishes the system of reference in which it is at rest from all other systems. How- 
ever, since we are not interested in the properties of the quantities subject to Lorentz transformations, 


this need not concern us any further. 
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We give below the expressions for the expectation values of the energy, 
momentum, charge density, and total charge, corresponding to (58.10): 


=) LUE {ctpt Be }nn Py dt = Y) hoo, (k)bs(k)b,(k) (58.124) 


G= [p VA PU dr = ¥, fikb? (k)b,(k) (58.126) 
m k,s 


6 =e) Un = oe bE) bk’ om (Kr) on(sr) — (58-12¢) 


5,8 


0 = [Dur Wm at = ey, bf (k) b,(k) (58.124) 


We may summarize the foregoing analysis as follows. In the absence 
of external forces the solutions of the Dirac equation are superimposed 
plane waves. Four linear independent solutions are associated with a 
given value of k, of which two correspond to positive energy and two 
to negative energy: the spectrum is illustrated in figure 56. The negative 
energy states cannot be ignored, because they are definitely part of the 
complete system represented by (58.9), and when external fields are 
present transitions can take place between states of positive and 
negative energy. 


In spite of the above remarks, the negative energy states are physically impossible 
systems, as will be seen from the following example. If we consider a wave packet 
consisting of such states, with wave numbers in the neighbourhood of Ko, it moves 
with a group velocity vo = [@ws(k)/dk]o; this means that when Ko is small, 
Yo = —fiko/m, and the momentum of the wave packet, Ako, has the opposite 
direction to y. If we consider a collision between the wave train and ordinary 
matter of mass M, at rest, the energy and momentum conservation laws yield the 
following equations for the velocities v and V of the wave packet and the mass 
(considering motion in one dimension only, and using the non-relativistic approxi- 
mation): 


—mvo2 = MV2—mv2 —mvy = MV—mv 
Hence 
V=— eh i) (pee 
M-—m M-—m 


This means that after the collision v is always greater than vp while M is now in 
motion. The wave packet is therefore accelerated by each collision,with matter 
at rest. We indicated in §56 how Dirac was able to circumvent.this difficulty, and 
shall now give a more precise account of his ideas on the subject of the quantization 
of the Dirac equation. nS 
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§59. The quantum theory of Dirac’s field equations 


If we interpret the Dirac equation as the classical field equation of 
a wave function wy rather than as a quantum-mechanical equation 
representing a particle (as we did in the case of the wave equation in 
§16), it can then be quantized in the same way as Maxwell’s equations, 
and the properties of the particles associated with the field may be 
studied. We are indeed forced to resort to this procedure, since only 
by so doing can we obtain a consistent representation of many particles 
required to eliminate the difficulty of the negative energy states. 
According to this interpretation, the expectation values given by (58.12) 
are the total energy, momentum, charge density, and charge of the y 
field, and the normalization condition {pdr =e does not apply. Since 
the procedure was fully discussed in §52 for the Maxwell equations we 
can deal with it more briefly here. 

The quantization is accomplished for the Dirac field alone, without 
taking any account of electromagnetic fields. For this purpose we make 
use of the Dirac field expansion given by (58.10). The equations of 
motion (58.11) for the coefficients of the expansion indicate that # in 
(58.12a) may be interpreted as a Hamiltonian function if ihb¥ (k) is the 
momentum canonically conjugate to b,(k). 

In proceeding to the quantum theory the time-dependent variables 
b*(k) and 5,(k) of the field theory become the Hermitian conjugate 
operators b;(k) and b,(k) in the quantum field theory. Similarly, the 
physical quantities specified in (58.12) acquire the character of operators: 


= D, ha, (k) by (k) b,(k) (59.14) 
G= 5 nike (k), b (k) (59.1b) 
p= ; os bs) bok) Or (kn) Gr (k,n) (59.1¢) 
Q= eS bt ) b,(k) (59.14) 


If we were to employ the usual commutation relations between 
canonically conjugate quantities, 


by (k’) by (k)— bs (k) by (k’) = ss: xn’ (59.2) 
by (k’) b, (k) — b, (k) by (k’) = by (k’) by (k)— by (k) by (k’) 
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we could construct the Hilbert space in which the operators act in the 
same way as we did in the case of light. As a result of the commutation 
relations the quantities b*(k)b,(k) would have the integral eigenvalues 
n,(k) =0,1,2,3,... These would represent the occupation numbers of 
the states designated by k and s: at any given time there would be 
n,(k) particles of type s, k in a state Wa... 

We can see at once, however, that this quantization procedure is 
useless for two reasons. For one thing the particles arising from it do 
not satisfy the Fermi statistics that must be postulated for electrons, 
and in which the only possible occupation numbers are n,(k) = 0 and 1. 
Further, as in the case of the solutions of the Dirac equation there is 
no state of lowest energy 

E= }  ho,(k)n,(k) 
k,s=1...4 
since the w,(k) can assume positive and negative values and the n,(k) 
can become arbitrarily great. In fact, the quantization procedure that 
we have described leads to the Bose-Einstein statistics. This can most 
easily be perceived by constructing the elements of Hilbert space by 
means of generating operators. The “vacuum state’’ ,, in which no 
particles are present, is defined by 


b,(k) ¥, =0 for all s, k (59.3) 


The general element 
be (ke. bo (ko (59.4) 


arises from the application of the generation operators to Yy and is 
symmetric in the quantum numbers s,, k; in virtue of the commutation 
relations (59.2). 

Assuming the validity of the Fermi statistics, the general element 
(59.4) should be antisymmetric. Following P. Jordan and E. Wigner 
(1928), this can be achieved by substituting a plus sign for the minus 
sign everywhere in the commutation relations (59.2), which are thus 
radically altered :* 


by (k’) bs (k) + bs () by (K’) = Ses: Out (59.5) 
by. (k’) b, (k) + b, (k) by (k’) = by (k') bs (kK) + bF (kK) bs (k’) 
= “AQT RN 
‘ate 


Pt 
* Note that in this case b,(k)bs(k) = 0 and 5.+(k)d.*+ (k) = 0. “ing 
we 


“~! 
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It can be seen that this arrangement is self-consistent from the fact that 
a Hilbert space can again be constructed in a similar manner to before. 
Equations (59.3) and (59.4) remain unchanged (see Exercise 4, p. 360). 
The element (59.4) is clearly antisymmetric; it differs from zero only 
for s,,k; #5,k, #...#5,, k,, and the non-zero elements are normal- 
ized with Yo. As before, b= (k) and ,(k) act as particle generating and 
annihilating operators, and the eigenvalues of the “particle number 
operator” bf (k)b,(k) are n,(k) = 0,1. (Cf. Exercise 4, p. 360.) 

The difficulties associated with the states of negative energy may 
now be avoided by means of Dirac’s postulate that these states are 
filled when the system is in the ground state. The ground or vacuum 
state ‘Yo is then no longer defined by (59.3), but as follows:* 


b.(k) ¥o = 0 for s=1,2 and all k (59.6a) 
bs (k) ¥9 = 0 for s = 3,4 and all k (59.6b) 


In the state ‘Yo, the expectation or eigenvalues of the operators (59.1) 
are undefined: for instance, we should obtain a “‘vacuum value” — oo 
for #. On the other hand, if we wish to interpret ‘Wy as the vacuum 
state, we must postulate that in this state the energy, momentum, and 
charge all vanish. In order to express this mathematically we subtract 
the appropriate vacuum expectation values from the operators (59.1), 
thus obtaining new operators, the values of which vanish in the statet 
Yo. We shall illustrate the procedure by forming the new Hamiltonian 
operator #, which we obtain from # by subtracting the vacuum 


expectation value }’ fw, (k): 
k,s=3,4 


H=H- YF ho(k)= YY ho, (k) bo (k) b,(k)+ 
k 


s=3,4 k,s=1,2 


S=3,4 
* The relation between Yo and % is given symbolically by 
Wo =T] Os*(k) Po 
k 
s=3,4 


in which the product extends over all values of k. If Wo is acted on by the operator be*+ (k”), where 
s” = 3, 4, the result must be zero in view of the commutation relations. (Note that bs* (k)bs+ (k) =0.) 


+ Since the vacuum values are mathematically undefined divergent expressions, this subtraction 
procedure is open to objection. It should be considered merely as a heuristic method for establishing 
a physically-rational relativistically-invariant system of equations (59.9) for many particles (cf, 
renormalization, p. 319). 
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Applying the commutation relation (59.5), we obtain 
H= FY halk) bs (k)b(k)+ YY halk) b,(k) bf (k) — (59.7a) 
k,s=1,2 k,s=3,4 


where o(k) = @,2(k) = —@3,4(k) 
We similarly obtain 
G= es hkb- (k) b, CS 2», oe  (k) bs (k) (59.75) 
o=eEl De + Dect =) Je (k) by (k’) $*(k) by (k’) - 
nh Sma iam : ae iS 
ee b,(k’) by (k) O° (K) o5 (k’) (59.7) 
5,8 ae 3,4 
= 25, bo WW b.(k) eS) BC) BF (h) (59.74) 


All the operators (59.7) now have zero expectation or eigenvalues in 
the state ‘¥,; in addition, the expectation value of # is always positive, 
and unlike O, the new total charge operator Q can assume positive and 
negative: values.* 


We may simplify the above expressions by introducing new opera- 
tors c; 2(k) in place of b3 ,(k). These operators are defined as follows: 


b3,4(—k) = C;,2(k) (59.8) 
Then H= J) heo(k){be (k) b,(k) +5" (k) ¢, (k)} 
k,s=1,2 
G= JF Ak {bs (k)b(k)+cF (k)e(K)} (59.9) 
k,s=1,2 
Ye sh » ; {b,* (k) b,(k)— cs" (k) ¢, (k)} 
The definition of ‘¥y now becomes 
bk Yo = 0 c,(k) ¥p =0 for s=1,2 and all k (59.10) 


The states bi (k)‘¥, and ct(k)'¥, (for s=1,2) are eigenstates of the 
energy and momentum operators # and G with respective eigenvalues 
ha(k) and hk, and belong respectively to the eigenvalues e and —e 
of the charge operator Q. The operators b¢(k) and c7?(k) therefore 
create electrons and positrons respectively. Similarly, b?(k)b,(k) = 

n£(k) and ct (k)c,(k) = n2(k) are the particle number a of the 


* This is not surprising; when an electron of charge e is removed from a negative ae state the 
resultant charge is —e. : 


“A 
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electrons (e) and positrons (é= —e). The total number of particles is 
associated with the operator 
N= ¥ {niQ)+n300} (59.11) 
s=1, 


NY, = 0 then defines the vacuum state. 

The previous difficulties have now disappeared; the energy is always 
positive, but on the other hand we now have two sorts of particles with 
charges of different sign. The subtraction procedure employed is only 
possible for systems obeying Fermi statistics; it also satisfies the 
relativity requirements, but we shall not prove this. 

The most general state is given by an expansion of the form 


Y=F,¥o+t > P10 Ks, 81) bs, (k,) Pot 


ki,.5;=1, a 
oe Fo,1 (i551) 5, (ky) Yo+ (59.12) 
1,51 =I, 
at OF) Fy.1(ky,515 ky, 51) bs (ki) c5, (ki) Pot... 
see eiee 


The Hilbert space elements in terms of which ¥ is expanded in (59.12) 
are normalized if ¥ is assumed to be normalized (cf. Exercise 4, p. 360). 
Then | F,,,/(k1,5,..;..,k},,5%,)|? is the probability of finding n electrons 
in the state ‘Y with quantum numbers k,,5,,... and n’ positrons with 
numbers k{,5;,.... For free particles* N commutes exactly with #7, 
while for slowly varying external fields it does so approximately; the 
number of particles is therefore constant. We can then limit ourselves 
to the consideration of states for which (e.g.) only F, 9 (one electron) 
or only Fo; (one positron) differs from zero. 

To proceed from the representation in momentum space to co- 
ordinate space representation, we introduce the Fourier transforms of 
the F(k,s), which we denote by G(r,s): 

tkr 


Go = Fo 
e 


Gio (r,s) = VF 10 (k, TF 
E 


-ikr 


e 
F, o(K,s)= | G,o(t,s)—~—ar 
1,0 ( s) (L 1,0( s) WV 


*In the quantization of the Dirac field we have not only neglected the external electromagnetic 
fields but the electromagnetic interactions of the field charges as well. This latter simplification is 
justifiable only if the particle densities are sufficiently low. 
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The general state then becomes 
~ ikr 
P=G)%o+ » | dt Gy.o(t,s)¥b¢ (k) = Bot... (59.13) 
s Vv i k Ae 


=1,2 
The norm of ¥ is 
(¥, 7) = [Fol + yy _|Fiolks P+... 


s=1, 


=|G,)|?+ ¥ | dr|G,o(r,s)|?+... (59.14) 
s=1,2 Jv 

The expansion functions F and G are functions of time as well as of 

the variables shown above. Their equation of motion is obtained from 

the general equation #Y = ih'V, which is valid for free particles because 

of the commutability of the particle number operators for each term 

of (59.12) and (59.13). A simple calculation gives the following results: 


Fy = 0, hak) F, 9 (k, s) = ThE ate: eee 


69 =0, ER) Gi 00,9) = HG yo... 071 
where E(p) represents the operator 
2 4 
mi MERE cohp SOY — moyen, aang? 
E(p) = {p?c*+m?7c*} Die are Stott (59.16) 
hoa 
and fo AS 


These are relativistic Schrédinger equations for two-component 
“Schrodinger functions” G, o(1,5), where s= 1,2. 

What is the physical significance of these functions? At first sight 
we are inclined to assume that IG ol? is the probability density for an 
electron; this is not the case, however, as we shall see immediately. 

Let us examine the expectation value p(R) of the density p(R) in a 
state in which only G, or F,,9 is non-zero, and which therefore 
contains just one electron. The only terms in (59.7c) contributing to 
p are those for which s,s’ =1,2; it may easily be verified that the 
expectation values of the remaining terms vanish. Then p is the 
expectation value of 


“ARTS 
ebro KOR) OF KRY, 


s,s'=1,2 Ny 
s 
“a 
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in the state 


-ikr 
Y= Fs) bt (h) Yo = 2, | deeap or oy 


We obtain 
PR) = Yr FMS") F(R", 5) ef 3" (k,R) $5 (K’, R) x 


ss‘s’s”=1,2 


x (bs (k") Bo, bs" (k) by (k’) bE (k”) Yo) (59.17) 


It follows from the commutation relations (59.5), the definition (59.6a) 
and the fact that (%,W%.)=1, that the second factor is 
Ogtgr? Ongee Ones’ Onn Hence 


PR)=e Y Of) KR)F*(KS) Fs) (59.17) 


s,s’=1,2 


or inserting the values for @* given in (58.9), 


PR) =F 5, | dr dr’ a**(ik).a®.(hk’) x 
S, Si = =k iz 


x gik’ (R-r’)—ik(R—-r) Ga (r, s) G(r’, s') (59.175) 


This result may be put into the form 


P(R)=e > | drdr'G*(r,s)G(r,s’) K(R-r) K*(R-r’) 


Bee (59.17) 
The functions K% in the above expression are defined by 
s eikr 
KS(r) =} a3 (hk) — (59.18) 
k V 
or when V becomes infinite, 
oS On al dk a’ (hk) e (59.184) 


When (59.182) applies, the integrations in (59.17c) extend over all space, 
thus eliminating the arbitrarily introduced periodicity volume. The 
density is therefore not given by |G|?, but is dispersed by a superposi- 
tion of integral transforms in terms of the functions K;. When the 
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total charge is calculated by integrating over the range of R the K; 
drop out, because the ¢$ form an orthonormal system of functions. 

In connection with the calculation of the charge distribution from 
G(r,s) a number of relativistic modifications of the previous rules are 
encountered. 

(a) It is no longer possible to associate an operator R with the 
position coordinate R such that 


| RA(R) aR = e(G,RG) 


and | F(R) p(R) dR = e(G,f(R)G) 


This is because the functions #5 do not constitute a complete system 
when s ranges over the values 1,2 only. 

In field theory, “position” does not correspond to any observable 
in the usual sense, but occurs as a parameter, as does the time. The 
observable quantities are all densities, such as energy, momentum, and 
charge density. 

(b) The centroid of charge is displaced in a characteristic manner 
relative to the centroid of |G|?. If we calculate the mean value 


eR? = | Rp(R) dR 


then after some intermediate calculations (see Appendix on p. 352) 
we obtain the non-relativistic approximation 


2) 
R=] >} G*(r,s)rG(r, s) dr— 
s=1 
—-1>)G*e pales gue rad | G(r, s)d 
‘ Tat? i§ mes 
a ee 
=R° - (xp) (59.19) 


This result is very closely connected with the magnetic moment of the 

electron. We indicated in §34 that a moving magnetic moment behaves 

like an electric dipole. Now if we separate the Dirac*current 

j, = iec* By, into a “spin component” and an “orbitaeomponent” 

(see Exercise 5, p. 360), the spin portion f, of the density & may be 
Ww 


na 
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written in the form p,= —div P. This may be regarded as the density 
of the “dielectric polarization” P of the electron. The mean value 


eR = - [RaivPar = [P dR 


agrees with the above displacement, while the orbital portion /, 


coincides with )° |G|? in the non-relativistic limiting case. This dis- 
s=1,2 

placement appears experimentally in the form of the spin-orbit inter- 

action (§§34 and 60). 


(c) The Dirac density is not only displaced relative to yy |G|?, 
s=1,2 
but is also “blurred”. We can best see what is meant by this by compar- 
ing the quantities R”’ and R?’. The result is (see Appendix) 
Peg ee 37 H2 
= 1a RAD (59.20) 

The mean square deviation of the Dirac density is therefore greater 
than the Schrédinger-Pauli density by approximately the square of the 
Compton wavelength of the electron., 

This result is associated with the fact that we have restricted our- 
selves to a pure electron state. It can readily be seen that, as in classical 
field theory, a sharply defined charge density must be represented by a 
superposition of solutions containing both positive and negative 
frequencies. 

The effect on measurements would be as follows. If we attempt to 
determine the “‘position” of an electron, say with a microscope, to 
within less than the Compton wavelength, we must use y-rays of 
wavelength A < h/mc, i.e. of energy ¢ > mc?. Since this energy is suf- 
ficient to create electron-positron pairs, positrons will thus appear in 
any such accurate measurement of position. 

The greater dispersion of the actual charge density compared with 
the Schrédinger density aie gives rise to an additional term in Pauli’s 
equation that is experimentally observable (see following section). 

(d) So far we have only considered states containing one particle. 
In the case where a number of particles are present, the densities of the 
individual particles are not simply additive; additional terms arise as 
a result of interference effects between electron and positron states (cf. 
the sums )) in (59.7d)). It would therefore be a mistake to think 

* 


=1,2 
s=3,4 
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that, in the absence of external fields, quantization of the wave equation 
would lead to a system that was separated with regard to electrons and 
positrons. It is true that when the electromagnetic fields can be neglected 
the equations of motion are separated, but physical quantities such as 
the charge density are not. 


Appendix 

Calculation of the mean values of functions of position in the single electron 
state of the Dirac theory. 

The most convenient representation of the expectation value of the charge 
density A(R) in the state described by the Schrédinger function G(R,s) is 


pR)=e B _ 2x PGR, 9)}* {a5 @) GR, 59} (A.1) 


s= 
n 


where p = oe 
7 ee 

i OR 
This expression is obtained by passing to the limiting case of an infinite volume in 
(59.176), expressing the arguments #ik of the components a,’ in terms of derivatives 
of the exponential functions, and transferring these derivatives to the functions G. 
The remaining integrals over k and k’ give 6(R—r) 6(R—1’), so that the integrations 
can be performed over r and r’. 

From (A.1), the mean value of any function /(R) of weight 9 is 


fe= x : dRG*(R,s)a* 5 (p) f(R) as (p)GR, 5’) (A.2) 
ae a 


The representation of the operators dependent on p is obtained from (58.8): 
C{GB}nsP +5ne {E(p) + me?] 


a0 —_ EGER) Ren 
ai = c{ Bi}snptdsn [E(p)+mc2] 
an) = ~ 7 QE@ ED) +m) Oe 


In addition 


x a, * (p)an'(P) = Oss 


In order to deal with the non-relativistic limiting case we first expand the quantities 
in (A.3) in terms of powers of 1/me: 


E(p) = mez (14 


= p /,_ 3p? p2 
an*(p) = {4 B)ne P-(1 ee ice .) 48m ie Brn2c2 +.) (A.4) 


with a corresponding expression for at S(p). If we include terms to the second 
power of 1/mc, we then have from (A.2): 


fe= SY [dRG*R,s) x “gS GA.22) 


s,s’=1,2 
; s 


x [bnsd ns’ f—OnsOns (p2f+fp2)/8m2c2-+{ Ba}enpflG Bins plant Gi 
“e 
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No term of the first degree in 1/mc appears, because Gf is a secondary diagonal 
matrix whose components vanish for the range s,s’ = 1,2. The first term in the 
square brackets gives f¢; the other two terms give the deviations from the mean 
value to the required degree of approximation. The summation over n can then 
be performed; d,s’ occurs in the first two terms, while in the third term it is necessary 
to take account of the relations (57.5). We then obtain 


fe=fe+ YF | dRG*R,s) x 
s,s'=1, 
x =, 7 {02 }e8/ pr fpi/4in2c2 —Sss (p2f-+-fp2)/8m2c2 | G(R, s’) 
i,1=1,2,3 
(A.25) 
The second term in square brackets in (A.2b) may be conveniently transformed as 


follows: 
p2f+fp? — 2pfp+[p, Ip, /1] <— = Lp: Spi +[ps [ps f1]} 


We now combine the first term in the above expression with the term in oo; in 
D «Cer aster’ —Siidss’)p1 fpi/4m2c2 
3 


PST cos 
From (57.5) we can express this as 
Di {or e1— 01 OSes pe fpi/4m2c2 
il 
Since fpi = p: f+ih of/dXi, this expression becomes 
of . 
D (wr a¢— 04 1) pr — th/8m2c2 
wore ai WN OX, 


because the contribution of pipi f vanishes owing to the symmetry in i,/. We then 
finally obtain . 


fe = fe+ (1 04 — 04 Ayes ih[8m2c2 
[t= Moca OX; 


ee 
= 2 [P [pi f}]/8m2c2 (A.2c) 


In the calculation of the mean value of the position, f = Xx, the double commuta- 
tion drops out, and since 0X%/0X; = di we have 


a 
R= RE4 YY (are, —ay 1)prih/Bm2c2 (A.5) 
T= 13 
In view of (57.16), this is identical with equation (59.19), 
G 
Xe = RE—-G x p)e.fi/4m2c? (A.5a) 


If the complete calculation is strictly performed, we obtain 


SG 
oa ery ae (G X p)fc2 
aS ora EO one 


which tends to (A.5a) in the non-relativistic approximation. 


(A.6) 
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If we calculate the mean square deviation (f = R2) for a G-function that is 
spherically symmetrical about R=O (R°=R°=0, p=0O, p x R°=0), the second 
term in (A.2c) contributes nothing. This follows either from the symmetry in /,i 
of the averaged expression p:R2p:, or from the fact that p x R = 0 for the spheri- 
cally symmetrical state, because only the components of the “orbital angular 
momentum” p x R contribute to the second term. The value of the double com- 
mutation term is a constant, 642/m2c2. In total we therefore obtain the result 
that was given in §59, 


= — B02 
Pro = ae a A.7 
+ ae (A.7) 
This result does not apply to arbitrarily small values of R2°; on the contrary, a 


necessary condition is that R2° > f2/m2c2, since if it were not, the expansion 
(A.4) would be meaningless. 
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In the last paragraph we saw how the equations (59.15) for two- 
component functions can be set up, proceeding from the quantization 
of the Dirac field in the absence of external forces. In the non-relativistic 
case, for which v/c < 1, these equations become the ordinary Schrédin- 
ger equations for a free particle. When external fields are present and 
the interaction between particles must be taken into account, it is no 
longer possible to establish two-component equations of this sort, 
because electron-positron pairs can be produced by the external field. 
The operator N for the total number of particles no longer commutes 
with #, and we cannot confine ourselves to a state in which only a 
single function G,,,-(F,-..3%,--.) differs from zero. 

However, if the probability of pair production is small, we can 
attempt to treat the transitions between states with different numbers 
of particles as a perturbation of the independent two-component 
equations. The prerequisites for this procedure exist when the external 
field is almost constant* over a distance of the order of magnitude of 
the Compton wavelength h/mc: 


h |oE 


mc | 0x 


h \oH 
<|E| 22 | <i) (60.1) 


In deriving the two-component equation it proves to be unnecessary 
to adopt the roundabout procedure involved in the quantization of the 


AERA 
*This results from a more exact discussion of the Dirac equation in the presence of evtermal fields. 
The condition is plausible, since it states that the field contains only Fourier dae eS of wavelength 
4 > hj/mc, and hence that the energies of the corresponding quanta Aw = fic/A are ll compared 
with 2mc?, the minimum energy necessary for the production of cetfonposiron BE 

a 


“ 
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Dirac equation, provided that we restrict ourselves to correction terms 
in the Schrédinger equation that are of the second degree in h/mc and 
v/c. It is then sufficient to treat the original Dirac equation itself. As 
an illustration we shall again consider the case of a free particle. 

We seek an equation that is equivalent to the Dirac equation 


Hw = {cttp+ Bmc?} p = ih 


in which the posititive energy states are represented by functions G(r,s) 
of two components (s = 1,2). This is obviously equivalent to finding a 
unitary transformation Uw =G in which the transformed Hamiltonian 
operator #’=Ux#U* contains only D-type matrices (where D is 
defined by (57.17)), because A-type matrices mix the components (1,2) 
of the functions w,(r,7) with the components (3,4). 

For a free particle, the transformation U can be derived from 
(58.8): 


_ _ eBaép+E(p)-+ me? 
i /{2E(p) LE(p) + me? ]} ae) 
Hence 
H' = BE(p) 


and the eigensolutions for positive values of the energy are 
ikr 


Gis = 9... = 2 (60.3) 


ee 

For UrU* etc., we obtain comparatively involved expressions (see 
table on p. 356). The transformation of r was effectively performed in 
the previous section.* Those operators that transform to r, f, etc., do 
not have the same physical significance as these quantities in their 
previous sense; the only exception is p, because UpU *+=p. In order 
to express this difference we shall designate the previous Dirac operators 
by the terms electron position R,,, electron velocity R,,, etc., which 
indicates that they are associated with the electric charge (eR, = Jrf..4r). 
In the case of the new operators, which possess a simple representation 
in the Schrédinger-Pauli theory, we shall retain the designations of 
position, velocity, etc. (see table on p. 356). We saw in the last para- 
graph that the “electron position” is both displaced and dispersed with 
respect to “position” as defined above. External fields do not “act” 


®Tt is (UrU+)s’ = Fant*(p)rant’(p) for s,s’ = 1...4; see equation (A.2) in §59. 
n 
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at the latter, but at the electron position. The centre of charge is given 
by R,;. On the other hand it is the operators R, etc. which in the non- 
relativistic case become the corresponding operators x, y, z, etc., of the 
Schrédinger-Pauli theory. For instance, in the new representation 


p? 
= BE(p) = a(mer+F +...) 
m 


p= 1 [9,1] = pe - (2+... 


m 
a’ = ~[#',8'] = 0 


These are just the properties of the operators in the non-relativistic 


theory. In particular, R=v for the positive energy states,* and the 
state of a free particle can be chosen as an eigenfunction of p and é. 


Representation according to 
Quantity |. Symbol 


Dirac Schrédinger-Pauli 
ehge: | aes ; _fc2é’ x p—ific3B(Gp)p/E) _ 
Position 2E(p) [E(p) +: mc?] 
_ ihc Ba 
2E(@p) 
Position R UtrU r 
El t Ga (Aa - 
eee Fa Pa a’ meee xpe_ px (e’ xp)c2 
x E@) — E(@)(E()+me?} 
Spin yr U+e’U a 
State y Wn (r) p> Un? ya(r)= Gt, Ss) 
Mean t (Ra)=fe LF ()E | wnt) |2de = JB fon’ (8) G*(€,5) Ge, 5’) ade 
n ssf 
values 


AB)=I" |Z SU*/U)an vat yarde=Lf)EIG(e,3) Pde 


We shall now consider the case in which external fields are present, 
and attempt to bring the appropriate Hamiltonian operator into a form 
in which it contains only D-type matrices. Since the transformation 
that effects this contains the fields and possibly the time. explicitly, we 


* In §57 we found that ¢ = ca, g’ = —2c(@ x p)/a. ‘ ‘ey 


. 


a 
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must assume the following form for the transformed Hamiltonian 
operator: 


r,) + 
H' = UHU* —ihU - (60.4) 
This is necessary to ensure that the equation 
0 
CU 3G ih (U*G) 
takes the form 
H#'G =ihG 
in the new representation. 
We now write 
H= pmc?+0b-+c2(p—Za) 
in the form 
H = Bmc?+D+A 
where A and D are defined by (57.17), and try the solution* 
eu A 
U;, = ane, (60.6) 
2mc 


We shall use this expression to determine the Hamiltonian operator as 
given by (60.4). In the final result we shall include only terms as far as 
(v/c)*, since we are interested only in non-relativistic velocities and in 
slowly varying fields as defined by (60.1). When (60.6) is expanded and 
introduced into (60.4), we obtain the following result for #”’ after some 
intermediate calculations: 


Az a4] BAs 
ee os th i 
H' = Bmc*+ see “aan ,[A, D] +i =| (oer 
Lh 0A AS 
D —)>-—— tt... 0:7 
Ine? Pilger at ame)? ace) 


In view of the rules governing A- and D-matrices, the first line contains 
D-matrices only and the second line A-matrices only. Thus #’' now 
has the form 3’ = Bmc?+ D’+ A’, where A’ is only of order of magni- 


* This solution is suggested by the non-relativistic expansion of the corresponding operator (60.2) 
in the case of the free particle: U = 1+ Bap/2me + 4(BEp/2mc)* +... This agrees with the expansion 
of (60.6) apart from terms of the order of magnitude of (v/c)?. Cf. Foldy, L. L., and Wouthuysen, S. A., 
Phys. Rey. 78 (1950), 29. 
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tude (v/c)?. Using exactly the same procedure, these non-diagonal 
terms can be reduced by a further order of magnitude by means of 


=—3, etc. It may be verified that 
2mc 
the use of U, supplies only correction terms to D’ of higher order than 
the fourth in v/c; the first line of (60.7) therefore correctly represents 
the Hamiltonian operator to within terms in (v/c)*. 

In order to gain a more precise understanding of the significance of 
this approximation, we now introduce the quantities D=e@ and 


A a, A) into (60.7), when we obtain 


= Bic? SO z in(P-% a) — pa a = saa(P- a) - 
8m"c 


another transformation U, = exp 


2me é 
h 
sar Ex ~£4)-(p-£a) x} - 
‘ eh? 
; —-—; divE+... ; 
mit ivE+ (60.8) 


oE 


wy h ; 
The quantities v/e and alae |E| are independent of each other, 


but have the same order of magnitude for the lowest states of the 
hydrogen atom: 


a als: e 
IwTfe ae elias [loie 2x pat 


We can see that the two terms in the second line of (60. 8) are of 


the same order of magnitude, since the first is approximately 


h dedv fimo \2 

ae and the second is {| —— } ed. 

me 0x mc 0x 

If we restrict ourselves to positive energy states and irrotational 


fields (when curl E=0, ic. -px E=Exp), (60.8) finally becomes 
1 2 eh 1 i 
Ht’ = me? +eb+— a(e-{4) ~~ gasca(P—£A) = 


2mc 8m7c é 
SAS 
e eh? ‘ 
eae (p-£a)-54 sdivE (60.9) 
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The physical significance of each term occurring in the above expression 


2 
has been explained in §34, with the exception of the term — eee divE, 
m*c 

the origin of which, however, is quite clear as a result of our previous 
discussion. We have already seen that the quantity r occurring in the 
Schrédinger function G(r,s) is not the point at which the fields act; 
the latter is displaced and dispersed relative to the Schrédinger 
“position” as previously defined. Hence if ed¢(R,,) is expanded in 
terms of powers of R,,—R, the spin-field interaction* is given by the 
dipole term implied by the displacement (59.19). (This interaction is 
represented by the sixth term in (60.9).) For spherically symmetrical 
dispersion the quadrupole term is 

1. ep — 1? = 

2 mee Ss Vee pedi 

DRacGett 6 mec 
where r? is a measure of the dispersion of the electrical charge relative 
to the electron position. Comparison with (60.9) shows that 


mee 3 eG 
Ph es || 
! -3(2) 


in agreement with (59.20); the electron charge is therefore dispersed 
over a region of the order of magnitude of the Compton wavelength. 

For the Coulomb field of the hydrogen nucleus divE = —V7¢ = 
4ne 6(r). The additional term therefore produces an energy perturba- 
tion (actually an increase) in the case of those states for which 
| G(0,s) |? # 0, that is, for all s-states (cf. §34). However, when calculat- 
ing the energy terms for an electron in a pure Coulomb field it is 
unnecessary to adopt the preceding approximation procedure, since in 
this case the Dirac equation can be integrated exactly. The result 
(which we shall not prove) is Sommerfeld’s formula (34.6). 


Exercises 


1. The spin operator of the Dirac equation 

Equation (57.10) indicated that the spin of a free particle is not constant with 
respect to time. Show that the component of spin parallel to the momentum is 
constant, however, and that the spin and electron spin components (using the 
terminology of §60) in this direction are the same. 


* Cf. Becker, R.: Akad. d. Wiss., Math. Phys., Gottingen 1945. 
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2. The matrix trace as a unitary invariant 
Show that the trace EAnn of a matrix A remains unchanged in value when 


n 
subjected to an arbitrary unitary transformation. 
Derive an expression for the trace of a Hermitian matrix in terms of the matrix 
eigenvalues aj. 


3. Commutation with the Pauli matrices 


Show that if a matrix G 2 commutes with all three Pauli matrices oz, cy, Gz, 


it must be a multiple of the unit matrix. 


4, Hilbert space for Fermi-Dirac statistics 


Describe the formation of Hilbert space for the operators be and 5, which 
have the following commutation relations: 


be be tbubt = Ox, bxby thy by = bt bt +bi bs =0 


5. The spin and orbital current of the Dirac electron 
Equation (57.6) may be written in abbreviated form as follows: 
p=yty j=cy*ey 


Putting p = 3(y*y-+w*y), with a corresponding expression for j, replace y and 
w* once each by their value as given by the expression resulting from the Dirac 
equation, 

capy + Bmcty = ihy 


ie. =, (hy —capy) 
mec 


Compare the two components of p and j with the Schrédinger expressions and 
with (56.10). 


Solutions 


Solutions 


Chapter AI (p. 15) 


1. Rutherford’s scattering formula 


(a) The three conservation laws are proved by differentiating out and taking 
account of the equation of motion. The laws of conservation of energy and angular 
momentum are valid for central forces in general; the third conservation theorem 
holds good only for a potential of the form 1/r. 


é 


Fig. 57.—Graphical construction for the vector e 


(6) The graphical construction for e is illustrated in figure 57. The relation 
tan 49 = e2/muo2b is directly deduced from it. Note that the angular momentum 
M is normal to the plane of the diagram, that M has the magnitude muod, and 


hence that | vo X M| = mv02b. 


(c) aa e2 \2 5 = e2 ): dQ 
dQ = ndb2 = x (——,) deot?49= (555) as 


2. Aston’s mass spectrograph 
The deflection in the electric field is 


364 Solutions 


The deflection in the magnetic field is 


The equation for the path when x >/ is z= —@x+¢(x—/). Focusing takes 
place when 


oz , e Ea 
Bean 0, i.e. when zr = Oxy = aa Eaxs = apxt 


The photographic plate must therefore be inclined to the x-axis at an angle 
6 = Ea/2V. 


Chapter AII (p. 34) 


1. Broadening of spectral lines 


Aw 2e2m _ e2/mc2 re : 
a) (== Seas ~ 10-8 for A = 10-5cm (visible light 
( ) ( o eure 3 mc3 ( gh ) 
a An A 
(d) (“) ae ee Gel 
@/collislon TO %ZLe ViNe 


~ {10-7 for normal atmospheric pressure, 
“~ \10-10 for 10-2mmHg 


o is the atomic radius, / the mean free path, 6 = »/(kKT/M) the mean velocity of 
the atoms, V/N the specific volume. 


(c) w = wo (i+ a) is the frequency observed along the x-direction. vz is 


seldom greater than -+d; hence 


(=<) ea oes 
@ /Doppler C€ 


(d) The broadening due to collisions can be made small compared with the 
width due to radiation damping by reducing the pressure; this latter width, however, 
is generally small compared with the Doppler width. Nevertheless, the radiation 
damping can be measured separately as a result of the different line form produced 
by the two effects. Taking account of the Maxwell distribution, we obtain the 
following expression for the spectral energy density in the emitted light: 


exp aig dv se 
Wi ia = ieee 
S(@) = 2 Byjoy, dvz 
2 vz\2 OT 
Ce re T 
S -. 4 
Weg 


& 
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Bev, nev. Vv vo w-w 
a ee C fc 


Fig. 58.—S(@)/Wo for pure radiation damping and for pure Doppler 
broadening 


Doppler-Effect 


Radiation 


Fig. 59.—S(w)/Wo for radiation and Doppler broadening on a logarithmic 
scale 


366 Solutions 


Hence when | @—a@o| > 22 iE 
c Vm 


yWol2n 


ae (@—@o)?+4y2 


and when |w—a@o| < oe 


yWoc me2 (e=)") 
Ss SS ——— x 
Ce) ie a 2kT @o 


+00 2 =. +00 

e exp sa oa srr lI? +20(wo a] ep = ae 

— eS Se uF 
-0 n2+4y2 -2 


; kT 
The integral in 4 depends only slightly on w— apo, because y < = ) = hence 


me2 (@—Wo\2 


We therefore have practically pure Doppler line form within the Doppler width, 
while outside this width the line form is almost entirely due to the radiation damping. 


2. Radiation damping and the electron radius 
t— 
From the radiated power S = a %2, and the energy incident on the sphere, 


smR2,, we have 


el? 


It follows that Re: = »/(8/3).e2/mc2, which agrees in order of magnitude with the 
value given in §4. 


Chapter AIII (p. 46) 


1. The Hamiltonian function in polar coordinates 
L = 4m {7241262472 sin2 6 62}—U(r) 
therefore 
Pr = mr Poe = mr26 Po = mr? sin2 6 ¢ 


If these expressions are introduced into the sum of the kinetic and Potential.energies, 


we obtain ‘A> 
1 1 a 
H == prt obt po’ +U@) “< 


1 
2m r2 sin2 9 
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2. The Lagrangian ee and the conservation of momentum 


ec jac [tert Rn. dat 


to 


The second integral is evaluated in the same manner as on p. 37: 


t 
| * Uri;+R,,...)dt 
to 


t1 ty d 6h OL 
2G ja) aor (-3& =| + [ER =] —[2R. 
ie ( : ) to i ; at Bn oe i ty ‘= 


Since the initial path r; was “correct”, the second integral on the Bete side 
vanishes, and we obtain the mien condition for invariance: 


aL 
=R = |ZRi— 
[2 = . E orale for all ft, fo, 


2 sp, e_ ea 
a dt | a eg ie 


When R; = Ro we obtain the law of conservation of linear momentum: 
d 
va 
dt ; : 

R; > n Xr: yields the law of conservation of angular momentum: 


d 
— ir X mi =0 
ra MiNi 


3. Hamilton’s principle of the extremum 
(a) In this case we have 


Cay Ga) i : 4mjrdt 


The term of the first degree in y vanishes if x(t) represents the correct path. G is 
therefore a minimum for this path, since 

t 

" }my2dt > 0 

to 

(6) In this case 
: t 
Get y}—Gix} = [ * dm{92— 0292} dr 
to 


since the term of the first degree in y vanishes as in case (a). Since »(¢) must vanish 
at fo and f¢; it can be represented by a sine series: 


eS) . t—to ia 6 
y(t) = X ansinnn = 2X ansin Wn(t—%o) 
n=1 tj—-fo n= 1 


The integral may then be performed, to give the result 


Gxt —Gla} = dle to) E an%(con? 00?) 
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If all @a > ©, i.e. ¢1—¢o is smaller than the half-period of the oscillation, 47, 
G is a minimum. If ¢;—¢o is greater than +7, angular frequencies an with small 
values of m are smaller than @, while the other wn are greater; G is then indetermin- 
ate in its behaviour. If we choose a variation y that contains only small values of 
n, G is a maximum; otherwise it is a minimum. However, the coefficients an may 
be so chosen that G does not change at all. 


Chapter BI (p. 107) 


1. Planck’s radiation formula interpolation 
= (* Rayleigh-Jeans 
akye Wien 


The representation A = e2+akve is a reasonable interpolation for the mean 
square deviation A, since the second term is small compared with the first in the 
Rayleigh-Jeans region, and vice versa in the Wien region. The differential equation 
for ¢ as a function of T possesses the solution 


avk 
Av DS ceraen i= 
In the above expression the constant of integration C must be assumed to be 1, 
since for small values of y in the Rayleigh-Jeans region we should have ¢ = kT. 
When « = A/k we obtain Planck’s formula. The mean-square-deviation formula 
applicable to a small frequency range of the black-body radiation is obtained by 
multiplying the mean square deviation of the oscillator by the number of oscillations 
in the frequency interval. In the Wien region these deviations are identical with 
those of an ideal gas composed of particles of energy Av, while in the Rayleigh- 
Jeans region the deviations can clearly be interpreted in terms of the interference 
effects of the light waves. Planck’s formula thus demonstrates most clearly both 
the wave and particle nature of light. 


2. Derivation of the hydrogen terms from the correspondence principle 


For a linear oscillator w is independent of E, hence E(n) = const+ fiw. In 
a Coulomb field, and for an orbit of radius R, 


= —hmv2 = —e2/2R = —te2%(mw@2/e2)1/3, hence w = {—8E3/me4}1/2 
Therefore dE/@(E) = —d{—2E/me4}-\/2 = hdn 
from which —met/2E = (const + fin)2 
and E = —me‘4/2(fn +const)2, which gives the hydrogen terms when the constant 


of integration vanishes. 


3, First approximation to the energy of an anharmonic linear oscillatoP“>*> 


lien — nha+za ( nih y i. 


MO, 
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4. Vibrations of solid bodies at the absolute zero of temperature 
x2/a2 = h/2mca, hence »/(x2/a2) x 1/30 ~ 3 per cent 


It should be realized that the disturbance is much greater than the displacements 
due to normal elastic stresses. 


5. Rate of change of total momentum in wave theory 
From (16.8): 


5 [inde = = i dr{y* grad y +y* grad y —conjugate complex quantity} 


dr (Evry grad O42 (V2y* grady —w* gradV2y) —conj. compl. 
leg 


fo 


using (16. la). The second term a the integrand vanishes on integrating by parts. 
Then since 2mf — ea2, i. 


5 [ inae = ane fue aoe eS | eeBar 


6. Motion of the centroid of a wave packet 


t 
The first relation is obtained from the equation of motion by integrating by 
parts. We can deduce from the previous exercise that vo is constant (since E = 0), 
and hence that [mdx does not depend on the time. In addition 


1 i 
v5) = 5 | ok, thet** dk, 


xy(x,6) == | ok, o(z 7 tt) dk = a =! (= otk, n)) etd 


integrating by parts once more. Accordingly, 


x =i | ok.) olk,tdk / | lot. eae 


Bid eae f igh, ti? 2 a i f lo(k,t)|2dk 


using the relation g(k,1) = g(k,0) e~to(n)t 


7. Energy according to wave theory, and the Hamiltonian operator 


I udr = i G grad y* grad y +edyty) de 


= y* {4% +eov| ar = I w* Hw dt 
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1. Various representations of the 6-function 


5(x) = lim  s(x/b), where 
b30 5 


_ exp — 2 _ 1 
(1) Sq) =P Q) Si) =z 
@ so= Cea @ sy = =) 


+0 1 d 4 +00 5 d = 1 
[i 5 Seid = J Stan = 
in all four representations. In addition: 
a’ a’ +00 
{ fle) ¢ Ste[b)dx = i} ” bn) Sdn > £O) f= sedan = 1 
-a -a/b b+0 = 69) 


It can be seen from the graphical representation (figure 60) that the maximum 
heights are proportional to 1/b and that the widths are proportional to 5; the total 
area under the curves is therefore independent of b. 


\, 
2. 6-function relations 


(1) This relation is most simply proved if the d6-function is represented by a 
Gaussian function as in the previous exercise. If x is replaced by Cx, the normal- 
ization must be adjusted by the factor C in order to yield d(x) again. 


(2) 5{(x—a)(x—b)] behaves like a 6-function at x =a and x=b. When 
x © a, x—b may be replaced by a—b and removed, and similarly when x ~ 5. 


(3) Since |det «| 0, the left-hand side of the relation is only zero for 
xz = 0, and may therefore be represented as the product of simple 6-functions. 
The factor is the functional determinant of the transformation of Loixxxz to the 

k 


xXx} it is obtained by effecting the transformation, noting that 


J dy. ..dxnT18(%x) = 1 


For orthogonal transformations |det aix| = 1, hence 
1 1 
fe) ee —— —_ = 
[ v7) +) | ) [ V3 (x »| (x) 6(y) 


3. The Schrédinger equation in momentum space 


The operator effecting the transformation between position and. Bewacmentur 
space is wAdy 


U(p,x) = ee soap PUirwlh) :* 
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Fig. 60.—Various representations of the d-function 


The representation of ¢(x,f) in momentum space is therefore 


v(p,t) = | U(p, x) $x, t) dx 


Hence $b = | H exp(—ipx/h) ee - dp 
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Therefore 
2 
(a) e vor+| Vp-p wlp’,t)dp’ = ih, Vx)= J Vpexp(—ipx/h) dp 


2 mile ; 
& Fven+¥ (= 5) ve = ity 
2 Z 
p? _fh2maw? 0? ches Ah 


(c) ae 7 Op2 


The form of equation (c) is therefore the same as in the x-representation. 


4. One-dimensional potential well 

Sj(k) = e2tk! q sin alia cos ql 
q sin ql—ik cos ql 
See q cos ql—ik sin ql 
qcos gi+ik sin ql 
The roots of these equations are obtained graphically (figure 61) from the inter- 
sections of the curves g2-+x2 = 2mVol2/h2 and qtangl =x, —qcotql=k in 
the plane of gand x. (k = ik; K > 0.) The energy of the bound states is —A2x2/2m, 
since S(—ix) =0 implies that ¢ has only exponentially decaying components, 
and may therefore be normalized. Even bound states also exist for any arbitrarily 
small potential Vo; in the case of odd functions Vo must be greater than f:2/2rm/2 
in order that bound states may exist. 


5. Potential in 6-function form 
(a) In the limit q2/-> 1/2A and gi—0; hence 


14-2iAk 
S pas ial 
oak 
2i 
= 2 = 
dy imo ° Ak cos kx —sin k | x|) 
with a bound state for « = —ik = 1/24; 
Su —> 1 ou = —2isin kx 


with no associated bound state. 
(b) If aay, ees 
) oF $”(x) Omi (x) 6(x) = e¢(x) 


is integrated over a very small interval containing x = 0, it follows that 
$'(+0) — ¢'(—0) + $(0)/A = 0 


The first derivative of ¢ therefore has a discontinuity —¢(0)/A at x = 0, while 
¢(x) itself is continuous. If we seek once more to find the odd and even eigen- 
functions we obtain the same solutions as in (a). ¢(0) = 0 for the 6d functions; 
since there is a vanishing probability of finding the particle atthe, point at which 
V(x) # 0, the odd functions are those of a free particle. a 
* 
Wee 


“Y 
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Fig. 61.—Determination of’ the bound states of the potential well. The 

intersections of the circular quadrant of radius {2mVo/2/h}+ with the 

curves gitang/ and —g/cotg/ give the values of « for the bound states. 

(Dots correspond to even functions, circles to odd functions.) If the 
radius is less than 2/2 there is only one even bound state 


6. Ehrenfest’s theorem and the magnetic field 


In the presence of a magnetic field 
1 e 2 
(p-£0,0) +es6,0): 


2m 
hence the velocity operator is 
i 1 e 
f=-(4r —1r#) =—(p—-A 
f ; (Hr — rH) = (p 5 ) 
and the x-component of mf is 
1 e ée é OAz 
ga = = =5  |S2 
mx P [ (2: Z Az) (vz a Az) | cal 


2 one ={ (SH, — 2Hy) + (He) — Hy =) 
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The following relations were used to derive the last expression (cf. § 7): 
Od 10Az oAz OAy 


7. Current and magnetic field 
As in (14.15), if we add 4*3/¢ and — ¢#$* we again obtain 
ptdivj=0 


hi e 
— Re (So * — — A * 
where p= ¢*¢ and j 5 ae grad ¢ — ¢ grad $*) 7s a 
In the presence of a magnetic field real functions also yield a current density j # 0. 


8. The virial theorem 
For a Coulomb potential V~ I/r; hence rgrad V=roV/or = —V. The 
total energy E = Exin + V =4V is therefore equal to half the potential energy. 
For the oscillator, V~ r2, ie. rgrad V = 2V. The mean values of the kinetic 
and potential energies are equal. 


Chapter BIII (p. 152) 


1, Parity‘of the spherical harmonics 
(1) Let P¢ =Ad: then P2¢ = A2¢. Hence, since P¢(—r) = g(r), A2 = 1. 
(2) The relation PYim(0,¢) = Yim(x — 9,¢ — %) is correct when m= 
since Yu = const (sin 0) %e#*, Since Yim = const A!7™ Yu and PA- —A-P= 
it follows that the relation is valid for all m. 


L, 
0, 


2. Angular-momentum matrices 


a Se , (2 -i 0 100 
M=—Ll1 01) ~m =|) oe M.=h(0 0 0 
V2\0 1 0 V2\0 i 0 0 =1 


100 
M2 = Mz2 + M,2 + M2 = aa(0 1 0) 
- 001 
Since Mz = (Mz)im,im = 0 for all m, 


(AM;z)2 = M,;2= 2, (Mz)im,t'm' (Mz)i'm’, im 
I'm’ 


Since Mz possesses no matrix elements for which /’ #4 /the M;2 are directly obtained 
as the diagonal elements in the squares of the above matrices. Hence 


h/./2 for m=-+1 
AMz =A = 
3 oe (; for n=0 


for a total angular momentum 7/2. 
In the case of a top with total angular momentum M = 7/2 recéssing about 


the cones shown in figure 62, the time averages of Mz? and My2‘are equal to the 
above values. Ny 
7S 


te 


a 
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Fig. 62.—Representation of an angular-momentum vector and its dis- 
persion due to a precessing moment about the z-axis 


ad 


3. Eigenfunctions of the electron’spin 
(a) The matrix of 59, is 


5o,9 = ( 


cos 6 sin 0 et? 
sin 8 e'? —cosé 


The eigenvalues of this matrix are +44; this may be seen at once because the 
sum of the eigenvalues (the sum of the diagonal elements) is zero and the product 
(which is the determinant) is —442. Then the relations 


cos 6.a+sin 6 et? 5 = +a, sin 6 e? .a—cos 6.6 = +6 
give the normalized eigenstates corresponding to the eigenvalues +44: 
i) = lai a ae io) = (es 46 -) 
bs sin 48 b- cos 40 
(6) The required rotation operator is 


D = exp — ; Sz. eXp — ; Osy = exp —tidoz .exp —liday 


Now since oy2 = o,2 = 1, 


exp —Hi00, =X (—Hi0” 2" = (tow 14 ¥ (-40y1 oy 
y Vv. vy! vodd y! 


Vv even 
= cos 4 — isin 36.c, 
Hence D = (cos $¢ — isin 4¢02)(os 46 — isin 4@cy) 


The application of this operator to « = () and B= (1) gives 
Da = a - ie 46 exp a) DB= , = ce 46 exp a) 
5 iG. sin 46 exp 4i¢ bs cos 40 exp hid 


(c) The two states thus determined are identical, differing only by a factor 
exp 4ié of magnitude 1. 
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4, Relation between A and A- 


The relation is proved by integrating by parts. Note the factor sin @ in the 
normalization integral. 


5. A spherical harmonic relation 


t 
We first show that the expression = Yim Yim remains unchanged when 


subjected to an arbitrary rotation. If D is the unitary rotation operator and D Yin 
is the rotated function, then 


D* Yin Yin = 2 (DYim)*D Yin 
Since D commutes with M2, DYim contains only functions with the same value 
of 1. If Dmm' is the associated matrix defined by Dim’ = (Yim', DYim), then 
DYim os Dinm’ Yims 
m?’ 


Making use of the unitariness property of the rotation matrices, 


¥E Dim Dim = Om’ m" 
we then obtain 


Dz Yin Yim = 23 Dinm' Yim’ Dinm" Yim = z Yim’ Yim 
m m? 


mmm’? 


We have’ thus proved that £ Yim Yim is invariant to rotation, and therefore in- 
dependent of 0 and ¢: 

> Yin Yim = (G 

mm 


The numerical value of the constant C is obtained by integrating the above relation 
over a unit sphere, taking account of the normalization condition en mag ie 
I 
[ = Yte YindQ = x 1=2/+1, [ can = anc 
m 


m=-l 


C therefore has the value (2/+ 1)/4z. 
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1. First-order perturbation calculation for an anharmonic oscillator 


3A / h \2 
En = (n + Dio + > (x5) (n+424+ 
mo 
Compare the solution of Exercise 3, p. 368. 


2. Quadratic secular equation 
Ey,2 = 4ey+e2) +4A(Wi1 + Wo2) £ (ei — €2) + 44M — W22))2 +42 |W 2]2} 12 


« 2 
= He, +62)+4AW i114 Wr) +{Ker —e2) +hAWir Wart? au a. 
Te — 


Perturbation theory gives the same result. MS 


“fe 
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3. A primitive model of the electron in a metal 
Put 


1 1 : 2n tT A 
ike iKa pika — i eee Be 
wae PY Es y PKK, a ae Se 
Then 


Ta $K,x = eb x 


Therefore all matrix elements # xx xx of 4% vanish for x # kK’, and 


2 Sy 2m|V (K-xK|2 
a aay ———— 
ESS eh) ASIEN Bre erg aaey rer canes 
1 


Vix Kn = 7 | V e(K-K)z dy — Vik-K’) 


This expansion fails when (K+x«)2 ~ (K’+k)2, i.e. when K+K’ % —2x, which 
only occurs when x ~ +2/a,0. The degeneracy is removed by setting up the 
following determinant and solving for e: 


2 
es (K+)2—e Vix'—K) 
2m -9 
2 
V(K-K") Be (K’+)2—¢ 
2m 5 
whence 
2 2 g 2 2—(K’ D2 
pe Se SSE as Je(eEa) +1 Vc | 
2m 2: 4m 


The form of e(«) is shown graphically in figure 63. 


4. Effective scattering cross-section for a screened Coulomb potential 


o-oo ont 


1 3 "Tee. 
Si = kol?) = + dkp2 sin2 10) 
az a2 


If a is allowed to tend to infinity and the kinetic energy 42k2/2m of the incident 
particle is represented by E as in the classical formula for scattering, we surprisingly 


2\2 
obtain the same formula dQ = (=) a5 as in the classical case. Further, 
4E/ sin+4é@ 
the exact quantum-mechanical calculation always gives the classical result in the 
case of the Coulomb potential for any value of the energy. The total effective 


cross-section is 
Oo 4me2q2\ 2 T 
= 2 ) 1 + 4a2k92 


If akg > 1, Q is proportional to the square of the wavelength. For a pure Coulomb 
potential the effective cross-section is divergent. 
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Fig. 63.—Energy perturbation of free electrons in a periodic potential field 


5. Polarizability of a spherically symmetrical atom 
The energy expressed as a function of f is derived as in §28, and is 


E(B) = Ey + 28W2 + B2WHoW — Ey w23 


Since the state ¢ 9 over which the average is taken satisfies the equation 
#960 = Eodo, we may replace Eo W2 by HyoW2, W2Ho, or HH 0W2+ W2H 0) 
The factor of £2 then only contains the commutations: 


e2F242N 
2m 
Only the kinetic part of #o is of importance in [W, 49) (ue. (W, Hol ~ Epe)), 


WH W — 3 oW2 + W2H 0) = HW, Hol, W] = 


and the remaining commutation then merely contains the simple commutation 
relations between pz, and x; The energy at the minimum is 


512 
| ey Oe 2 ae Eo = aay 
WH >W —Eo Ww SAAN 
2 —— “ot 
= Ey — wale ss 
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and the polarizability is thus « = 4/Na{(Zx:)2}2, where a is the Bohr radius. The 
mixed terms may not be omitted when forming the mean value of (Zx;)2: 


(2x)? = Bx2+ LD Kexe 
4 ink 


It is true that 22; vanishes for spherically symmetrical states, but = x:xz does 
ink 

not do so, because the electrons tend to avoid each other as a result of the 

mutual Coulomb repulsion. This effect is termed correlation, and is referred to 

in §38. 


Chapter CI (p. 191) 


1. Energy terms and degree of degeneracy for a three-dimensional oscillator 
The Schrédinger equation gives 


E (r-2evlov — 1) + 2 + DI + Pes — 2alv + 1 + 3/2))} = 0 


where «= ma/fi and 8 = 2mE/A2. Comparison of the coefficients associated 
with the same powers of r shows that the odd coefficients cy, c3, Cs,... must vanish. 
When v is even and equal to 2n;, the power series terminates only when 
B = 2a(2n, + 1 + 3/2) or E = he(2n; + 1 + 3/2), where n; and / can extend over 
all positive integers and zero. The number of terms corresponding to a given 
n=2n, +1 is (n + 1)( + 2)/2. Even values of / are associated with even values 
of m, and similarly for odd values. The results for the first few terms are summarized 
in the following table: 


Quantum number n: 0 1 2 3 4 5 
Energy E, excluding 

zero point energy 0 hw 2he 3hw 4hw Shaw 
Degeneracy 1 3 6 10 15 21 
Term symbols s P sd Pf  s,d,g, Df, h, 


2. Hermitian nature of the Hamiltonian operator expressed in polar coordinates 
* 
vit (pry2)r2sinOdrdodé = f (5 prrtyn) w2r2sin @drdOd$ 
r 


as may be seen by integrating by parts. In order that the integrated part should 
vanish, the wave functions must vanish sufficiently strongly at infinity and be regular 
at r=0. Then p,;+ =(l/r2).p,r2, and hence the radial component of the kinetic 
energy 
Be ae 
2mr2ér  ér 2m 
is a Hermitian operator. 


3. Probability function and Bohr orbits of the hydrogen atom 
When / = 7 — 1 the radial component of the wave function takes the form 


- 
R = const. r™~-1 exp — —— 
nag 
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Therefore w(r) = (Rr)? = const. exp 2n(log r — r/n?ao), with a maximum at 
rn = n2ao, the radius of the mth Bohr orbit. The deviation is obtained by expand- 
ing the exponent about the maximum value: 


w(r) & const. exp [—(r — rn)2/n3a02) 
Hence Arjr = 1//(2n) 


The relative deviations therefore decrease proportionately to 1 [V/n. 
Comparison with (29.12) and (29.13): since the deviations are small, we must 
have 


a | arr 
ie r 


this result may also be proved from the fact that 


Tarlo eed 


~ l el 


j 
d ie ey 
oe r2 (21 + 1)n3aq2_—s n4ao? a 2n5ag2 
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1. Detailed description of the Stern-Gerlach experiment for aneutral particle of spin 1/2 
(a) If the trial solution 


Wr, f) = D ¢golr, t) xi whereby ox; = skp withs = + 1 
s 


is introduced into the equation of motion, we obtain 
2 
(F + pa H@)s) de(6, ) = itdele, 1) for s = +1 


This result may be verified by inserting ‘¥ into the equation of motion and form- 
ing the scalar product with x; or x-;; it follows from the orthogonal property 
of the two spin functions. In the two equations -+-us H(z) occurs as the potential 
energy and -+-us0H/éz as the force. The initial conditions are clearly 


ds(r, 0) = do(r)(Ki, Xo) = Fo(F)X0(s) 


In view of the breadth of the wave packet the resultant motion approximately 
follows the laws of classical mechanics; therefore, when 0H/dz is negative (as in 
figure 32), the wave packet ¢+4, corresponding to s = +1 moves parallel to the 
positive x-axis like a particle of moment ua in this direction, and similarly in the 
case of ¢-1 in the opposite direction. We finally obtain two spatially separated 
wave packets, each of which has an eigenfunction «{ as factor. In view of the 
equation of motion, J|¢s|2dr is independent of the time and equal to {(«%, xo)|2, 
since ¢o is normalized. Therefore |(«%,x0)l? = | xzo(s)|2 is the probability of 
finding the particle in the component beam denoted by s; in experiments with 
many particles | z0(s)|2 is proportional to the intensity of the b am. 4s 
(b) In this case the two probabilities correspond to |(«8, a2 RRin Exercise 3, 
p. 375, «9 = xi, cos 40 — s’k ©, sin 40 expis’$ with o,K, = SK. AN 
S 


“ww 
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In case (a), for 6 = 0, x®* becomes x7. 

In case (5), when 6 = n/2, ¢=n/2, therefore we obtain the following values for the 
intensities: 

KU? = (1//2)(Kz, + ixt,,)and 4|%9(+1) + iyo(—1)|2 for s’ = +1 

The above analysis applies to a hydrogen or alkali atom in the ground state (when 
the appropriate mass is introduced), since in these cases there is merely a spin 
moment, and no orbital moment is present. For charged particles such as electrons 
the Stern-Gerlach splitting is completely masked by the effect of the Lorentz force, 


2. Multiple Stern-Gerlach experiment 


From the previous exercise we see that, when the component beam s; is again 
split by a magnetic field parallel to @, the resultant relative intensities are 


|(«2, K®,)|2 = cos? 40 or sin2 40 


Fig. 64.—Relative intensities in the double Stern-Gerlach experiment 


The value of these quantities is derived from the eigenfunctions x®, of the 
previous solution (figure 64). In the case of the triple experiment we first have 
lcd, Kz |2 = 4, then |x*, x7 |2 = 4 (figure 65). We can see from this experiment 
that it is clearly impossible to make a simultaneous and precise determination of the 
values of two non-commuting quantities oz and oz. In the first experiment we 


Fig. 65.—Relative intensities in the triple Stern-Gerlach experiment 


382 Solutions 

measure oz, selecting the upper beam, for which oz is exactly equal to 1; in the 
second experiment we measure oz, again selecting the upper beam, for which 
oz = 1; if we now attempt to measure oz again in a third experiment we do not 
obtain a sharp result. 


fi=3 


n=Z2 


Fig. 66.—Fine-structure terms of hydrogen (not to scale), and fine structure 
of the H line. Long lines—Balmer terms. Short lines—fine-structure 
terms. Thin lines—permitted transitions. Broken lines—positionsadfthe 
terms taking into account only the relativistic correction for‘#gss (from 
Condon-Shortley, The Theory of Atomic Spectra, pp. 124-139, ridge 
1953) 4 
S 


x 
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3. Spin precession in a magnetic field 
The solution corresponding to the initial state x(O) is 


x(t) = exp F Gi Hy x(0) = exp [= 5 sexe} x(0) 


Comparison with (23.2) shows that x(r) is produced from (0) by a rotation about 
H through an angle 2x. 


4. Fine structure of the hydrogen spectrum 


Note that A/ = +1, Aj = 0, +1. A study of equations (34.3) and (34.5) leads 
to the term scheme shown in figure 66. 


Chapter CIII (p. 238) 


1. Zeeman effect for the sodium ee line oY 


The Zeeman splitting and * spin- -orbit splitting are of approximately equal magni- 
tude when AEspin-orbit  #8H; AE is determined from the separation of the 
D-lines AA =6 A.U. AE = hcAd/A?, where 2 = 5893A.U. This leads to the 
result H ~ 105 oersteds. 


2. Doublet eigenfunctions P 

The eigenfunctions are obtained by applying (j — my) times the operator J- = 
L-+ o- to Yue (for j = /-+’4), and by finding the orthogonal combinations 
for j= /1—+4. The result is: 


Yoo and YooB for /=0 
m4) ill 1— — . 

4, o— 0, aap for /=j-— 

Yum, = ni rea +1 ) Yim cae ops) ge it 


l— mtd) Vat a y es ale 
VES 41 Yi, mj-yet+ (47 t,m,+4B for /=j+4 


The angular components of the matrix elements 
(Yi7y'm’; || Yigm,) = rary’ m’j3t9m, are given for the sodium D-lines in the follow- 


ing table: 


Transition my,’ my 18az% = 18a,? 18a,? 
3/2 1/2 3 3 0 
mec a2 0 0 0 
i 1/2 1/2 0 0 4 
He 1/2 —1/2 1 1 0 
2Py/, 12, die 0 0 2 
25,70 20 12 2 2 0 
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The intensities of the Zeeman components for a weak field are calculated in accord- 
ance with §§30 and 36, using the above table. Note that Am; = 0, +1, AJ = +1, 
yj) = ©), del. 


3. Ionization due to the tunnel effect 


From p. 105, the probability of ionization of a hydrogen atom owing to the 
tunnel effect is 


2 
wat = wDat ho = SX" wh X 1016571 
2ao 


2 
& enn! Ke VG (Vo—E0)) 


Be Be Linea = = 
2aoF in ao ge 2a92F 


From figure 67: 


~ 107 107/F 


~ 
~ 


When F = 106V/cm the lifetime is therefore of the order of 1019005 (one year © 
107s, age of the earth ~ 109 years). The state is therefore practically stationary. 


Fig. 67.—Potential of an electron in the electric field 


4. Spectral line intensities 


The x- and y-components of the transition elements, for which m= +i, 
m’ =0, are az2 = ay2 = 1/6, calculated from formulae (25.9/25.11); the z- 
component (for which m= 0, m’ =0) is a:2 = 1/3. From (29,11), the radial 


portion of the eigenfunction is ARR 
24 /2\5 oe 
RiorRoir2dr = — (= - 
J RorRasredr = (5) « x 
We 
“ 
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the x-, y-, and z-components of f therefore have the values fmo shown in the table 
below: 


m x y Zi 

1 0-21 0-21 0 

0 0 0 0-42 
-1 0-21 | 0-21 | 0 


f(x) = SY) = f@) = =X fmo = 0-42 


Hence 2p,is  2p,is  2p,ls 


The lifetime t is given by 


and is about 10-9s for all p-states (for which m = +1, 0). 


5. Oscillator strengths for the principal series of sodium 
No. 2 
The summation theorem = fy, = 1 is valid only when v extends over all quantum 


v 

numbers of a complete system. For sodium, however, the initial state u is 3s. The 
transition from this state to the 2p-state is forbidden by Pauli’s principle, because 
the 2p-level is occupied; this term is therefore absent from the sum of the /-values. 
Since the 2p-energy level is lower than the 3s-level this term is negative, and the 
experimental value of the f-sum is therefore greater than unity. For lithium, the 
f-value is zero for the transition: of the valence electron to the ground state which 
is occupied by the electrons of the inner shell, as a result of the selection rule 
Al # 0; in this case, therefore, the sum of the ‘values must be unity. 


6. Polarizability of the alkali atoms 
Wio(Ex — Eo) 


$= $04 cot, — BNE — Bi ™ 


From the above sum the square of the excitation energy can be removed from the 
denominator, and the summation can then be effected over all /: 


$= ¢o+ a E xio(E — Eo) ¢i 


Since xi9(Ei — Eo) = (4x — x )ig = — ua 
= ¢o — bs #0 
= $0 ae pe $0 


where the displacement f is given by B = eFfi2/Ea2m. 
The polarizability « is the factor of F in the dipole moment ef: 


e2f2 2 
= = 4a3 
= mEq? = 
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where a is the Bohr radius and Jy the ionization energy of the hydrogen atom. 
The experimental and the calculated values agree very well: 


Li Na K Rb Cs 


aen(10-24cm8) 32-6 252 43 45:5 357-2 


texp(10-24cm4) Pay 27 46 350 61 


7. Refractive index of free electrons 
From the equation of motion mf = eEpet = eE we obtain er = aE, where 


a = —e2/mw2, Hence n = Ve = V(1+42Nz2) is imaginary when 
2 2n\2 _ 4ne2 
Se mame: 
c2 ( a) > me2 


For the alkali metals Li, Na, K, Rb, Cs: 4 = 1560, 2100, 2900, 3100, 3550A.U. 
Cf. the experimental values (R. W. Wood, Physical Optics, New York, 1934, p. 
560) 2050, 2150, 3150, 3600, 4400A.U. 

N & 106cm73 for the ionosphere. 
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iI, Energy of an ideal Fermi gas 


The density of the k-values is V/(2z)3. Hence the number of k-vectors within 
a sphere of radius Ko is (42/3)ko3 V/(2z)3, which must be equal to n/2 for the ground 
state; thus ko3 = 32n/V. The smallest wavelength is therefore of the same 
order of magnitude as the mean distance between particles (V/n)1/3. In addition: 


zp «A f2 Vv 3 A2ko2 
Ey) =2 ASS eel ka =n 
: Iki<ko Iq m Qn) iP dk =n G on 


The mean energy per particle is 3/5 of the maximum energy. 


2. Correlations for the ideal Fermi gas 


(a) ! 


= 
n(n — 1)V2 jki<ko 
|k’I<ko 


{1 — dsys. exp [ik — k)(r1 — r2)}} 


When evaluating the summation it should be noted that (Ks,, 4s.) = 0s,,22, =65 1,825 
etc. Integrating over k and k’ we obtain 


~ An = py tt — os For} 
where F(kor) = [nor = horees for : 
(kor)3 
() Psy,82(r) = > (1 — 65,2, F(kon)} Ro 
a> ae 
n fi s te 
— * ——, ee on 
Pll apt Ftkor)}; Pi2 ay" Pir + P12 pil Eo") 


“4 
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When observed from a particle of spin s; = 1, the particles with sz; = —1 
possess a constant density, unaffected by the presence of the first particle; in contrast, 
the density of the particles with the same spin is reduced almost to zero in the 
neighbourhood of the point of observation, up to distances of the order of 1/ko 


o(r) 


Oo 7 5: 70 


Fig. 68.—Densities in an ideal Fermi gas 


(figure 68). (Note that F(0) = 1, corresponding to the ‘‘Fermi hole’’.) There is 
almost zero probability of finding two particles with the same spin at a distance 
less than 1/ko from each other. Only half the “‘ Fermi hole” occurs in the expression 
for the total density; the Fermi statistics therefore imply that the density in the 
neighbourhood of each particle is reduced by a factor of two, relative to the average 
density. 


3. Polarizability of helium 
From Exercise 5, p. 176: 


nor a —_ 
S57 ee a’4, since x12 = x22 = a’2, x1x2 =0 
0 0 
8 
Therefore 2£= 740° ~ ap} =0-15 x 10-24cm3 


The experimental value is 0:2 x 10-24cm3. If we wish to make a more precise 
evaluation, using the method of variations and an initial function for the ground 
state with optimum Z’, the calculation follows the same lines as that in Exercise 5, 
p. 176. It should be noted, however, that the initial function is not an exact eigen- 
function of the Hamiltonian operator in the absence of the electric field. The result 
is practically identical with that given above. 
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4. Rotation terms of the deuterium molecule 


The complete wave function must be symmetric in the coordinates of the nuclei. 
Symmetric spin functions correspond to even values of /, antisymmetric spin functions 
to odd values. Six symmetric spin functions may be constructed from the two spins 
of value 1; one function with five-fold degeneracy corresponding to spin 2, and one 
function corresponding to spin 0. In addition, there are three antisymmetric 
functions corresponding to spin 1. 


5. The exchange integral and spin interchange in the hydrogen molecule 


The wave function may be put into the form 
d(t) = 2c exp (K + +} [a(1) b(2) «(1) B(2)—a(2) (1) 2(2) B(1)] cos = 


+ i [a(1) b(2) BCI) «(2) — a(2) b(1) «(1) B)] sin + 


K and J are given by (45.12). At the instant f = 0 atom a has an e«-spin, atom b 
a B-spin, while at time ¢ = 72f/2J the situation is reversed. From (45.12), J ~ A 
when $4 and CS2 can be neglected. 


6. Dirac’s identity for the spin vector 
It is sufficient to prove the identity when the operator P* is applied to the 
functions 
a(1)a(2), (1) B(2), B(1)«(2), ACL) BQ) 
because any function can be expressed in terms of them. Consider as an example 


the relation 
G1 G2 = 2(01* o2- + G17 G2") + 4, 2, 


7. Eigenfunctions of S2 


From the previous exercise: 
(GF, + G2)? = a2 + a2 + 261 G2 = 41 + Pe) 
The eigenfunctions agree with those of P?; they are 
a(1)a(2), (1) B(2) + «(2) 80), BCL) BQ), (1) BQ) — «(2) BAL) 


The eigenvalues are 2/2 for the three symmetric functions and 0 for the antisym- 
metric one. 


8. Van der Waals potential for the Thomson atomic model 


(a) mk, = — fx, + 2yx2 LS ues be: m2, = fe— 722 
mk2 = — fxg + 2yx1 CN Mathes — 52 mi — fz2 — 21 
where J = e2/Ra3 and y = e2/R3 x 


“ 
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(6) The characteristic oscillations and eigenfrequencies are found by adding 
and subtracting the pairs of equations shown in (a). Only non-zero amplitudes 
are listed in the table below. 


Oscillation state Eigenfrequency 
= 1/3 
x+x2 + 0 wo = {=| 
m 
1/8 
x1—x2 +0 oy = |” 
m 
1/8 
yitys +0 as = (|?) 
m 
— 1/2 
yi—ya + 0 |) 
m 
1/8 
zitzs +0 os = (42} 
m 
2—22 + 0 Og = (a 
m 


6 
(c) E(R) = 44 © oy. Expariding in powers’of y, we obtain 
ye] 


E(R) = Hie (6 = 37 


where Wo = V/(f//m) is the frequency of the unperturbed Thomson atom. The 
energy of the ground state Ep of the two unperturbed atoms is 34m. If we now 
put #@p equal to the excitation or ionization energy of the atom, /, and substitute 
the polarizability « of the isolated atom for R.3, then 
3 [a2 
E(R) = Eo — - — 
(R) 0-35 he 
This formula is of much more general validity, as might be expected from its method 
of derivation. In the case of two atoms, 1 and 2, the correct perturbation calcula- 
tion by the methods of quantum mechanics leads to the following approximate 
formula, which is suitable for estimates: 


3 Id, a1 42 


EE) Ee 57, is aS 


In the classical model, E(R) would be equal to 0 in the ground state since each 
electron would be at rest at the centre of its respective nucleus and no form of 
electrostatic interaction would occur. In quantum theory, on the other hand, the 
zero-point oscillations induce an attractive force, which can also be achieved accord- 
ing to classical mechanics by means of thermal motion. 


(d) The ground-state function for a linear oscillator is Cexp — ae In 


the present case we obtain a product of six such functions: 


_ mor gs) ey) eS 2 2 
C exp re (x1 + 2) i (x1 — x2) a ((y1 + ¥2)2 + (1 + 22)) 


_ a ((y1 — ¥2)?2 + Gi — 22)? 
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It should be noted that in the case of the oscillations for which x; + x2 ¥ 0, 
twice the mass and the coordinate 4(x; + x2) are employed, while half the mass 
and the coordinate x; — x2 enter into the oscillations for which x1 — x2 + 0. 
Proof: If all a; are equal, as in the case of two separate atoms, the ground- 
state function must become exp {(—mao/2h)(r12 + r22)}. 
We can immediately deduce from the above representation that all mean values 


of form x1, x2, y1 and x1)1, x12, . . . vanish. 


The various correlation products such as x1x2 are found from (x; + x2)2 =2h/may 
and (x1 —x2)2=2h/ma@z, etc.: 


mm = = (—~=) > 0; ym == (+ - 2) <0 
@, W2 2m 


The significance of the positive correlation x;x2 > 0 is as follows: for a given 
x 1 > 0, the chance of finding electron 2 in the region x2 > 0 is greater than the 
chance of encountering it in the region x2 <0; similarly for x; <0 and x2 <0. 
The reason is clear: when x; > 0 the force on electron 2 is directed towards the 
right, and therefore tends to give preference to positive values of x2. The opposite 
situation exists in the case of the y- and z-components. 


9. Forces between two helium atoms 

The result is Eex(R) = 2e¢9 + 4C — 2A, where eo is the energy of the ground 
state of the helium atom when calculated with the optimum value of Z, and C and 
A have the same significance as in the case of the hydrogen molecule, but are calcu- 
lated from the modified hydrogen functions appropriate to helium. Further integrals 
appear when the overlap integral S cannot be neglected. The contribution of the 
Coulomb integral 4C is practically compensated by the electrostatic interaction 
4e2/R, and the potential energy therefore consists almost entirely of the repulsion 
term —2A, where A <0. 
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1. Pressure and energy density in an ideal gas 

The number of particles in the interval (p, dp) incident on an element of surface 
dS in time dt is f(p)dpvzdSadt (cf. figure 69). In the course of a collision (assumed 
to be elastic) each particle transfers momentum 2pz to the wall. Therefore 


+0 
PdSdt = | “es | | dpydpe2pzvefdSdt 
0 a) 


since it is only permissible to integrate over those particles that actually strike the 
wall (i.e. pz, vz > 0). The general relations between the energy E, the momentum 
p, and the velocity v are: 


my me2 
“7 ose equ 
V0-3 V(~3) “aA 
“ey 
E2 — m2c4 
— 2, 4 2, 4 — —s a 
E = V(p2c2 + m2c4) pv 5 \, 
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Since the gas is assumed to be isotropic, the factor 2 may be replaced by integration 
over all values of pz: hence P = npzvz. In addition, 


— an 2,4) 
Paz = Pyvy = Pete = 5 v= fe = “| 
Therefore 
n 
a IVS 3F 2 = 
Ce for E> me?, or m=0 
3 E =e 


=n(E— me? me2) = rE cn for E—me2 < me2 


Fig. 69.—Calculation of the pressure of an ideal gas 


2. The solar constant 

From (46.4), the total energy emitted from the surface of the sun per unit time 
is oT4.4nRs2, where Rs is the sun’s radius. This energy passes through the surface 
of a sphere of radius Rz, where Rez denotes the radius of the earth’s orbit. At the 
earth, therefore, the incident energy per unit time and per unit area is 


R\2 62 
S=oT4( =) = oT4— 
io (=) o 4 


The value of ao is 1-4 X 10-12calem—2s-1deg-4; putting T=6 x 103 and 
6 ~ 0:009 gives a value of about 2calcm-2min—! for the solar constant. 
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1. Fourier representation of Hertz’s solution 
If the trial solution for 4, say, is introduced into the initial equation, we obtain 


am | 4np(r’, 1’) exp [ik(r—r’) — 10 C= 1) gy ded’ 


~ Qny4 )4 k2— @2/c2 


The path of integration in the plane of w should be taken as shown in figure 70. 


Fig. 70 
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When ¢ < ?’ the path of integration may be moved upwards into the positive 
imaginary region, and the integral round the contour is then zero. For ¢ >? 
the path of integration must be moved downwards into the negative imaginary 
region, in which case it still includes the poles of the integrand at w@ = — ck and 
@ = +ck. Then from the theorem of residues: 


4x exp [ik(r—r’))—io(t—?’)] 
rane 


exp ick(t—t’/)—exp —ick(t—1t’) 
=o aa | exPrkte— r’) i dk 


=|. {expik|r—r’| —exp —ik|r—r’]} x 
2a|r—r’| 
x {expick(t—1’) — exp —ick(t—t/)} dk 


1 pares : F 2 : ke 
= —7 | {exp {ik |r—r’ | —ick(t—1’)} — exp {ik |r—r’| tick(t—1’)} d= 
jr—r’| J -0 2n 
( , my 
7-1 
= ee since t—7’ > 0 
% pte 


When this result is introduced into the above integral and the integration is per- 
formed with respect to ¢’ we obtain the familiar formula for the retarded potential. 
The calculation in the case of A(r, 4) is similar. 


2. Total radiation momentum 
Using the relations (51.10) and (51.12), we obtain 


G = Sy hkbt, by, 
w,A 


Equation (52.2) shows that G commutes with 3, and that it is therefore constant 
with respect to time. The eigenvectors (52.6) are also eigenvectors of G with eigen- 
values 


2, mahk 
wk,A 


This state therefore represents ma light quanta with energy i@, and momentum 
hk, 


3. Angular momentum of the radiation 
We first obtain ~~ 
“AO 
Na 2 i Sih{b xn ban’ — bn dua}(Surn X Sun’) = XZ MU) 


sot 
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The vector product of the two mutually orthogonal polarization vectors is only 
non-zero if A A’. sui X Sx2 = ex is a unit vector (e+, =e.) in the direction of 
+k if the vectors are chosen as in figure 71. Then 


M(® = ex. ih{bt1b.2—bt2bu1} 


In order to find the eigenvalues of a Hermitian operator in the form of 
8 + a 
i(6+b2—b2b1) we may introduce the new operators 


1 " 
be) = V2 (b;-+iob2), where o = +1 


(It should be verified that the commutation relations for the 5,(c) are identical with 
those for b.,.) Then 
Eigenvalues 


M® = exh(b¥(1) 5x1) —O¥ (-1) b(-1)) exh (u(y —Mx(-1)) 
HF xy = hor 
GO) = hk 


hos 


rk «(my + x(-1)) 


© a 
(OF (1) by + BF (-1) Bx(-1) 


Hence the eigenvalues of M‘*) are integral multiples of --ex#. The spin has the 
value f# and is parallel or antiparallel to the propagation vector k. The classical 
waves associated with o =1 clearly have corresponding amplitudes (1) # 0, 


t 


Sk, 
ek 
Sk, 


Fig. 71.—Polarization and propagation vectors 


bi-1) = 61—ib2 = 0: i.e. the amplitudes b, and bz have the same magnitude and 
a phase difference of 2/2. This is a circularly polarized wave (in the right-handed 
sense with respect to k). It is evident from the above representation that #, G, 
and M commute. The Hilbert space is formed as in §52, except that the Jie) are 
employed in place of the bia: 


# with eigenvalue LD A@xnx(o) 


4,o 
®@...,M(c),--. iS an eigen- G with eigenvalue x Aknys) 
function of the operator id 

M with eigenvalue X fies onx(c) 

k,o 


The Hilbert space is spanned by these eigenfunctions. 
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Chapter FI (p. 327) 


1. The energy spectrum of electrons in B-disintegration, according to Fermi 

n(pe)dpe = CdpeSdpy is first calculated, where py must be integrated subject to 
the condition En—#. < #y < Em—Het+AEm. Since # = {p2c2-+m2c4}1/2, 
this is the same as integrating in py-space over a spherical shell of radius 


- (Em —#0)2—my2c4) 1/2 
j, = (Caxetatomee 


5 c2 ] 
and thickness Apy = pone AEm 
Pye 
Therefore n(pe) dpe = C’'{(Em—# ¢)2 — my? c4}1/2(Em —H e) 


where C’ is a new constant. 
If this distribution is again integrated over pe, with Ee < #. < E.+dEe, 
the result is 


n(Ee) dE. sO {E,2 —me2 c4} 1/2 Ee {(En = Ee)2 —my2 c4} 1/2(Em —E,) 
In particular, for my = 0: 
n( Ez) dE. = C” {E,2 —me2c4} 1/2, (Em —E,)2 


At values near the rest energy of the electron, Ee = m.c?, the distribution has the 
form +/(Ee—mec?); at the maximum energy Em the slope is horizontal. The 


n(Ee) 


0 03~mec* 15MeV Em 


Fig. 72.—Experimental and theoretical distributions for f-disintegration 
of RaE 


theoretical distribution is compared with an experimental curve in figure 72. The 
theoretical curve is adjusted to Em and normalized to make the area under each 
curve the same. Bea aS 


2. The relativistic Hamiltonian equations 
The treatment is the same as in §7. ~~ 
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Chapter FI (p. 359) 


1. The spin operator of the Dirac equation 


From (57.10), [#, &’] = 2icé x p, whence on forming the scalar product with 
p it follows that 
[#, (G’p)] = 2icdp xX p=0 


We can also see from the table on p. 356 that 
o’p = (UG’U*)p 


2. The matrix trace as a unitary invariant 
For unitary transformations: 


A = UtAU = U* am Uin = On 
m 


: ae 
Therefore = Aner ey U*nmAnt Uim = LD Anna 
m 


im,n n 
If U is so chosen for Hermitian matrices that A is diagonal, then © Ann = La. 
n 1 


In addition: 
TrAB= 2 Apiienn = dS, BamAmn = Tr BA 
mn 


mn 


3. Commutation with the Pauli matrices 
It follows from the condition 


@ b =(" 5 -( 4) =9 
[2s c a =) 2) c —d 
that 5 =c =O; further, a = d because 
a. -(° wale 5) =9 
[o> (6 wl=G o d 0 


Since 2icy = oz0x—GzGz, the commutation relation between the matrix and ay 
does not impose any further condition. 


4, Hilbert space for Fermi-Dirac statistics 
Since btbytb.bt =1 and b, =0 
it follows that (bf by)2 = bt (1 —bt bybu = bt dy 


Hence the equation for the eigenvalues m of birdy is n =, possessing the 
two solutions m =0 or 1. If there is an eigenstate ¢ of b}b,, then 


(bu, bud) = (4, 4) 
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If m, =0, then 6.6 =0; if m= 1, bud corresponds to the eigenvalue n. = 0 
because 
btb2¢ = (bt b)iud =O and by =0 


b, therefore possesses the property of annihilating a particle of momentum #k 
Similarly, it may be verified that the operator b,+ generates a particle. Since 
br2 = 0, a particle of type k can only be created once. 


5. The spin and orbital current of the Dirac electron 
p=po—divP j = jote curl M+P 


ih . if ei 

po = = (y* By —W* By) P =~ (y*apy) 
2mc2 2mc 

Syne. ift * * hi * = 

jo = — (grady*fy—y*fegrady) M =—— (y*a’ By) 
2m 2mc 


j» corresponds to the Schrédinger current, and pp» is the associated relativistic 
generalization of the density. M is the ‘“‘magnetization” and P the “‘polarization”’ 
of the electron. (See Vol. I, §§ 26 and 47, and p. 216.) 
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eigenvalues 88 
linear 51, 53, 63, 84 ff, 237, 301 
matrix elements 90f 


Index 401 


oscillator strength 227, 233, 238, 295 
three-dimensional 191 


parahydrogen 263 
paramagnetic susceptibility 224 
paramagnetism 215, 221 
parhelium 252 
parity of spherical harmonics 152 
parity operator 152 
Paschen-Back effect 218f 
path of electron in electric field 6f 
magnetic field 7ff 
Pauli spin matrices 147, 194, 330, 337f, 
360 
theory 354ff 
Pauli’s principle 186, 243ff 
permutation 245ff 
permutation operator 269 
perturbation methods, Dirac’s 156ff 
Schrédinger’s 153ff 
phase integral 45f, 56 
phase space 40, 43f, 77 
phase summation 46 
photoelectric effect 53 
Planck’s constant 291 
Planck’s radiation formula, 51f, 288, 
292 ff 
Poisson brackets 65f 
polarizability 176, 226f 
of alkali metal atoms 238 
of helium 272 
of hydrogen atoms 171f 
position representation 126f 
positron 333, 346f 
potential barrier 98ff 
step 100ff 
well 138 
principal quantum number 57 
probability 130ff 
distribution 191 
projection operator (projector) 154 


quantum condition 55f 105 
number 56f, 204 
postulate, Bohr’s 54 


radiation, angular momentum of 320 
radiation damping 22ff, 35, 285, 298 
radiation energy 307ff 
radiation field 312ff 
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BURNHAM’S CELESTIAL HANDBOOK, Robert Burnham, Jr. Thorough guide 
to the stars beyond our solar system. Exhaustive treatment. Alphabetical by constel- 
lation: Andromeda to Cetus in Vol. 1; Chamaeleon to Orion in Vol. 2; and Pavo to 
Vulpecula in Vol. 3. Hundreds of illustrations. Index in Vol. 3. 2,000pp. 6% x Oh, 
93567-X, 23568-8, 23673-0 Three-vol. set 


THE EXTRATERRESTRIAL LIFE DEBATE, 1750-1900, Michael J. Crowe. First 
detailed, scholarly study in English of the many ideas that developed from 1750 to 
1900 regarding the existence of intelligent extraterrestrial life. Examines ideas of 
Kant, Herschel, Voltaire, Percival Lowell, many other scientists and thinkers. 16 illus- 
trations. 704pp. 5% x 8%. 40675-X 


A HISTORY OF ASTRONOMY, A. Pannekoek. Well-balanced, carefully reasoned 
study covers such topics as Ptolemaic theory, work of Copernicus, Kepler, Newton, 
Eddington’s work on stars, much more. Illustrated. References. 521pp. 5% x 8%. 

\. 65994-1 
AMATEUR ASTRONOMER’S HANDBOOK, J. B. Sidgwick. Timeless, compre- 
hensive coverage of telescopes, mirrors, lenses, mountings, telescope drives, microm- 
eters, spectroscopes, more. 189 illustrations. 576pp. 5% x 84. (Available in U.S. only.) 

24034-7 


STARS AND RELATIVITY, Ya. B. Zel’dovich and I. D. Novikov. Vol. 1 of 
Relativistic Astrophysics by famed Russian scientists. General relativity, properties of 
matter under astrophysical conditions, stars, and stellar systems. Deep physical 
insights, clear presentation. 1971 edition. References. 544pp. 5% x 8A, 69424-0 
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CHEMICAL MAGIC, Leonard A. Ford. Second Edition, Revised by E. Winston 
Grundmeier. Over 100 unusual stunts demonstrating cold fire, dust explosions, 
much more. Text explains scientific principles and stresses safety precautions. 


128pp. 5% x 8h. 67628-5 


THE DEVELOPMENT OF MODERN CHEMISTRY, Aaron J. Ihde. Authorita- 
tive history of chemistry from ancient Greek theory to 20th-century innovation. 
Covers major chemists and their discoveries. 209 illustrations. 14 tables. 


Bibliographies. Indices. Appendices. 85lpp. 5% x 874. 64235-6 


CATALYSIS IN CHEMISTRY AND ENZYMOLOGY, William .P, Jencks. 

Exceptionally clear coverage of mechanisms for catalysis, forces in a ueous'so fution, 

carbonyl- and acyl-group reactions, practical kinetics, more. 864pp. 9% %,8%. 
NQ5460-5 
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THE HISTORICAL BACKGROUND OF CHEMISTRY, Henry M. Leicester. 
Evolution of ideas, not individual biography. Concentrates on formulation of a coher- 
ent set of chemical laws. 260pp. 5% x 8%. 61053-5 


A SHORT HISTORY OF CHEMISTRY, J. R. Partington. Classic exposition 
explores origins of chemistry, alchemy, early medical chemistry, nature of atmos- 
phere, theory of valency, laws and structure of atomic theory, much more. 428pp. 
5% x 8%, (Available in U.S. only.) 65977-1 


GENERAL CHEMISTRY, Linus Pauling. Revised 3rd edition of classic first-year 
text by Nobel laureate. Atomic and molecular structure, quantum mechanics, statis- 
tical mechanics, thermodynamics correlated with descriptive chemistry. Problems. 
992pp. 5% x 84. 65622-5 


Engineering 


DE RE METALLICA, Georgius Agricola. Thé famous Hoover translation of great- 
est treatise on technological chemistry, engineering, geology, mining of early mod- 
ern times (1556). All 289 original woodcuts. 638pp. 6% x 11. 60006-8 


FUNDAMENTALS OF ASTRODYNAMICS, Roger Bate et al. Modern approach 
developed by U.S. Air Force Academy. Designed as a first course. Problems, exer- 
cises. Numerous illustrations. 455pp. 5% x 814. 60061-0 


DYNAMICS OF FLUIDS IN POROUS MEDIA, Jacob Bear. For advanced stu- 

dents of ground water hydrology, soil mechanics and physics, drainage and irrigation 

engineering and more. 335 illustrations. Exercises, with answers. 784pp. 6’ x 9%. 
65675-6 


ANALYTICAL MECHANICS OF GEARS, Earle Buckingham. Indispensable ref- 
erence for modern gear manufacture covers conjugate gear-tooth action, gear-tooth 
profiles of various gears, many other topics. 263 figures. 102 tables. 546pp. 5% x 8/4. 

65712-4 


MECHANICS, J. P. Den Hartog. A classic introductory text or refresher. Hundreds 
of applications and design problems illuminate fundamentals of trusses, loaded 
beams and cables, etc. 334 answered problems. 462pp. 5% x 844. 60754-2 


MECHANICAL VIBRATIONS, J. P. Den Hartog. Classic textbook offers lucid 
explanations and illustrative models, applying theories of vibrations to a variety of 
practical industrial engineering problems. Numerous figures. 233 problems, solu- 
tions. Appendix. Index. Preface. 436pp. 5% x 874. 64785-4 


STRENGTH OF MATERIALS, J. P. Den Hartog. Full, clear treatment of basic 
material (tension, torsion, bending, etc.) plus advanced material on engineering 
methods, applications. 350 answered problems. 323pp. 5% x 874. 60755-0 


A HISTORY OF MECHANICS, René Dugas. Monumental study of mechanical 
principles from antiquity to quantum mechanics. Contributions of ancient Greeks, 
Galileo, Leonardo, Kepler, Lagrange, many others. 671pp. 5% x 84. 65632-2 
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METAL FATIGUE, N. E. Frost, K. J. Marsh, and L. P. Pook. Definitive, clearly writ- 
ten, and well-illustrated volume addresses all aspects of the subject, from the histori- 
cal development of understanding metal fatigue to vital concepts of the cyclic stress 
that causes a crack to grow. Includes 7 appendixes. 544pp. 5% x Bis. 40927-9 


STATISTICAL MECHANICS: Principles and Applications, Terrell L. Hill. 
Standard text covers fundamentals of statistical mechanics, applications to fluctuation 
theory, imperfect gases, distribution functions, more. 448pp. 5% x 8%. 65390-0 


THE VARIATIONAL PRINCIPLES OF MECHANICS, Cornelius Lanczos. 
Graduate level coverage of calculus of variations, equations of motion, relativistic 
mechanics, more. First inexpensive paperbound edition of classic treatise. Index. 
Bibliography. 418pp. 5% x 8%. 65067-7 


THE VARIOUS AND INGENIOUS MACHINES OF AGOSTINO RAMELLI: 
A Classic Sixteenth-Century Illustrated Treatise on Technology, Agostino Ramelli. 
One of the most widely known and copied works on machinery in the 16th century. 
194 detailed plates of water pumps, grain mills, cranes, more. 608pp. 9 x 12. 
28180-9 


ORDINARY DIFFERENTIAL EQUATIONS AND STABILITY THEORY: An 
Introduction, David A. Sanchez. Brief, modern treatment. Linear equation, stability 
theory for autonomous and nonautonomous systems, etc. 164pp. 5% x 8%. 

% 63828-6 


ROTARY WING AERODYNAMICS, W. Z. Stepniewski. Clear, concise text cov- 

ers aerodynamic phenomena of the rotor and offers guidelines for helicopter perfor- 

mance evaluation. Originally prepared for NASA. 537 figures. 640pp. 6% x 94. 
64647-5 


INTRODUCTION TO SPACE DYNAMICS, William Tyrrell Thomson. Com- 
prehensive, classic introduction to space-flight engineering for advanced undergrad- 
uate and graduate students. Includes vector algebra, kinematics, transformation of 
coordinates. Bibliography. Index. 352pp. 5% x 8%. 65113-4 


HISTORY OF STRENGTH OF MATERIALS, Stephen P. Timoshenko. Excellent 
historical survey of the strength of materials with many references to the theories of 
elasticity and structure. 245 figures. 452pp. 5% x 8. 61187-6 


ANALYTICAL FRACTURE MECHANICS, David J. Unger. Self-contained text 
supplements standard fracture mechanics texts by focusing on analytical methods for 
determining crack-tip stress and strain fields. 336pp. 61 x 94. 41737-9 


Mathematics 


HANDBOOK OF MATHEMATICAL FUNCTIONS WITH FORMULAS, 
GRAPHS, AND MATHEMATICAL TABLES, edited by Milton Abiamowitz and 
Irene A. Stegun. Vast compendium: 29 sets of tables, some to as high as-2 places. 
1,046pp. 8 x 10%. 491272-4 
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FUNCTIONAL ANALYSIS (Second Corrected Edition), George Bachman and 
Lawrence Narici. Excellent treatment of subject geared toward students with back- 
ground in linear algebra, advanced calculus, physics and engineering. Text covers 
introduction to inner-product spaces, normed, metric spaces, and topological spaces; 
complete orthonormal sets, the Hahn-Banach Theorem and its consequences, and 
many other related subjects. 1966 ed. 544pp. 61 x 94. 40251-7 


ASYMPTOTIC EXPANSIONS OF INTEGRALS, Norman Bleistein & Richard A. 
Handelsman. Best introduction to important field with applications in a variety of sci- 
entific disciplines. New preface. Problems. Diagrams. Tables. Bibliography. Index. 
448pp. 5% x 84. 65082-0 


FAMOUS PROBLEMS OF GEOMETRY AND HOW TO SOLVE THEM, 
Benjamin Bold. Squaring the circle, trisecting the angle, duplicating the cube: learn 
their history, why they are impossible to solve, then solve them yourself. 128pp. 
5% x 8. 242978 
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VECTOR AND TENSOR ANALYSIS WITH APPLICATIONS, A. I. Borisenko 
and I. E. Tarapov. Concise introduction. Worked-out problems, solutions, exercises. 
257pp. 5° x Bu. 63833-2 


THE ABSOLUTE DIFFERENTIAL CALCULUS (CALCULUS OF TENSORS), 
Tullio Levi-Civita. Great 20th-century mathematician’s classic work on material nec- 
essary for mathematical grasp of theory of relativity. 452pp. 5% x 8%. 63401-9 


AN INTRODUCTION TO ORDINARY DIFFERENTIAL EQUATIONS, Earl 
A. Coddington. A thorough and systematic first course in elementary differential 
equations for undergraduates in mathematics and science, with many exercises and 
problems (with answers). Index. 304pp. 5% x 84. 65942-9 


FOURIER SERIES AND ORTHOGONAL FUNCTIONS, Harry F. Davis. An 
incisive text combining theory and practical example to introduce Fourier series, 
orthogonal functions and applications of the Fourier method to boundary-value 
problems. 570 exercises. Answers and notes. 416pp. 5% x 84. 65973-9 


COMPUTABILITY AND UNSOLVABILITY, Martin Davis. Classic graduate- 
level introduction to theory of computability, usually referred to as theory of recur- 
rent functions. New preface and appendix. 288pp. 5% x 84. 61471-9 


ASYMPTOTIC METHODS IN ANALYSIS, N. G. de Bruijn. An inexpensive, com- 
prehensive guide to asymptotic methods—the pioneering work that teaches by 
explaining worked examples in detail. Index. 224pp. 5% x 8% 64221-6 


ESSAYS ON THE THEORY OF NUMBERS, Richard Dedekind. Two classic 
essays by great German mathematician: on the theory of irrational numbers; and on 
transfinite numbers and properties of natural numbers. 115pp. 5% x 84. 21010-3 
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APPLIED COMPLEX VARIABLES, John W. Dettman. Step-by-step coverage of 
fundamentals of analytic function theory—plus lucid exposition of five important 
applications: Potential Theory; Ordinary Differential Equations; Fourier Transforms, 
Laplace Transforms; Asymptotic Expansions. 66 figures. Exercises at chapter ends, 
5l2pp. 5% x 84. 64670-X 


INTRODUCTION TO LINEAR ALGEBRA AND DIFFERENTIAL EQUA- 
TIONS, John W. Dettman. Excellent text covers complex numbers, determinants, 
orthonormal bases, Laplace transforms, much more. Exercises with solutions. 


Undergraduate level. 416pp. 5% x 874. 65191-6 


MATHEMATICAL METHODS IN PHYSICS AND ENGINEERING, John W. 
Dettman. Algebraically based approach to vectors, mapping, diffraction, other topics 
in applied math. Also generalized functions, analytic function theory, more. 
Exercises. 448pp. 5% x 8%. 65649-7 


CALCULUS OF VARIATIONS WITH APPLICATIONS, George M. Ewing. 
Applications-oriented introduction to variational theory develops insight and pro- 
motes understanding of specialized books, research papers. Suitable for advanced 
undergraduate/graduate students as primary, supplementary text. 352pp. 5% x 82. 
64856-7 


COMPLEX VARIABLES, Francis J. Flanigan. Unusual approach, delaying com- 
plex algebra till harmonic functions have been analyzed from real variable view- 
point. Includes problems with answers. 364pp. 5% x 8'4. 61388-7 


AN INTRODUCTION TO THE CALCULUS OF VARIATIONS, Charles Fox. 

Graduate-level text covers variations of an integral, isoperimetrical problems, least 

action, special relativity, approximations, more. References. 279pp. 5% x 82. 
65499-0 


CATASTROPHE THEORY FOR SCIENTISTS AND ENGINEERS, Robert 
Gilmore. Advanced-level treatment describes mathematics of theory grounded in the 
work of Poincaré, R. Thom, other mathematicians. Also important applications to 
problems in mathematics, physics, chemistry and engineering. 1981 edition. 
References. 28 tables. 397 black-and-white illustrations. xvii + 666pp. 6% x 91%. 
67539-4 


INTRODUCTION TO DIFFERENCE EQUATIONS, Samuel Goldberg, Excep- 
tionally clear exposition of important discipline with applications to sociology, psy- 
chology, economics. Many illustrative examples; over 250 problems. 260pp. 5% x 84. 

65084-7 


NUMERICAL METHODS FOR SCIENTISTS AND ENGINEERS, Richard 
Hamming. Classic text stresses frequency approach in coverage of algorithms, poly- 
nomial approximation, Fourier approximation, exponential approximation, other 


topics. Revised and enlarged 2nd edition. 721 pp. 5% x 8%. 65241-6 
INTRODUCTION TO NUMERICAL ANALYSIS (2nd Edition), F. B. Hilde- 


brand. Classic, fundamental treatment covers computation, approxi ations inter- 
polation, numerical differentiation and integration, other topics. 150 néweproblems. 
669pp. 5% x 8. 6363-3 
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THE FUNCTIONS OF MATHEMATICAL PHYSICS, Harry Hochstadt. 
Comprehensive treatment of orthogonal polynomials, hypergeometric functions, 
Hill’s equation, much more. Bibliography. Index. 322pp. 5% x 84. 65214-9 


THREE PEARLS OF NUMBER THEORY, A. Y. Khinchin. Three compelling 
puzzles require proof of a basic law governing the world of numbers. Challenges con- 
cern van der Waerden’s theorem, the Landau-Schnirelmann hypothesis and Mann’s 
theorem, and a solution to Waring’s problem. Solutions included. 64pp. 5% x 8%. 
40026-3 


CALCULUS REFRESHER FOR TECHNICAL PEOPLE, A. Albert Klaf. Covers 
important aspects of integral and differential calculus via 756 questions. 566 prob- 
lems, most answered. 431 pp. 5% x 844. 20370-0 


THE PHILOSOPHY OF MATHEMATICS: An Introductory Essay, Stephan 
Kémer. Surveys the views of Plato, Aristotle, Leibniz & Kant concerning proposi- 
tions and theories of applied and pure mathematics. Introduction. Two appendices. 
Index. 198pp. 5% x 8%. we 4“ 25048-2 


INTRODUCTORY REAL ANALYSIS, A.N. Kolmogorov, S. V. Fomin. Translated 
by Richard A. Silverman. Self-contained, evenly paced introduction to real and func- 
tional analysis. Some 350 problems. 403pp. 5% x 8%. 61226-0 


APPLIED ANALYSIS, Cornelius Lanczos. Classic work on analysis and design of 
finite processes for approximating solution of analytical problems. Algebraic equa- 


tions, matrices, harmonic analysis, quadrature methods, much more. 559pp. 5% x 84. 
65656-X 


AN INTRODUCTION TO ALGEBRAIC STRUCTURES, Joseph Landin. Superb 
self-contained text covers “abstract algebra”: sets and numbers, theory of groups, the- 


ory of rings, much more. Numerous well-chosen examples, exercises. 247pp. 5% x 84. 
65940-2 


SPECIAL FUNCTIONS, N. N. Lebedev. Translated by Richard Silverman. Famous 
Russian work treating more important special functions, with applications to specific 
problems of physics and engineering. 38 figures. 308pp. 5% x 84. 60624-4 


QUALITATIVE THEORY OF DIFFERENTIAL EQUATIONS, V. V. Nemytskii 
and V.V. Stepanov. Classic graduate-level text by two prominent Soviet mathemati- 
cians covers classical differential equations as well as topological dynamics and 
ergodic theory. Bibliographies. 523pp. 5% x 84. 65954-2 


NUMBER THEORY AND ITS HISTORY, Oystein Ore. Unusually clear, accessi- 
ble introduction covers counting, properties of numbers, prime numbers, much 
more. Bibliography. 380pp. 5% x 84. 65620-9 


THEORY OF MATRICES, Sam Perlis. Outstanding text covering rank, nonsingu- 
larity and inverses in connection with the development of canonical matrices under 
the relation of equivalence, and without the intervention of determinants. Includes 
exercises. 237pp. 5% x 84. 66810-X 
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INTRODUCTION TO ANALYSIS, Maxwell Rosenlicht. Unusually clear, accessi- 
ble coverage of set theory, real number system, metric spaces, continuous functions, 
Riemann integration, multiple integrals, more. Wide range of problems. Under- 


graduate level. Bibliography. 254pp. 5% x 8%. 65038-3 
MODERN NONLINEAR EQUATIONS, Thomas L. Saaty. Emphasizes practical 
solution of problems; covers seven types of equations. “. . . a welcome contribution 
to the existing literature...."—Math Reviews. 490pp. 5% x 84. 64232-1 


MATRICES AND LINEAR ALGEBRA, Hans Schneider and George Phillip 
Barker. Basic textbook covers theory of matrices and its applications to systems of lin- 
ear equations and related topics such as determinants, eigenvalues and differential 
equations. Numerous exercises. 432pp. 5% x 84. 66014-1 


MATHEMATICS APPLIED TO CONTINUUM MECHANICS, Lee A. Segel. 
Analyzes models of fluid flow and solid deformation. For upper-level math, science 
and engineering students. 608pp. 5% x 844. 65369-2 


ELEMENTS OF REAL ANALYSIS, David A. Sprecher. Classic text covers funda- 
mental concepts, real number system, point sets, functions of a real variable, Fourier 
series, much more. Over 500 exercises. 352pp. 5% x 84. 65385-4 


AN INTRODUCTION TO MATRICES, SETS AND GROUPS FOR SCIENCE 
STUDENTS, G. Stephenson. Concise, readable text introduces sets, groups, and 
most importantly, matrices to undergraduate students of physics, chemistry, and 
engineering. Problems. 164pp. 5% x 84. 65077-4 


SET THEORY AND LOGIC, Robert R. Stoll. Lucid introduction to unified theory 
of mathematical concepts. Set theory and logic seen as tools for conceptual under- 
standing of real number system. 496pp. 5% x 84. 63829-4 


TENSOR CALCULUS, J.L. Synge and A. Schild. Widely used introductory text 
covers spaces and tensors, basic operations in Riemannian space, non-Riemannian 
spaces, etc. 324pp. 5% x 84. 63612-7 


ORDINARY DIFFERENTIAL EQUATIONS, Morris Tenenbaum and Harry 
Pollard. Exhaustive survey of ordinary differential equations for undergraduates in 
mathematics, engineering, science. Thorough analysis of theorems. Diagrams. 
Bibliography. Index. 818pp. 5% x 84. 64940-7 


INTEGRAL EQUATIONS, F. G. Tricomi. Authoritative, well-written treatment of 
extremely useful mathematical tool with wide applications. Volterra Equations, 
Fredholm Equations, much more. Advanced undergraduate to graduate level. 
Exercises. Bibliography. 238pp. 5% x 84. 648 28-1 


FOURIER SERIES, Georgi P. Tolstov. Translated by Richard A. Sily rans A valu- 

able addition to the literature on the subject, moving clearly from supfieeto subject 

and theorem to theorem. 107 problems, answers. 336pp. 5% x 81. 3317-9 
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POPULAR LECTURES ON MATHEMATICAL LOGIC, Hao Wang. Noted logi- 
cian’s lucid treatment of historical developments, set theory, model theory, recursion 
theory and constructivism, proof theory, more. 3 appendixes. Bibliography. 1981 edi- 
tion. ix + 283pp. 5% x 844. 67632-3 


CALCULUS OF VARIATIONS, Robert Weinstock. Basic introduction covering 
isoperimetric problems, theory of elasticity, quantum mechanics, electrostatics, etc. 
Exercises throughout. 326pp. 5% x 84. 63069-2 


THE CONTINUUM: A Critical Examination of the Foundation of Analysis, 
Hermann Weyl. Classic of 20th-century foundational research deals with the con- 
ceptual problem posed by the continuum. 156pp. 5% x 844. 67982-9 


CHALLENGING MATHEMATICAL PROBLEMS WITH ELEMENTARY 
SOLUTIONS, A. M. Yaglom and I. M. Yaglom. Over 170 challenging problems on 
probability theory, combinatorial analysis, points and lines, topology, convex poly- 
gons, many other topics. Solutions. Total of 445pp. 5% x 8%. Two-vol. set. 

Be Vol. I: 65536-9 Vol. II: 65537-7 


A SURVEY OF NUMERICAL MATHEMATICS, David M. Young and Robert 
Todd Gregory. Broad self-contained coverage of computer-oriented numerical algo- 
rithms for solving various types of mathematical problems in linear algebra, ordinary 


and partial, differential equations, much more. Exercises. Total of 1,248pp. 5% x 84. 
Two volumes. Vol. I: 65691-8 Vol. II: 65692-6 


INTRODUCTION TO PARTIAL DIFFERENTIAL EQUATIONS WITH 
APPLICATIONS, E. C. Zachmanoglou and Dale W. Thoe. Essentials of partial dif- 
ferential equations applied to common problems in engineering and the physical sci- 
ences. Problems and answers. 416pp. 5% x 84. 65251-3 


THE THEORY OF GROUPS, Hans J. Zassenhaus. Well-written graduate-level text 
acquaints reader with group-theoretic methods and demonstrates their usefulness in 
mathematics. Axioms, the calculus of complexes, homomorphic mapping, p-group 


theory, more. Many proofs shorter and more transparent than older ones. 276pp. 
5% x 81. 40922-8 


DISTRIBUTION THEORY AND TRANSFORM ANALYSIS: An Introduction to 
Generalized Functions, with Applications, A. H. Zemanian. Provides basics of distri- 
bution theory, describes generalized Fourier and Laplace transformations. Numerous 
problems. 384pp. 5% x 84. 65479-6 


Math-Decision Theory, Statistics, Probability 


ELEMENTARY DECISION THEORY, Herman Chernoff and Lincoln E. 
Moses. Clear introduction to statistics and statistical theory covers data process- 
ing, probability and random variables, testing hypotheses, much more. Exercises. 
364pp. 5% x 81h. 65218-1 
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STATISTICS MANUAL, Edwin L. Crow et al. Comprehensive, practical collection 
of classical and modern methods prepared by U.S. Naval Ordnance Test Station. 
Stress on use. Basics of statistics assumed. 288pp. 54 x 844. 60599-X 


SOME THEORY OF SAMPLING, William Edwards Deming. Analysis of the 
problems, theory and design of sampling techniques for social scientists, industrial 
managers and others who find statistics important at work. 61 tables. 90 figures. xvii 
+602pp. 5% x 84h. 64684-X 


STATISTICAL ADJUSTMENT OF DATA, W. Edwards Deming. Introduction to 
basic concepts of statistics, curve fitting, least squares solution, conditions without 
parameter, conditions containing parameters. 26 exercises worked out. 271pp. 5% x 84. 

64685-8 


LINEAR PROGRAMMING AND ECONOMIC ANALYSIS, Robert Dorfman, 
Paul A. Samuelson and Robert M. Solow. First comprehensive treatment of linear 
programming in standard economic analysis. Game theory, modern welfare eco- 
nomics, Leontief input-output, more. 525pp. 5% x 84. 65491-5 


DICTIONARY/OUTLINE OF BASIC STATISTICS, John E. Freund and Frank J. 
Williams. A clear concise dictionary of over 1,000 statistical terms and an outline of 
statistical formulas covering probability, nonparametric tests, much more. 208pp. 
5% x Bb. 66796-0 
\ 
PROBABILITY: An Introduction, Samuel Goldberg. Excellent basic text covers set 
theory, probability theory for finite sample spaces, binomial theorem, much more. 
360 problems. Bibliographies. 322pp. 5% x 814. 65252-1 


GAMES AND DECISIONS: Introduction and Critical Survey, R. Duncan Luce 
and Howard Raiffa. Superb nontechnical introduction to game theory, primarily 
applied to social sciences. Utility theory, zero-sum games, n-person games, decision- 


making, much more. Bibliography. 509pp. 5% x 8%. 65943-7 


FIFTY CHALLENGING PROBLEMS IN PROBABILITY WITH SOLUTIONS, 
Frederick Mosteller. Remarkable puzzlers, graded in difficulty, illustrate elementary 
and advanced aspects of probability. Detailed solutions. 88pp. 5% x 8/4. 65355-2 


PROBABILITY THEORY: A Concise Course, Y. A. Rozanov. Highly readable, 
self-contained introduction covers combination of events, dependent events, 
Bernoulli trials, etc. 148pp. 5% x 814. 63544-9 


STATISTICAL METHOD FROM THE VIEWPOINT OF QUALITY CON- 
TROL, Walter A. Shewhart. Important text explains regulation of variables, uses of 
statistical control to achieve quality control in industry, agriculture, other areas. 
192pp. 5% x 8's. 65232-7 


THE COMPLEAT STRATEGYST: Being a Primer on the Theory of Games of 
Strategy, J. D. Williams. Highly entertaining classic describes, with man ilistrated 
examples, how to select best strategies in conflict situations. Prefaces. Appendices. 
268pp. 5% x Bi. 8101-2 
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Math-Geometry and Topology 


ELEMENTARY CONCEPTS OF TOPOLOGY, Paul Alexandroff, Elegant, intu- 
itive approach to topology from set-theoretic topology to Betti groups; how concepts 
of topology are useful in math and physics. 25 figures. 57pp. 5% x 8%. 60747-X 


COMBINATORIAL TOPOLOGY, P. S. Alexandrov. Clearly written, well-orga- 
nized, three-part text begins by dealing with certain classic problems without using 
the formal techniques of homology theory and advances to the central concept, the 
Betti groups. Numerous detailed examples. 654pp. 5% x 81. 40179-0 


EXPERIMENTS IN TOPOLOGY, Stephen Barr. Classic, lively explanation of one 
of the byways of mathematics. Klein bottles, Moebius strips, projective planes, map 
coloring, problem of the Koenigsberg bridges, much more, described with clarity and 
wit. 43 figures. 210pp. 5% x 84%. 25933-1 


CONFORMAL MAPPING ON RIEMANN SURFACES, Harvey Cohn. Lucid, 
insightful book presents ideal coverage of subject. 334 exercises make book perfect 
for self-study. 55 figures. 352pp. 5% x 8%. 64025-6 


THE GEOMETRY OF RENE DESCARTES, René Descartes. The great work 
founded analytical geometry. Original French text, Descartes’s own diagrams, togeth- 
er with definitive Smith-Latham translation. 244pp. 5% x 8%. 60068-8 


THE THIRTEEN BOOKS OF EUCLID’S ELEMENTS, translated with introduc- 
tion and commentary by Sir Thomas L. Heath. Definitive edition. Textual and lin- 
guistic notes, mathematical analysis. 2,500 years of critical commentary. Unabridged. 
1,414pp. 5% x 8%4.. Three-vol. set. 

Vol. I: 60088-2 Vol. II: 60089-0 Vol. III: 60090-4 


GEOMETRY OF COMPLEX NUMBERS, Hans Schwerdtfeger. Illuminating, 
widely praised book on analytic geometry of circles, the Moebius transformation, 
and two-dimensional non-Euclidean geometries. 200pp. 5% x 8%. 63830-8 


DIFFERENTIAL GEOMETRY, Heinrich W. Guggenheimer. Local differential 
geometry as an application of advanced calculus and linear algebra. Curvature, trans- 
formation groups, surfaces, more. Exercises. 62 figures. 378pp. 5% x 84. 63433-7 


CURVATURE AND HOMOLOGY: Enlarged Edition, Samuel I. Goldberg. 
Revised edition examines topology of differentiable manifolds, curvature, homology 
of Riemannian manifolds, compact Lie groups, complex manifolds, curvature, 


homology of Kaehler manifolds. New Preface. Four new appendixes. 416pp. 5% x 8/4. 
40207-X 


TOPOLOGY, John G. Hocking and Gail S. Young. Superb one-year course in clas- 
sical topology. Topological spaces and functions, point-set topology, much more. 
Examples and problems. Bibliography. Index. 384pp. 5% x 84. 65676-4 
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LECTURES ON CLASSICAL DIFFERENTIAL GEOMETRY, Second Edition, 
Dirk J. Struik. Excellent brief introduction covers curves, theory of surfaces, funda- 
mental equations, geometry on a surface, conformal mapping, other topics. 
Problems. 240pp. 5% x 87. 65609-8 


Math-—History of 


A SHORT ACCOUNT OF THE HISTORY OF MATHEMATICS, W. W. Rouse 
Ball. One of clearest, most authoritative surveys from the Egyptians and Phoenicians 
through 19th-century figures such as Grassman, Galois, Riemann. Fourth edition. 
522pp. 5% x 844. 20630-0 


THE HISTORY OF THE CALCULUS AND ITS CONCEPTUAL DEVELOP- 
MENT, Carl B. Boyer. Origins in antiquity, medieval contributions, work of Newton, 
Leibniz, rigorous formulation. Treatment is verbal. 346pp. 5% x 844. 60509-4 


THE HISTORICAL ROOTS OF ELEMENTARY MATHEMATICS, Lucas N. H. 
Bunt, Phillip S. Jones, and Jack D. Bedient. Fundamental underpinnings of modern 
arithmetic, algebra, geometry and number systems derived from ancient civiliza- 
tions. 320pp. 5% x 84. 25563-8 


A HISTORY OF MATHEMATICAL NOTATIONS, Florian Cajori. This classic 
study notes the first appearance of a mathematical symbol and its origin, the com- 
petition it encountered, its spread among writers in different countries, its rise to pop- 
ularity, its eventual decline or ultimate survival. Original 1929 two-volume edition 
presented here in one volume. xxviiit+820pp. 5% x 8%. 67766-4 


GAMES, GODS & GAMBLING: A History of Probability and Statistical Ideas, F. N. 
David. Episodes from the lives of Galileo, Fermat, Pascal, and others illustrate this 
fascinating account of the roots of mathematics. Features thought-provoking refer- 
ences to classics, archaeology, biography, poetry. 1962 edition. 304pp. 5% x 84. 
(Available in U.S. only.) 40023-9 


OF MEN AND NUMBERS: The Story of the Great Mathematicians, Jane Muir. 
Fascinating accounts of the lives and accomplishments of history’s greatest mathe- 
matical minds—Pythagoras, Descartes, Euler, Pascal, Cantor, many more. Anecdotal, 
illuminating. 30 diagrams. Bibliography. 256pp. 5% x 84. 28973-7 


HISTORY OF MATHEMATICS, David E. Smith. Nontechnical survey from 
ancient Greece and Orient to late 19th century; evolution of arithmetic, geometry, 
trigonometry, calculating devices, algebra, the calculus. 362 illustrations. 1,355pp. 
5% x 8. Two-vol. set. Vol. I: 20429-4 Vol. IT: 20430-8 


A CONCISE HISTORY OF MATHEMATICS, Dirk J. Struik. Le aia 

tory of mathematics. Stresses origins and covers every major figure"ffem ancient 

Near East to 19th century. 41 illustrations. 195pp. 5% x 814. *§0255-9 
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Physics 


OPTICAL RESONANCE AND TWO-LEVEL ATOMS, L. Allen and J. H. Eberly. 
Clear, comprehensive introduction to basic principles behind all quantum optical 
resonance phenomena. 53 illustrations. Preface. Index. 256pp. 5% x 8's. 65533-4 


ULTRASONIC ABSORPTION: An Introduction to the Theory of Sound 
Absorption and Dispersion in Gases, Liquids and Solids, A. B. Bhatia. Standard ref- 
erence in the field provides a clear, systematically organized introductory review of 
fundamental concepts for advanced graduate students, research workers. Numerous 
diagrams. Bibliography. 440pp. 5% x 8%. 64917-2 


QUANTUM THEORY, David Bohm. This advanced undergraduate-level text pre- 
sents the quantum theory in terms of qualitative and imaginative concepts, followed 
by specific applications worked out in mathematical detail. Preface. Index. 655pp. 
5% x 86. 65969-0 


ATOMIC PHYSICS (8th edition), Max Born. Nobel laureate’s lucid treatment of 
kinetic theory of gases, elementary particles, nuclear atom, wave-corpuscles, atomic 
structure and spectral lines, much more. Over 40 appendices, bibliography. 495pp. 
5% x 814. 65984-4 


AN INTRODUCTION TO HAMILTONIAN OPTICS, H. A. Buchdahl. Detailed 
account of the Hamiltonian treatment of aberration theory in geometrical optics. 
Many classes of optical systems defined in terms of the symmetries they possess. 
Problems with detailed solutions. 1970 edition. xv + 360pp. 5% x 8’. 67597-1 


THIRTY YEARS THAT SHOOK PHYSICS: The Story of Quantum Theory, 
George Gamow. Lucid, accessible introduction to influential theory of energy and 
matter. Careful explanations of Dirac’s anti-particles, Bohr’s model of the atom, 
much more. 12 plates. Numerous drawings. 240pp. 5% x 84. 24895-X 


ELECTRONIC STRUCTURE AND THE PROPERTIES OF SOLIDS: The 
Physics of the Chemical Bond, Walter A. Harrison. Innovative text offers basic 
understanding of the electronic structure of covalent and ionic solids, simple metals, 


transition metals and their compounds. Problems. 1980 edition. 582pp. 6% x 9%. 
66021-4 


HYDRODYNAMIC AND HYDROMAGNETIC STABILITY, S. Chandrasekhar. 
Lucid examination of the Rayleigh-Benard problem; clear coverage of the theory of 
instabilities causing convection. 704pp. 5% x 84. 64071-X 


INVESTIGATIONS ON THE THEORY OF THE BROWNIAN MOVEMENT, 
Albert Einstein. Five papers (1905-8) investigating dynamics of Brownian motion 
and evolving elementary theory. Notes by R. Fiirth. 122pp. 5% x 84. 60304-0 


THE PHYSICS OF WAVES, William C. Elmore and Mark A. Heald. Unique 
overview of classical wave theory. Acoustics, optics, electromagnetic radiation, more. 
Ideal as classroom text or for self-study. Problems. 477pp. 5° x 8%. 64926-1 
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PHYSICAL PRINCIPLES OF THE QUANTUM THEORY, Werner Heisenberg. 
Nobel Laureate discusses quantum theory, uncertainty, wave mechanics, work of 
Dirac, Schroedinger, Compton, Wilson, Einstein, etc. 184pp. 5% x 8%. 60113-7 


ATOMIC SPECTRA AND ATOMIC STRUCTURE, Gerhard Herzberg. One of 
best introductions; especially for specialist in other fields. Treatment is physical 
rather than mathematical. 80 illustrations. 257pp. 5% x 84. 60115-3 


AN INTRODUCTION TO STATISTICAL THERMODYNAMICS, Terrell L. 
Hill. Excellent basic text offers wide-ranging coverage of quantum statistical mechan- 
ics, systems of interacting molecules, quantum statistics, more. 523pp. 5% x 8b. 


65242-4 


THEORETICAL PHYSICS, Georg Joos, with Ira M. Freeman. Classic overview 
covers essential math, mechanics, electromagnetic theory, thermodynamics, quan- 
tum mechanics, nuclear physics, other topics. First paperback edition. xxiii + 885pp. 
5% x 844, 65227-0 


PROBLEMS AND SOLUTIONS IN QUANTUM CHEMISTRY AND 
PHYSICS, Charles S. Johnson, Jr. and Lee G. Pedersen. Unusually varied problems, 
detailed solutions in coverage of quantum mechanics, wave mechanics, angular 
momentum, molecular spectroscopy, more. 280 problems plus 139 supplementary 


exercises. 430pp. 6% x 9%. 65236-X 


THEORETICAL SOLID STATE PHYSICS, Vol. 1: Perfect Lattices in 
Equilibrium, Vol. II: Non-Equilibrium and Disorder, William Jones and Norman H. 
March. Monumental reference work covers fundamental theory of equilibrium 
properties of perfect crystalline solids, non-equilibrium properties, defects and dis- 
ordered systems. Appendices. Problems. Preface. Diagrams. Index. Bibliography. 
Total of 1,301 pp. 5% x 8%. Two volumes. Vol. I: 65015-4 Vol. II: 65016-2 


A TREATISE ON ELECTRICITY AND MAGNETISM, James Clerk Maxwell. 
Important foundation work of modern physics. Brings to final form Maxwell’s theo- 
ry of electromagnetism and rigorously derives his general equations of field theory. 
1,084pp. 5% x 84. Two-vol. set. Vol. I: 60636-8 Vol. II: 60637-6 


OPTICKS, Sir Isaac Newton. Newton’s own experiments with spectroscopy, colors, 
lenses, reflection, refraction, etc., in language the layman can follow. Foreword by 


Albert Einstein. 532pp. 5% x 844. 60205-2 


THEORY OF ELECTROMAGNETIC WAVE PROPAGATION, Charles Herach 
Papas. Graduate-level study discusses the Maxwell field equations, radiation from 
wire antennas, the Doppler effect and more. xiii + 244pp. 5% x 844. 65678-5 


INTRODUCTION TO QUANTUM MECHANICS With Applications to 
Chemistry, Linus Pauling & E. Bright Wilson, Jr. Classic undergraduate text:gy-Nobel 
Prize winner applies quantum mechanics to chemical and physical” problems. 
Numerous tables and figures enhance the text. Chapter bibliographies. Appendices. 
Index. 468pp. 5% x 84. Se 0 
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METHODS OF THERMODYNAMICS, Howard Reiss. Outstanding text focuses 
on physical technique of thermodynamics, typical problem areas of understanding, 
and significance and use of thermodynamic potential. 1965 edition. 238pp. 5% x 84. 

69445-3 


TENSOR ANALYSIS FOR PHYSICISTS, J. A. Schouten. Concise exposition of 
the mathematical basis of tensor analysis, integrated with well-chosen physical exam- 
ples of the theory. Exercises. Index. Bibliography. 289pp. 5% x 84. 65582-2 


RELATIVITY IN ILLUSTRATIONS, Jacob T. Schwartz. Clear nontechnical treat- 
ment makes relativity more accessible than ever before. Over 60 drawings illustrate 
concepts more clearly than text alone. Only high school geometry needed. 
Bibliography. 128pp. 6% x 9%. 25965-X 


THE ELECTROMAGNETIC FIELD, Albert Shadowitz. Comprehensive under- 
graduate text covers basics of electric and magnetic fields, builds up to electromag- 
netic theory. Also related topics, including relativity. Over 900 problems. 768pp. 
5% x BA. “a 65660-8 
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es 


GREAT EXPERIMENTS IN PHYSICS: Firsthand Accounts from Galileo to 
Einstein, edited by Morris H. Shamos. 25 crucial discoveries: Newton’s laws of 
motion, Chadwick’s study of the neutron, Hertz on electromagnetic waves, more. 
Original accounts clearly annotated. 370pp. 5% x 8%. 25346-5 


RELATIVITY, THERMODYNAMICS AND COSMOLOGY, Richard C. 
Tolman. Landmark study extends thermodynamics to special, general relativity; also 
applications of relativistic mechanics, thermodynamics to cosmological models. 


50\pp. 5% x 8%. 65383-8 


LIGHT SCATTERING BY SMALL PARTICLES, H. C. van de Hulst. Compre- 
hensive treatment including full range of useful approximation methods for 
researchers in chemistry, meteorology and astronomy. 44 illustrations. 470pp. 5% x 8%. 

64228-3 


STATISTICAL PHYSICS, Gregory H. Wannier. Classic text combines thermody- 
namics, statistical mechanics and kinetic theory in one unified presentation of ther- 


mal physics. Problems with solutions. Bibliography. 532pp. 5% x 814. 65401-X 


Paperbound unless otherwise indicated. Available at your book dealer, online at 
www.doverpublications.com, or by writing to Dept. GI, Dover Publications, Inc., 31 East 
2nd Street, Mineola, NY 11501. For current price information or for free catalogues (please indi- 
cate field of interest), write to Dover Publications or log on to www.doverpublications.com 
and see every Dover book in print. Dover publishes more than 500 books each year on science, 
elementary and advanced mathematics, biology, music, art, literary history, social sciences, and 
other areas. 
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Richard Becker 


ELECTROMAGNETIC FIELDS 
AND INTERACTIONS 


For over three-quarters of a century, “Becker” or its forerunner, “Abraham- 
Becker,” has been the bible of electromagnetic theory to thousands of 
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